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Assignment Problem

“O.R. produces an integrated solution for the good of entiy
; @

. e ) organisati
not just to effect local improvement " 8 on and

11:1. INTRODUCTION

The assignment proplem 1S a special case of the transportation problem in which the obiective
assign @ number of resources to the equal number of activities at a minimum cost ((fretr:ive' -
-1 aximum
Assignment problem is completely degenerate form of a transportation problem. The units
available at each origin (resource) and units demanded at each destination (activity) are .all equal t6
one. That means exactly one occupied cell in each row and each column of the transportation table
i.e.. only n occupied (basic) cells in place of the required n+n-1 (=2n- 1). ,

11:2. MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a problem of assignment of n resources (workers) to n activities (jobs) so as to minimize the
overall cost or time in such a way that each resource can associate with one and only one job. The

cost (or effectiveness) matrix (c;) is given as under :

Activity Available
A, A, - Ay
R, Cly cp2 Cln 1
R2 Ca1 €22 C2n 1
Resource :
RH Cnl Cn2 Cnn ]
1

Required 1 1 "
; ilabili the

This cost matrix is same as that of a transportation problem except that avallaiﬂ“yszg :a;:n(:s are
fesources and the requirement at each of the destinations is unity (due to the fact that assig

made on a one-to-one basis). N -
: , such tha

Let x; denote the assignment of ith resource to jth UYLy BUELL T
source i 18 assigned to activity j

1, ifre
Y = | o, otherwise
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is
f the assignment problem 1

subject o the constraints :

. - alioﬂ 0
vmatical formul

»n. the mathematic , 0o

Ther 5 )"1 c;i Xij
i

Minimize <~ %
% =0 or 1

g ey 5= 1 I i

| and X N
j:—l

[ = ey N
T N andj—l,.Z. x | B
for all §=ds = ted with assigning ith resource to jth activity,

i cost associa ' '
is the write it as a transportation propjey, .

n
3 \'”

isl °

Note. In the above statement Cj;
: roblem,
lllustration. Given below is an assignment p
A A2 A3
R, [ 1 2 3
R, | 4 3 1
Ry | 2 ] 4

Answer. Let x; denote the assignment of R.(i = 1,2, 3) to 4 (j = 1, 2, 3), such that
1, if R; is assigned to A;
.xi,.' =

0, otherwise

Then the transportation problem is :
Minimize z = lxj; + 2 + 3xj3 + 4031 + Sxpp + Xp3 + 231 + X33 + 4xgy
subject to the constraints :
X +txptx;=1 Xy +xp +x3; =1
Xp +xp+tx3 =17, X2+ X9 + X390 = I s
X3+ x3p + x33 = 1 X3 + X3 + x33 = 1
xj=0or 1 for i=1,2,3 and j=1, 2, 3.

T. " : '
Consr;e;otrem I1-1 (Reduction Theorem). In an assignment problem, if we add or subtrac;
. :

— hevery element of any row (or column) of the cost matrix [c;). then an assignment that
inimizes the total cost on one matrix inimi
¢ also minimizes the tot . :
words, if x; = x,* minimizes al cost on the other matrix. In other

J‘hen x,,* alSO m- - % n it
J imimizes 7*= 3 o
i=] _,'§| C‘] xfj’ Where C[_]* —;

Uy Vv; are some real numbers

Proof. We write

=3 ) Gry= E 3
= bas 'j ==
= ‘ EC ¥ g n "
i=] jo] U~ & X oy, _ n
’ =y ,?lxlj_z Vi
n & J=1
. - _]:l J
Since n .
Z Xij= ¥
This shows th =V T = L
ows t By
minimization f a,t _the mlnllea[j0n .
nct nct x .
1 2 yields the same solution as the

10n z, be
» Decause 3,
; and
1 Z vj

are Independent of 2
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O such that munimum 5 >

Theorem 11-2 If «

The proof 1s Jeft as an excraise to the reader

297

provides an optiimum assignment

« (), then x

: . y theorems for .
The above we t m the basis of Assignment Algorithm. By selecting suitable constants

y B¢ .Itfk

1

yn produce 0 in cach row and
cé

at least onc ¢,

gmong th

jed to or subtracted from the elements of the

COst matnx we can ensure that each « > O and

cach column and try to make assignments from

» () positions. The assi
ese U 'f' ) "' assignment schedule will be optimal 1f there 1s exactly one assignment
exactly one assigned ) i each row and each column

e M v -
Remarks. It l‘n.l)' :‘: e I(:l that assignment problem 15 a vanation of transportation problem with tw
ensnics (7 € Cost matnx s a4 square
chiise be such that the I square matnix. and (i7) the optimum solution for the problem
would always uch that there would be only one assignment in a given row or column of the cost

matny

11:3. SOLUTION METHODS OF ASSIGNMENT PROBLEM

An assignment problem can be solved using the foll

1. Complete Enumeration Method. In this me

given resources and activities 1s prepared. Then an

owing four methods :
thod. a list of all possible assignments among the
assignment involving the mimimum cost, time or

(or maximum profit) is selected. It represents the optimum solution. In case there are more

distance
‘han one assignment patterns involving the same least cost. then they all represent the optimum

<olutions — the problem has multiple optima.

In general, if there are n jobs and n workers, there are n ! possible assignments. Thus, the listing
und evaluation of all the possible assignments is a simple matter when »n 1s small. When n 1s large.
this method is not very practical. For example, if there are 8 jobs and 8 workers, we have to ev aluate
4 1otal of 8! or 40,320 assignments. The method, therefore, is not suitable for real world situations

2. Transportation Method. Since an assignment problem is a special case of the transportation

problem, it can be solved by trans

hacic feasible solution of a general assignment problem having a square p

portation methods discussed in the previous chapter However, every

avoff matnix of order n

chould have m+n—1=n+n—1=2n-1 assignments or basic cells. But due to the special structure

of this problem, any basic solut
problem is mherently degenerate.
required to proceed with the transportation met
allocations in the
an assignment problem.

3. Simplex Method. An assignment problem ca
which, in turn, is itself a special case of an LPP.

formulated as an LPP with integer valued variables
method or otherwise. Here, the decision variables take only one of the two v

In general let

.l’,j =

The mathematical formulation of the assignme
Problem would be :

n "
bR o

i=1 j=1

X

-
“

Minimize
X + X -+
.TU + .X:, +

'/

solution, the transportation method becomes computationally netficient tor

ion cannot have more than n assignments. Thus, the assignment

In order to remove degeneracy, (n— 1) dummy allocations will be
hod. However, because of the large number of dummy

solving

n be formulated as a transportation problem
Accordingly, an assignment problem can be
and may be solved using a modified simplex
alues : 1 or 0.

| if ith person is assigned jth job
0 if ith person is not assigned jth job

nt problem as a 0-1 integer linear programming

subject to the constraints :

+ Xip = I

§ K= 35

ny

gy = i or 1 for all i and J
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As can be seen i the general mathematical formulation of the ﬂﬂSigf_\mL‘m problem, there are
nxn decision variables and n + n or 2n equalities/equations. In particular, for a p.mhlcm Imvolving 3
workers/jobs. there will be 25 decision variables and 10 equalities. That means a simplex table having
25 columns and 10 rows. It is difficult to solve manually and hence this approach to the solutjon i«
not considered. . ‘

4. Hungarian Assignment Method. An efficient method for solving an assignment problem i
the Hungarian Assignment Method (also known as reduced matrix method). which is based on the
concept of opportunity cost. Opportunity costs show the relative penalties associated with assignment
of resource to an activity as opposed to making the best or least cost assignment. If we can reduce the
cost matrix to the extent of having at least one zero in each row and each column, then it will be
possible to make optimal assignments (opportunity costs are all zero).

The method of solving an assignment problem (minimization case) consists of the following
steps ¢

Step 1. Determine the cost table from the given problem.

(1) If the number of sources is equal to the number of destinations, go to srep 3.

(i1) 1f the number of sources is not equal to the number of destinations, go to step 2.

Step 2. Add a dummy source or dummy destination, so that the cost table becomes a square
matrix. The cost entries of dummy source/destinations are always zero.

Step 3. Locate the smallest element in each row of the given cost matrix and then subtract the
same from each element of that row.

Step 4. In the reduced matrix obtained in step 3, locate the smallest element of each column and

then subtract the same from each element of that column. Each column and row now have at least one
Zero.

Step 5. In the modified matrix obtained in step 4, search for an optimal assignment as follows :
(a) Examine the rows successively until a row with a single zero is found. Enrectangle this zero

(O) and cross off (x) all other zeros in its column. Continue in this manner until all the rows
have been taken care of.

(b) Repeat the procedure for each column of the reduced matrix.

(c) If a row and/or column has two or more zeros and one cannot be chosen by inspection, then
assign arbitrary any one of these zeros and cross off all other zeros of that row/column.
(d) Repeat (a) through (¢) above successively until the chain of assigning (O) or cross (x) ends.

Step 6. If the number of assignments (O) is equal to n (the order of the cost matrix). an optimum
solution is reached.

If the number of assignments is less than n (the order of the matrix), go to the next step.

Step 7. Draw the minimum number of horizontal and/or vertical lines to cover all the zeros of the
reduced matrix. This can be conveniently done by using a simple procedure :

(a) Mark (V) rows that do not have any assigned zero.

(b) Mark (V) columns that have zeros in the marked rows.

(c) Mark (\/) rows that have assigned zeros in the marked columns.
(d) Repeat (b) and (c) above until the chain of marking is completed.

(e) Draw lines through all the unmarked rows and marked columns. This gives us the desired
minimum number of lines.

Step 8. Develop the new revised cost matrix as follows :

(a) Find the smallest element of the reduced matrix not covered by any of the lines.

(b) Subtract this element from all the uncovered elements and add the same to all the elements
lying at the intersection of any two lines.

Step 9. Go to Step 6 and repeat the procedure until an optimum solution is attained.
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ASSIGNMENT PROBLEM 290

SAMPLEY PRORLEMS

1101. A departmental head has four subordinates, and four tasks to be performed  The
\“!wnfmdh\ rhfﬂ(‘f i efficiency (.'mf the tasks c’lﬂu n their intrinsi rhfﬁl wiry. His estimate aof the

nme each man would take to perform each task, 1s given m the matrix below

Fasks Men
r / G H
A I8 26 17 Il
13 28 |4 26
t iR 19 18 15
D 19 26 24 10

How should the tasks be allocated, one to a man, so as to munimize the total man-hours'
[Andhra B.E. (Mech. & Ind.) 1996]

Solution.

Step 1. Here, the number of tasks and the number of subordinates each equal 4. therefore the
problem 1s balanced and we move on to step 3.

Step 3. Subtracting the smallest element of each row from every element of the corresponding
row. we get the reduced matrix

7 15 6 0
0 15 | 13
23 4 3 0
9 16 14 0

Step 4. Subtracting the smallest element of each column of the reduced matrix from every
element of the corresponding column, we get the following reduced matrix

i 7 ¥ 5 0

0 ¥ 0 13
s 0 2 0
o 213 0

Step 5. Starting with row /, we enrectangle (CJ) (i.e.. make assignment) a single zero, it any, and
cross (x) all other zeros in the column so marked. Thus, we get

7 I s [0)
[0) ¥ H 13
23 (0] 2 H
9 12 13 H

> had two zeros

In the above matrix, we arbitrarily enrectangled a zero in column [, because row

It may be noted that column 3 and row 4 do not have any assignment. S0, we mave on to the
next step.

Step 7. (i) Since row 4 does not have any assignment, we mark

(i) Now there is a zero in the fourth column of the marked row. So. we mark fourth L"f'”""' (V).

(it) Further there is an assignment in the first row of the marked column. S0 we mark first row (V).

; ; ; arked © .. Thus, we have
(iv) Draw straight lines through all unmarked rows and marked columns. Thus i

s row (V)
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Step 8. In step 7, we observe that the minimum number of lines so drawp is 3, which is |ess than
the order of the cost matrix, indicating that the current assignment is not optimum.

To increase the minimum number of lines, we generate new zeros in the modified matrix.

The smallest element not covered by the lines is 5. Subtracting this ele_mem from all the
uncovered elements and adding the same to all the elements lying at the intersection of the lines, we
obtain the following new reduced cost matrix :

2 6 0 0
0 11 0 18
23 0 2 5

4 7j 8 0

Step 9. Repeating step 5 on the reduced matrix, we get

2 6 "

(0] 11 5 18
23 [0] 2 5
4 8 .

Now, since each row and each column has one and only one assignment, an optimal solution is
reached. The optimum assignment is :
A—-G B—->EC—>F ad D - H.

The minimum total time for this assignment scheduled is 17 + 13 + 19 + 10 or 59 man-hours.
1102. A company wishes to assign 3 jobs to 3 machines in such a way that each job is assigned

to some machine and no machine works on more than one job. The cost of assigning job i to machine
1 is given by the matrix below (ijth entry) :

8 7 6
Cost marrix : | 5 7 8
6 8 7
Draw the associated network. Formulate the network LPP and find the minimum cost of making
the assignment. [Madras B.Com. 2007]

Solution. (a) Network formulation of the given problem is given as under :

Job Machine

Fig. 11.1
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o Linear programming formulation of the given problem is :
Minimize the total cost involved, i.e.,
Minimize & = (8xyy ¥ Tapy + 6xp3) + (5xay + Trpp + 8xp3) + (6x3) + Bxp Tx33)
cubject to the constraints : ke
X +ag+xa= b i=1.2 3
j=hd3

XU + lzj + I3j =i 13
' x; =0 or I for all i and j.
e cost matrix by subtracting smallest element of each row (column) from the

;) Reduce th
(column) elements. In the reduced matrix, make assignments in rows and columns

corr(?SPO"ding i ;
Having single zeros and cross off all other zeros 1n rows and columns in the which the assignment has
e. See table 11.1. Now, draw the minimum number of lines to cover all the zeros. For this,

E:e: [;r[:ceed as follows:
) Mark () third
(i) Mark (V) first column, since third row
(i) Mark (\1) second row, since marked column has an assignmen

() Since 0O other row or column can be marked, draw straight lines
and marked column as shown in table 11.1 :

T, o [ | ’ 3 o =
} [0 1 3,J v [0] B 2 |
| 1 LY g 8 [0 |

Table 11.2

(table 11.1) by selecting the smallest element among all the

ent from all the uncovered elements including itself and add it
of two lines. The modified cost matrix

row since it has no assignment.
has a zero in this column.
t in the second row.

through the unmarked rows

a —
v
Table 11.1

uced cost matrix

Subtract this elem

Modify the red
hich lies at the intersection

uncovered elements.
{0 the intersection element (1, 1) W
50 obtained is shown in table 11.2.

In table 11.2, we observe that there is no row and column which has single zero. So, we make an
assignment arbitrarily at (1, 2) and cross off all zeros of first oW and second column. Now, we get a
single zero in the second row and therefore an assignment is made at (2, 1). Cross off all zeros in the

zero in the third row.

first column. Finally, we make an assignment at (3, 3) being the single
Clearly, the number of assignments in table 11.2 is equal to the order of the matrix. Hence, an

optimum assignment has been attained, viZ.,
Job 1 = Machine 2, Job 2 = Machine 1, Job 3 — Machine 3.

Total minimum cost will be (7+5+7) ia, 19
ct and is selling it through five

1103. A pharmaceutical company is producing a single produ i
agencies located in different cities. All of a sudden, there is a demand for the product in another five
¢ company is fac

fﬁes not having any agency of the company. Th ed with the problem of deciding on
‘Ow fo assign the existing agencies 10 despatch the product 10 needy cities in such a way {hat the
ravelling distance is minimised. The distance between the surplus and deficit cities (in km) is given

in the following table :
Deficit cities
a b __}j_;,_,‘ . -
A 85 75 65 125 5
B 90 78 66 132 78
Surplus cities € 75 66 57 114 69
D 80 72 60 120 72 ‘
[Delhi M.Com. 2009]

Determi .
ine the optimum assignment schedule.

i, I
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302 OPERATIONS RESEARCH

Solution. Subtracting the smallest element of each row from every element of that and then
subtracting the smallest element of each coloumn from every element of that coloumn, we get the
reduced distance table :

a b ¢ d ¢
A 2 2 0 4 0
B | 6 4 0 10 2
C | B l 0 I 2 |
D 2 4 0 4 2
E 2 0 0 0 2
Table 11.3

In the reduced distance table, we make assignments in rows and coloumns having single zeros and
cross oft all other zeros is those rows and columns, where assignments have been made. Now draw
the minimum number of lines to cover all the zeros. This is done in the following steps :

(i) Mark (V) row ‘D’ since it has no assignment.

(i) Mark (V) coloumn *C" since row ‘D’ has zero in this column.

(z17) mark (V) row B since column ‘C’ has an assignment in row ‘B’.
(i) Since no other rows or columns can be marked, draw straight lines through the unmarked
rows ‘A’ ‘C’, and ‘E’, and marked coloumn ‘C’ as shown in Table 7/.4..

a b I d e 17 b C d ¢
A .277.273..4 i A;Z 2 2 4 0
B 6 4 10 2 v B | 4 2 0 8 0
|
Ty B R - SR, A T cC | 0 | 2 1 2 |
| {
D|2 4 ® & 214 D}OQ()ZO%
= i : '
E 20 B - B - -2 E|2 0 2 0o 2
.\‘/
Table 11.4 Table 11.5

Modify the reduced distance table (Table //.4) by subtracting the smallest element not covered by
lines from all the uncovered elements and add the same at the intersection elements of the lines. The
modified distance table so obtain is shown in Table /1.5.

Repeat the above procedure to find the new assignment in table 117.6.

a b ¢ d ¢ a b ¢ d e

£l 2 23 a4 (@} Al2 L 2 & (@]
B |4 2 8 & |V B4 1 @ 7 w®m |
cl@ t 2 1 3|y C | m 2§ 2 |
[ 2 : - | | ‘
D|lB 2 K 8 ‘[ V DI 1 ®& 1 g |
r-l‘) '-‘- .-_-4‘ ; :
o i ol el o (I (=E == £

v v v

Table 11.6 Table 11.7

Clearly the assignment shown in table 7/.6 is also not optimum, since only four assignments are
made. To get the next solution, we draw the minimum number of horizontal and vertical li:cs to cover
all the zeros in table //.6. Subtracting the smallest unconvered clement (viz., 1) from all uncovered
elements and adding the same to the intersection element of two lines gives L;S table 71.7.
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The new assignment schedule is shown in table /1.7. Since, both the rows “C"

arbitrary selection of a cell in any of these two rows will give us an fld?drf have two

ance. © alternative solution

aments is equal to the order of the given matrix, an optimum solutior
)

seros, the
having the same total dist

Since the number of assig
is attained, viZ.,
A~ B—#G

Total minimum distance in

1104, A department head has four tasks to be performed and three subordinates, the subordinates
differ in € iciency. The estimates of the time, each subordinate would take to perform, is given belo-.f
in the matrix. How should he allocate the tasks one 10 each man, so as 1o minimi;e the total

D—-oa E—d; or A-e Beypg ©—=d Do E—>b

C = b
both the cases will be 399 kilometres.

man-hours?
Task Men

| / 2 3

1 9 26 15

i 13 27 6
1 35 20 15
v 18 . 20

perform four tasks. So, the given problem

e subordinates who have to
ero. The

add a dummy subordinate (column) with all its entries as Z

Solution. Here we have thre
is unbalanced and therefore we

resulting balanced problem is
_ Subordinate ] 2 ;ﬁ’ 7 Dummy
! 9 26 15 0
Task Il 13 21 6 0
i 35 20 15 0
% ) ,_r,,[§ ) Rl o 727074_ - 0
the smallest element of each column from

need time-matrix by subtracting
jumn. In the reduced matrix, ma ws and columns having
and column e been made.

Now, reduce the bala
all the elements of that cO ke assignments in 10
single zeros and cross off all other zeros of the rows s, where assignment hav

signment solution :

We get the following as
] 2 3 Dummy
i 6 9 B
I 4 7 B
1 26 9 H
v 9 10 14
T Table 118

The optimum assignment is
f.e., 1L remains

| > 1.1 — 3andlll = 2.V
10 be done. The minimum time is 35 hours.
PROBL EMS

y one of four diffe
is given in
to minimize

hile task /V should be assigned 1o 2 dummy man,

Class preparation time

ow. Each professor 15
paration time

rent courses.
the table bel

are each capable of teaching an
he total course pre

professor 10 professor and
ssignment <chedule so a5

» 1105. Four professors
in hours for different topics varies from
assigned only one course. Determine an 2

for all courses :
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