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i 4.1 Introduction

= Logic circuits for digital systems may be
combinational or sequential.

= A combinational circuit consists of logic gates
whose outputs at any time are determined
from only the present combination of inputs.
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4.2 Combinational Circuits

= Logic circuits for digital system

= Sequential circuits
= contain memory elements

= the outputs are a function of the current inputs and the
state of the memory elements

= the outputs also depend on past inputs
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= A combinational circuits
= 2" possible combinations of input values

—_— . >
) Combinational
n inputs —> e —> m outputs
: circuit :
—_— 3

FIGURE 4.1
Block diagram of combinational circuit
= Specific functions

= Adders, subtractors, comparators, decoders, encoders,
and multiplexers

= MSI circuits or standard cells
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4-3 Analysis Procedure

= A combinational circuit

= make sure that it iIs combinational not sequential
= No feedback path

= derive its Boolean functions (truth table)
= design verification
= a verbal explanation of its function
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i- A straight-forward procedure

F, = AB+AC+BC
T, = A+B+C

T, = ABC

T, =F2T1

Fi =T3+T2
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FIGURE 4.2

Logic diagram for analysis example
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s F=T,+T,=F,'T,+ABC
= (AB+AC+BC)'(A+B+C)+ABC
= (A'+B")(A'+C")(B'+C")(A+B+C)+ABC
= (A'+B'C")(AB'+AC'+BC'+B'C)+ABC
= A'BC'+A'B'C+AB'C'+ABC
= A full-adder
= F,:the sum
= F,:the carry
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= [ he truth table

Table 4.1
Truth Table for the Logic Diagram of Fig. 4.2
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i 4-4 Design Procedure

= The design procedure of combinational circuits
= State the problem (system spec.)
= determine the inputs and outputs
« the input and output variables are assigned symbols
= derive the truth table
= derive the simplified Boolean functions
= draw the logic diagram and verify the correctness

Combinational Logic 4- 9



= Functional description
= Boolean function

« HDL (Hardware description language)
= Verilog HDL
= VHDL

= Schematic entry
= Logic minimization
= humber of gates
= humber of inputs to a gate
= propagation delay
= humber of interconnection
= limitations of the driving capabilities
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Code conversion example

s BCD to excess-3 code
= [ he truth table

Table 4.2
Truth Table for Code Conversion Example
Input BCD Output Excess-3 Code

A B C D w X y z
0 0 0 0 0 0 1 1
0 0 0 1 0 1 0 0
0 0 1 0 0 1 0 1
0 0 1 1 0 1 1 0
0 1 0 0 0 1 1 1
0 | 0 1 1 0 0 0
0 | 1 0 1 0 0 1
0 1 1 1 1 0 1 0
1 0 0 0 1 0 1 1
1 0 0 1 1 1 0 0
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The maps \o 3

>

00 01 11 10

ny, 1y 3 n,
00 1 1
N ftisg ity it
01 1 1
ny, 3 s nmyy } B
11 X X X X
A * g Hig Iy My
10 1 X X
D
=D’
C
CD 8
ANC 00 01 11 10
n l() m 1 m 3 i‘f’Iz
00 1 1 1
n, ms mq Mg
01 1 1
My, My My My > B
1] X X X X
A ) ing g my, g ’
10 1 X X
D

x=B'C+RBD+ BCD
FIGURE 4.3

Maps for BCD-to-excess-3 code converter
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1, mn, iy iy
00| 1 1
ity ity ity ifig
01| 1 1
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1| x | x X | X
A5 g my 1y Ny
0] 1 X | X
D
y=CD+C'D'
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CD , .
ABN_ 00 01 11 10
i "y I i)
00
i ms n, Mg
01 1 1 1
My, UCE! mys Hlyy r B
1| x X | x X
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D

w=A-+ BC+ BD
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= The simplified functions
m Zz2=D
y = CD +C'D'
x = B'C + B'D+BC'D'
w = A+BC+BD

= Another implementation
m Z=D
y =CD +C'D' =CD + (C+D)'
x = B'C + B'D+BC'D‘ = B'(C+D) +B(C+D)'
w = A+BC+BD
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= The logic diagram

D D’ .
D———{ T\ ¢D
C / y
. Dc $(C+D)
C+D
- | —
X
R O
A w
FIGURE 4.4

Logic diagram for BCD-to-excess-3 code converter
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i 4-5 Binary Adder-Subtractor

s Half adder

«» 0+0=0:0+1=1:;1+0=1:1+1=10

« two input variables: x, y

= two output variables: C (carry), S (sum)

= truth table

Table 4.3

Half Adder

X

Yy

— O O

= Q=

il =) - i wac ™
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S = X'y+xy'

C=xy

the flexibility for implementation
S=xdy

S = (X+y)(X'+y')

S' = xy+x'y'

S = (C+xy")'

C=xy=(X+y)
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slole

(a) Xy +xy

S =
C=xy

FIGURE 4.5
Implementation of half adder

(b)S=xDy
C=uxy
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= Full-Adder

= The arithmetic sum of three input bits

= three input bits
= X, Y: two significant bits
= Z: the carry bit from the previous lower significant bit

= Twooutputbits: C,S  Table 4.4

Full Adder
X y z C S
0 0 0 0 0
0 0 1 0 i
0 1 0 0 i
0 1 1 1 0
1 0 0 0 |
1 0 1 1 0
| 1 0 1 0
i 1 1 1 |
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y< ¥z
X 00 01 11 10 X 00 01 11 10
m, m, 1y 1, mg ", 1y m,
0 1 1 0 1
m, ms n, N m, s m; me
Xx<1 i | x41 1 1 1

-

(a)S=x'y'z+x

FIGURE 4.6
K-Maps for full adder

yz' +xy'z' + xyz (b)C=xy+xz+yz
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FIGURE 4.7

Implementation of full adder in sum-of-products form

LT
Y
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s S =XYz+Xyz'+ Xy'z'+xyz
C=xy+xz+yz
s S =2z (X®y)
= Z'(Xy'+Xy)+z(xy'+x'y)
= ZXy+ZXy+z((X'+y)(X+Y’))
= XYy'Z'+X'yz'+xyz+x'y'z
C = z(xy'+x'y)+xy
= Xy'z+Xx'yz+ Xy

| ||
:. *° xDy ; E . D) Dz
| | |
| xy i | : é )
X
| ) | R (x @)z +xy
I T . :! __
FIGURE 4.8

Implementation of full adder with two half adders and an OR gat@national Logic 421



= Binary adder

Subscript i 3 2 1 0

Input carry 0 1 1 0 C;

Augend 1 0 1 1 A;

Addend 0 0 1 1 B;

Sum 1 1 1 0 S;

Output carry 0 0 1 | Ciy

By A; B, A B, A By A
C, C, C,

FA < FA ] FA B — FA ~ ()
o l l l
C4 S?, Sz Sl SO

FIGURE 4.9

Four-bit adder
Combinational Logic 422



= Carry propagation
= when the correct outputs are available
= the critical path counts (the worst case)
= (A;,B1,C1) > C,>C3>C > (Cs,5y)
= > 8 gate levels

Half adder Half adder
[ e s e e e e e e e e =
| l |
A; : @ P, 1 : P @ -
| !  d i i
: | | . _
B, I l_/ : : : S,
: I ' |
I G; | : \ :
I
| ) | | ' PiCi+ G;
: : o—i— /] Cita
- ____ b s s
C;
FIGURE 4.10

Full adder with P and G shown
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= Reduce the carry propagation delay

employ faster gates

look-ahead carry (more complex mechanism, yet
faster)

carry propagate: P, = A®B,
carry generate: G,= AB,
sum: S, = P,®C,
carry: C,, = G+P,C,
C, = G,+P,C,
C, = G1+P,Cy = G1+P (G +P,Cy)
= G +P,Gp+P1PyCy
C3= G,tP,C, = GptP,G 1 +P,P Gyt PP, PGy
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= Logic diagram

. LHKH HJULH

FIGURE 4.11

Logic diagram of carry lookahead generator
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= 4-bit carry-look ahead adder
= propagation delay

Carry
Lookahead
Generator
B, . ©
A, i Py

visivAslvas

Lji

Co Gy

FIGURE 4.12
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Binary subtractor

= A-B = A+(2's complement of B)

s 4-bit Adder-subtractor
« M=0, A+B: M=1, A+B’+1

B; Aj As B Ay By Ao
M
R‘]j r r v Y R]j Y
C4 C C] CO
C FA FA -« FA -« FA <
s, s, Sy

FIGURE 4.13

Four-bit adder—subtractor (with overflow detection)
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s Overflow

= The storage is limited

= Add two positive numbers and obtain a negative
number

= Add two negative numbers and obtain a positive
number

= V=0, nooverflow; V =1, overflow

Example:
carries: 0 1 carries: 1 0
+70 0 1000110 —70 1 0111010
+80 0 1010000 —80 1 0110000
+150 1 0010110 —150 0 1101010
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i 4-6 Decimal Adder

s Add two BCD's

= 9 inputs: two BCD's and one carry-in
= 5 outputs: one BCD and one carry-out

= Design approaches
= A truth table with 2*9 entries

= use binary full Adders
« thesum<=9+9+1=19
= binary to BCD
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s BCD Adder: The truth table

Table 4.5
Derivation of BCD Adder

Decimal

BCD Sum

Binary Sum

10
11
12
13

14
15
16

17
18
19




+

s Modifications are needed if the sum > 9
s C=1
s K=1
. 27, =1
. ZZ,=1
= modification: —(10), or +6

C=K+ZZ, + 7237,
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= Block diagram

Addend Augend
Carry K 4-bit bi Id « Carry
out -bit binary adder 0
Zs Zy 2, Z,
Output JC
carry
0
Y Y VYY Y Y 4 Y
4-bit binary adder
Sh' S_l Sz Sl
FIGURE 4.14

Block diagram of a BCD adder Logic 432



Binary Multiplier

= Partial products Ay

B, By
— AND operations L L
Bl B['}
A,
Ay Ay B, By
AobB, AoB)
AyB, A B
e G, ' o
: :
HA HA
FIGURE 4.15 l l l Y
Two-bit by two-bit binary multiplier G G G Co
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= 4-bit by 3-bit binary multiplier

B, B, By

R JUoC

Y

Addend Augend
4-bit adder
Sum and output carry
Ay
B B, B, By
wawvvw
Addend Augend
4-bit adder
Sum and output carry
l l l l l Y Y
Ce & Cy G G G Co
FIGURE 4.16

. . o inational Logic 4-34
Four-bit by three-bit binary multiplier



i 4-8 Magnitude Comparator

= The comparison of two numbers
= outputs: A>B, A=B, A<B

= Design Approaches

= the truth table
. 2" entries - too cumbersome for large n

= use inherent regularity of the problem
= reduce design efforts
=« reduce human errors

Combinational Logic 435



|

= Algorithm -> logic
= A=A;AAA,; B=B;B,B,B,
= A=B if A,;=B;, A,=B,, A,=B,and A,=B;
= equality: x= AB+A/'B/, fori=0,1, 2, 3
= (A=B) = X3X,X1Xq
s (A>B) = A3B3'+X3A,B, X X,A B XXX AgBy'
s (A>B) = A3'B3+X3A,'Bo+XgX,A 'BiHXsXoX, Ay'Bg
= Implementation
= X;= (AB+A/B)’
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e

HJ .

(A < B)

»— (A > B)

i1

JU UU U

(A =B)

FIGURE 4.17
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4-9 Decoders

= A n-to-m decoder
= a binary code of n bits = 2" distinct information
= N input variables; up to 2" output lines
= only one output can be active (high) at any time

Table 4.6
Truth Table of a Three-to-Eight-Line Decoder
Inputs Outputs

X y ¥ 4 Do D1 Dz D3 D4 Ds D6 D7
0 0 0 /| 0 0 0 0 0 0 0
0 0 1 0 /| 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0
0 1 1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 1 0
1 1 1 0 0 0 0 0 0 0 1
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= An implementation

D(] = .\_I-VIZI

[>o

Dl — -\'I)”Z

D, =x"yz’

y

D;=x'yz

D= xyz’

URURURURURURURY

FIGURE 4.18

Logi 4-
Three-to-eight-line decoder ogic 439



= Combinational logic implementation
= each output = a minterm

= use a decoder and an external OR gate to
Implement any Boolean function of n input
variables
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= Demultiplexers
= a decoder with an enable input

= receive information on a single line and transmits
it on one of 2" possible output lines

)O* Dy
* E A B Dy, D, D, D;
D,
1 X X 1 1 1 1
A 7—[>o— 0 0 0 o 1 1 1
* 0 0 1 1 0 1 1
o D, 0O 1 O | 1 0 1
B { | >o - 0 1 1 1 1 1 1
& b— D3
E {><> [
(a) Logic diagram (b) Truth table

FIGURE 4.19
Two-to-four-line decoder with enable input
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= EXpansion

= two 3-t0-8 decoder: a 4-t0-16 deocder

X &
; 3 X8 Y
) 1 decoder Dgto Dy
Z 4 E
M} ‘._I ><:
3% 8 .
decoder D to D5
E

FIGURE 4.20
4 X 16 decoder constructed with two 3 X8 decoders

= a 5-t0-32 decoder?

Combinational Logic 442



Combination Logic Implementation

= each output = a minterm
= Use a decoder and an external OR gate to
Implement any Boolean function of n input

variables
= A full-adder
= S(X,y,X)=2(1,2,4,7)
C(x,y,2)=2(3,5,6,7) o

| D

x —2? 2

y—12 dgc:)(jdger 2
6
7

FIGURE 4.21

Implementation of a full adder with a decoder Combinational Logic 443



= two possible approaches using decoder
= OR(minterms of F): k inputs

- NOR(minterms of F): 2" — k inputs
= In general, it is not a practical implementation
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4-10 Encoders
= The inverse function of
a decoder
Table 4.7
Truth Table of an Octal-to-Binary Encoder
Inputs Outputs
Do D] Dz D3 D4 Ds D6 D7 X y Z
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 1 1
0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0 1
0 0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 1 1 1 1

ﬂ

z=D,+D;+ D, + D,
y=D,+D;+D,+D,
X=D,+ D+ D + D,

The encoder can be implemented
with three OR gates.
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Priority Encoder

= resolve the ambiguity of illegal inputs
= only one of the input is encoded

Table 4.8
Truth Table of a Priority Encoder

Inputs Outputs
Do D1 Dz D3 X y vV
0 0 0 0 X X 0
1 0 0 0 0 0 |
X 1 0 0 0 1 [
X X | 0 1 0 1
X X X 1 1 1 1

= Dj has the highest priority

= D, has the lowest priority

= X! don't-care conditions

= V: valid output indicator Combinational Logic 446



B The maps for simplifying outputs x and y

>Dl

D,
D,D; , .

DD, 00 01 11 10

my m, 1y iy
00| X 1 1 il

n, s m, ny
01 1 1 i

( 1y My, mys My
11 1 1 L

Dy g 1y my iy,
10 1 1 X

D,
x = D>+ D

FIGURE 4.22
Maps for a priority encoder

D,
D,D; - -
DyD, 00 01 11 10
m, m, My n,
00] X 1 1
my s e g )
01 1 1 il
! 4 Dl
my, my, 1y my,
11 1 1 1
M My 1y, M, J
10 1 1
D-
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B Implementation of priority

D3 . d
D, . 4 >O—‘— 4
D; \ 4 :
‘\ [_F\ |
v
D,
FIGURE 4.23
Four-input priority encoder
X=D,+ D,
y=D;+D,D,

V=D,+D;+D,+D,
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4-11 Multiplexers

= Select binary information from one of many input
lines and direct it to a single output line

= 2" input lines, n selection lines and one output line
= e.0.. 2-to-1-line multiplexer

1 0

1 4 MUX

1

|

S l {>O_ S
(a) Logic diagram (b) Block diagram

FIGURE 4.24
Two-to-one-line multiplexer
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=l

100

= 4-to-1-line multiplexer
I

A A

So ¢
(a) Logic diagram

FIGURE 4.25
Four-to-one-line multiplexer

S S| Y
0 0| Iy
0 1 1
1 0| b
1 1| L

(b) Function table



+

= Note
= n-to- 2" decoder
= add the 2" input lines to each AND gate
= OR(all AND gates)
= an enable input (an option)
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W

B

E S | OutputY

1 X | all0s
0 O | selectA
0 1 | selectB

S

Function table

R

(select)

-

E
(enable)

FIGURE 4.26

-

Quadruple two-to-one-line multiplexer

dinational Logic

452



i Boolean function implementation

= MUX: a decoder + an OR gate
= 2'-to-1 MUX can implement any Boolean function
of n input variable

= a better solution: implement any Boolean function
of n+1 input variable
« N of these variables: the selection lines
= the remaining variable: the inputs
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= an example: F(A,B,C) = %(1,2,6,7)

x v Z|F
0 0 0[0 Fp=;
0O 0 1|1
0O 1 0|1 fFp=z
0O 1 110
L 0 010 gp—y
I 0 10
L 1 0|1 gp—q
I 1 1|1
(a) Truth table
FIGURE 4.27

(b) Multiplexer implementation

Implementing a Boolean function with a multiplexer
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s Procedure:

assign an ordering sequence of the input variable

the rightmost variable (D) will be used for the input
lines

assign the remaining n-1 variables to the selection
lines w.r.t. their corresponding seguence

construct the truth table

consider a pair of consecutive minterms starting
from m,

determine the input lines
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‘ Example: F(A, B, C, D) = %(1, 3, 4, 11, 12, 13, 14, 15)

- A B C DI|F
0 0 8 0d p=p 8 X 1 MUX
0 0 0 1/1
0 0 1 0[l0 pop ¢ S0
0 0 1 1 B S

A S5
0O 1 0 0]1 F=D' -
0 1 0 1/0
D 5 0
001 1 0[0 p_yg T—1
0 1 1 11/0 D I
2
1 0 0 olo _ A
F={ 0 3
1 0 0 11]0 I_4
1 0 1 ofo B 5
1 0 1 111 E=4 1 6
1 1 0 0|1 p_, L7
1 1 0 1]1
1 1 1 o]1 B
1 11 1|1 F=1
FIGURE 4.28

Implementing a four-input function with a multiplexer



Three-state gates

= A multiplexer can be constructed with three-state
gates

= Output state: O, 1, and high-impedance (open ckts)

Normal input A Y Output Y =Aif C =1
T High-impedance if C =0

Control input C

FIGURE 4.29
Graphic symbol for a three-state buffer
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Example: Four-to-one-line multiplexer

B T
Select

(a) 2-to-1-line mux

FIGURE 4.30

Iy

Select

Enable

%ﬂ—y

7

E_«

—
\

0
Sy
o 2x4 1
U decoder 5
EN
3

Multiplexers with three-state gates

(b) 4-to-1-line mux
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