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2-1 BASIC CONCEPTS OF SET THEORY

In this section first we introduce the notation used for specifying sets. The con-
cepts of membership and inclusion are given. Certain special sets such as the
universal set, empty set, and the power set of a given set are introduced. Next,
various set operations are defined. I'inally, some of the basic identities of set
algebra are derived.

2-1.1 Notation

Rather than defining the term ‘“‘set,”” here we give only an intuitive idea of what
a set is. By a sef we mean a collection of objects of any sort. The word “object”’
is used here in a very broad sense to include even abstract objects. The following
examples will illustrate the concept of a set.

The set of all Canadians

A paar of shoes

A bouquet of flowers

The set of all ideas contained in a book
A flock of sheep

A collection of rocks



goﬁe thfathwe encounter many words which convey the same idea as that of a set.
i ?’0 ;31 hese words, however, are used in a more restricted sense than the term
g&te,” iy (lile“the Oﬂ.lers are synonyms. We shall use the words “class,” “aggre-
USin;; ti:s ‘301190131(;)1’1” as synonyms of the word “‘set,” particularly to avoid
ame word repeatedly in a given sentence. For
: exa
may 1:}? el e xample, a set of sets
A coe;:lzliy speaking, e think of a set as a collection of objects which share
a set of lineg aproperty: I'or example, in mathematies it is common to consider
tion is not néce:ir()f triangles, a set of real numbers, ete. However, this restric-
£, Smith is an acﬁé Sg;%la set consisting of a horse, th(? letter A, a jacket, and
and not important e example of a set, although it may be uninteresting
A ..flll’lda,m : .

0aset. Any ob?::ﬁ) cloncgpt of set tl.leory is that of membership or belonging

A Set i3 said 4 be 4 ?l onging to a set is called a member or an element of that set.
- _ ‘well defined if it is possible to determine, by means of ¢ --

rules, whth :
» Whether any glven object is a member of the set.

a _-;':j_'
read as '“'p is an element of the set A” or “p" belongsf.q
wp is in A.” If there exists an object ¢ which does not belong to the <
" we express this fact as g

#i] q ¢ A
which is equivalent to the negation of the statement “gisin 4, thatm -
is,
g€ A)=qd 4 %
i

There are several ways in which a set can be specified. For eximpl O
consisting of the elements 1, 3, and a is generally written as e |

{1, 3, al

R

The names of the elements are enclosed in braces and separated by commas, Ifwe
wish to denote this set as S, then we write
S = {1, 3, a}



| .'-where-. the equality sign is understood to mean that S is the set {1, 3, a}
lle's 3¢S @€l and S

This method of specifying a set is not convenient, and it is not alwa
sible to use it. In general, a set can be defined or characterized by a predx

Examples of such sets are
g S, = {z | z is an odd positive integer}
gt S, = {x |« is a province of Canada}

Lty 83 = {x | % is a river}

Ss = {2 |2z = aoraz = b}

denote any pred:lcate, then {z | P ()} defines a set.
s set if P(b) is true; otherwise b does not belong to
ritten symbolically as -
WEw eve bl P B

1

W‘emea:ﬂasetﬁmtelfrtoontmnsaﬁn'ﬁef :
, a set is infinite. Precise definitions of a
giwnmSec 2-5.2.

- - -



Note that no restriction has been placed on the objects that can be mem-

bers of a set. It is not unusual to have sets whose members are themselves sets
H
such as

S = {a, lljgl!pi EQH

However, it is important to distinguish between the set {¢}, which is an element
of S, and the element ¢, which is a member of {¢} but not a member of S.

9.1.2 Inclusion and Equality of Sets

In Sec. 2-1.1, we discussed the notion of membership of an element in a set.
Another basie coneept in set theory is that of inclusion.

Definition 2-1.1 Let A and B be any two sets. If every element of A isan
element of B, then A is called a subset of B, or A is said to be included in B,
or B includes A. Symbolically, this relation 1s denoted by A C B, or equiv-
alently by B D A. Alternatively,

ACBe (z)(z€ A—z € B) & B4
It is important at this stage to distinguish between membership and in-
clusion. We illustrate the difference between these two. Let
A5 g o) C={1,3) ad] SD=
i BCA CCA ad DCA
o {1,2}C{1,23] (1,3} C{1,23} (3JES{L23

On the other hand, 1 ¢ {1, 2, 3}, and 1 is not included in {1, 2, 3}, though

*I«vl ]'F 11,2, 3}. Only a set can be included in or can be a subset of another_ set,

a,v: only elements can be members of a set. Of course, & set May sometimes
other sets as elements. For example, if 4 = {{1}, 2 3}, then

B4 (1o ca  (ujycA 2ed  (ZEiSE

e followi ' i t inclusion. For
40y gets 4, B, a;dg gwl‘e some of the important properties of se

- AC A (reflexive) (1)
L... (ACB) A (BCC)=s (ACC) (transitive) B



It is enough to note at this stage that set inclusion is reflexive and transitive.
These terms are explained in Sec. 2-3.2. The proof of Btatement (1} is obvious,
while Statement (2} ean be proved hy using the implication

Yz A=z e BIA(D)(x€EB—o2c C)=(x)(zscd—xc ()

(see Example 2, Sec. 1-6.4). For two sets A and B, note that A € B does not
necessarily imply B € A excepl for the [ollowing case.

Definition 2-1.2 Two sets A and B are said to be egual (extensionally
equal) iff A € Band BC A, or symbolically,

A=Be(ACBABCA)
From the equivalence
() ((P(z) = Q(z)) A (Q(2) = P(2))) = (2)(P(z) 2Q(2))
we can alternatively define the equality of two sets as
A=Be(r)(zc A=22c¢ B)

We now give some examples of sets that are equal and sets that are not
equal.

11, 2,4] = {1, 2,2, 4}.

11, 4,2] = {1, 2,4].

IfP = {{1,2},4) and Q = {1, 2, 4}, then P # Q.

H{1]} # {1} because {1} € [{1}] while 1 € |1}.

IfAd=1{zx|z(x—1) =0} and B = {0, 1}, then 4 = B,

11, 3,5, ...] = {z| ¢ is an odd positive integer].

From the definition of equality of sets it is clear that
A=B=B=A

The equality of sets 18 reflexive, symmetrie, and transitive.

Definition 2-1.3 A set A is called a proper subset of a set Bif A T B and
A # B Symbolically it is written as A C B, so that

ACB®=(ACBAA#E)
A C B is also called a proper inclusion.
A proper inclusion is not reflexive; however, it is transitive, i.e.,

ACBYA(BCO)=(ACCO)

We shall now introduce two speeial sets, of which one includes every set
under discussion while the other is ineluded in every set under discussion.
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peﬂniﬁon 2-1.4 A setis called a universal set if it includes every set under
discussion. A universal set will be denoted by E.

It follows from the definition that for any set A, we have A C F. Thus

every elerr_xent z € E, that is, (z) (z ¢ E) is identically true. One could specify
E in a variety of ways, e.g |

E={z|P(z) V 1P(x)}

where P (z) B any Dl't?dicate. It is easy to show that all such sets are equal to the
set £. The introduction of the universal set makes the notion of b ¢ A more

definite ir? the sense- that b is assumed to be in £. The universal set is the same
as the universe of discourse given in Sec. 1-5.5.

Definition 2-1.5 A set which does not contain any element is called an
empty set or a null set. An empty set will be denoted by &.

It fo-llo:ws from the definition that for an empty set & and any z,x € & is
a contradiction, that is, (2)(z € &) is a contradiction. Thus for any set A4,
& < A, because (z)(x € & =z ¢ A). One could specify &f in a variety of
ways, e.g.,

& = f{z|P(x) A TI1P(x)}

where P (x) is any predicate. It is easy to show that all such sets are identical
to the set &F.

2-1.3 The Power Set

Given any set A, we know that the null set & and the set A are both subsets of
A. Also for any element a € A, the set {a} is a subset of A. Similarly, we ecan
consider other subsets of A. Rather than finding individual subsets of A, we would

like to say something about the set of all subsets of A.

Definition 2-1.6 For a set A4, a collection or family of all subsets of A4 is
called the power set of A. The power set of A is denoted by p(A) or 24, so

that
p(A) =24 = {z |2 C A}

Let us consider some finite sets and their power sets. The power set of the
null set ¢F has only the element &; hence p(&) = {J}. For a set S, = {a},
the power set p(S1) = {&, {a}} = (&, Si}. For 8z = {a, b}, p(S2) = {T, ta},
(b}, 8.}, and for Sy = {a, b, c}, p(Se) = {F, {a}, (0], (e}, {a, b, {b, ¢}, {a, el
Ss}. .
We now introduce a notation by which one can designate every subset of
a finite set in a unique manner. Before we describe this IlDt&tl:Oﬂ, it would be
useful to assume that the elements of the given set are ordered in some way, so
that a particular element may be called the first element, the pe}_ct elgmept the
second, and so on. No such ordering of the elements of a set is implied in the
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definition of a set. However, for t}f Psﬂzszrfi:f;ﬁ%tg;g:e%tomt;;l;meln::;g
" . e -

;; :tf:;iféglg IZ;(;?SfI:gzlfodzzsfiﬁ;s the position of the e;’lsﬁieiﬂ; t\llth ;egpec.t to
other elements of the set. As an example, let us a.ssu{;’ﬂ (; mznt Nov;' S?n a e
carlier we let a be the first element and b be the secon 1t:E! ehjle t,-he ren’-la,ininy sub.
set of a given set, some elements of the set are presen v:ir ol e dng Oneg
are absent. We shall use this idea, together with t%le orcer lg F;:h 5 be ton the
elements of a given set, to designate the subsets. For example, the subsets of g,

may be designated as
& = Boo {a} = Bio {b} = Bm and {a, b} = Bn

where the subscripts of B contain 1 or 0 in the first pOSitiOf% o the left dePGHd%ng
on whether the first element, viz., a, is present (or not). Similarly, the subscript
has 1 or 0 in the second position from the left depending on wl'_lether b, the second
member, is present (or not). As there are only two elements in Sz, we need only
the subseripts 00, 01, 10, and 11. Conversely, given any one of these 22 = 4 gub-
seripts, we can determine the elements of the corresponding subset. For example,
Boy = {b}. Note that it is only the subscript that determines the elements of
the subset. The use of the letter B in naming the subsets 1s incidental. A similar
technique has been used earlier in assigning names to maxterms and minterms.
This method will also be used in the representation of data on a computer.

Consider the set J = {00, 01, 10, 11} or J = {4 | ¢ is a binary integer,
00 < 2 < 11}; then o(8:) = {B; |4 € J}. Similarly,

p(S;) = {B.."& € J}

whereJ = {7 |{isa binary integer, 000 < ¢ < 111}. From S; = {a, b, ¢} we have
Bow = {c}, Bin = {a, ¢}, and Bou = {b, c}.

_ The ?‘b?ve notation can be generalized to designate the subsets of a set
gav_mg n distinet elements. Obviously, there are 2n such subsets. The subsecripts
ilisetgz;uél % tgf subsets range over the binary representations of the decimal
thisgbinar ?nt =k .Care must.be taken to insert as many zeros on the left of
s decimil infége; as,f necessary in order to have exactly n digits in all. One can
the elements of the commamn g < L 22 convert them only at the time when
tion, let Sy = | o responding subsets are to be determined. As an illustra-

’ 8 G, Qg ..., ag}. Obwously, there are 26 subsets of Ss, which we

shall designate by By, B, By i
to determine the elements of &Ify_gu{};:tf()uOWIng examples illustrate the method

esignate the elements of a family
1t to designate the members of h
concept of an indexed set at this

Definition 2-1.7 71,4 ,

: td = Loy, ~
{A.” Aaz: Aag, ‘e ] such that for .':nya:g _‘ -E‘m}f ?}I::‘re‘t be a fa,mily of sets A=
: O

rresponds a set A,, € &



and also A,;, = A, iff s, = s;, then A is called an indezed set, J the index
set, and any subscript such as s, in A,, is called an indez.

An indexed family of sets can also be written as

A = :A"}:'(J
In particular, if J =1 = {1, 2, 3, ~«w}y then A = [Ay, Ag, Ag, ...}. Also, if
J — Iﬂ. = {l, 2} ---pn], then A = {Aly Ag, 5 e oy An} = [A,‘}{,[,. For a set S

containing » elements, the power set p(.S) is written as the indexed set

P(S) = {Bi}ier J=1{0,1,2,...,20 — 1}

EXERCISES 2-1.3

1 Give another description of the following sets and indicate those which are infinite
sets.

(@) {z |z is an integer and 5 S x=< 12},
(0) {2,4,8,...].
(¢) All the countries of the world.

2 Given 8 = {2, q, {3}, 4} and R = {{a}, 3, 4, 1}, indicate whether the following are
true or false.

(a) {a} € 8
() {a} € R

() &< ({3}, 4}
3 Show that

(RES)AN(SCQR)=RCQ

Is it correct to replace B C @ by R & Q7 Explain your answer.
4 Give the power sets of the following.

(a) {a, {b}}

(®) {1, &}

() {X, v, z} 4
6 Given § = {ay, @, ..., ag}, what subsets are represented by Bi; and B3, ? Also, how will

you designate the subsets { a2, as, @7} and {ai, as}?

2-14 Some Operations on Sets

In this section we introduce certain basic operations on sets. Us'}ng these opera-
tions, one can construct new sets by combining the elements of given sets. While
the term “operation’” and its properties are discussed in Sec. 2-4.4, it suffices to



say here that operations on one or more sets produce other sets according to
certain rules,

Definition 2-1.8 The infersection of any two sets A and B, written as
A n B, is the set consisting of all the elements which belong to both A and B.
Symbolically,

AnNB = (z|(z€ A) A (z € B)}

From the definition of intersection it follows that for any sets A and B,
AnB=BnA AnA =4 and ANG =J (1)

The first of these equalities shows that the intersection is commutative. The im-
portance of the other two will be discussed later. The commutativity of inter-
section can be proved in the following manner. For any z,
z€ AnBeze {z|(z€ A) A (2 € B)}

=(z€ A) A(z€ B)

< (r€ B) A(zec A)

ozefz|(xeEB) A(ze A)

=z cBnA
The other two equalities in Eq. (1) can be proved in a similar manner.

Sinee A N B is a set, we ean consider its intersection with another set C,
so that

(ANB)NC = {z|z€ ANBAzEC)

Using (z€e ANZEB)AzEC=z€ AN (€ BAze (), weecan easily
show that

(AnB)nC =An(Bn(C) (associative) (2)

In view of Eq. (2), we can write (AnB)nCas AnBnC.
For an indexed set A = {4, Ay ..., 4.} = [Ai}iq where I, =
{1, 2, ..., n}, we write

n
A.nA:n“-ﬂA.=f\A.-= N Ai

=] dal g
In general, for any index set J,

MNA;=|z|z<c A;foralli € J}

1

Definition 2-1.9 Two sets A and B are called disjoint iff ANB = &,
that is, A and B have no element in common.

Definition 2-1.10 A collection of sets is called a disjoint collection if, for
every pair of sets in the collection, the two sets are disjoint. The elements
of a disjoint collection are said to be mufually disjoini.



Let A be an indexed gset 4 = {;11-}1-‘_;. The set A iS a diSjOint COIIECtiOn
iff A;n—’ij = g fﬂl‘ all i).j "j OI, 2 #J--

EXAMPLE 1 If A, = {{1,2}, {3}}, 4. = {{1}, {2,3}),and A; = {{1, 2, 3}},
then show that A,;, A, and A, are mutually disjoint.

SOLUTION Note that A, n 4, — G, AnAd; = Fand A:nA; =F. ////

EXAMPLE 2 Showthat AC Bes AnB = A.

sOLUTION Note that for any z,

TE€CA—>xcBes(xCcAArEB =2E A
which follows from P — Q< ((P A Q) =2 P). Now

ACBe (z)(zx€ A—z€ B)
while

ANB=Ae (@)(zc ANzcBa2zc A) LIl
Definition 2-1.11 I'orany two sets A and B, the union of A and B, written

as A U B, is the set of all elements which are members of the set 4 or the
set B or both. Symbolically, it is written as

AUB = {z|z€ AV x € B}

From the definition, it follows that
AUB =BUA (commutative) Aug = A AUA = A
(AuB)UC = Au(BUC) (associative) (3)
The last equality in Eq. (3) suggests that we can write (A UB) UCas A UB UC.
Note that
AVBUC =[z|aec ANVzEe BV e C}
We shall now prove one of the equalities in Eq. (3), viz., A UA = 4. The
proofs of the other equalities are similar. I'or any x,
rC AVASze {z|lz€ ANV e A}
a e ANVoe d
= e A
=Sz {x|xe Al
Sxc A
'or any indexed set A = {A;}ies,
U A; = {x|x ¢ A, for at least one 7 € J}
TeJ
ForJ =1, = {1,2, ..., n}, we may write

CJAiSA1UA2U---UAn

=1



EXAMPLE 3 Whatare SuQand SNQif § = {5, p, ¢} 8ndQ = {a,p, 4,

SOLUTION

SuQ={a,b,'P,Q:t} SnQ:{a’p] //,‘{/

EXAMPLE 4 If A1 = {1, 2}, 42 = {2, 3}, and As = {1, 2, 3, 6}, what ar,

2 H

UA,' and(\A.'?

i1 v=1
SOLUTION X

3

UA;=1{1,238,6} NA;= {2] 11/

g1 =1

Definition 2-1.12 Let A and B be any two sets. The relative complement
of B in A (or of B with respect to A), written as 4 — B, is };he set con-
sisting of all elements of A which are not elements of B, that is,

A—B={z|z€AANx¢Bl={z|z€ AN I(z€ B)|

The relative complement of B in A is also called the difference of A and B.

Definition 2-1.13 Let Z be the universal set. For any set A, the relative
complement of A with respect to #, that is, £ — A, is called the absolute
complement of A. The absolute complement of a set A is often called the
complement of A and is denoted by ~A4. Symbolically,

~A=E—-A={z|z€EANzd A} ={z|2d A} = {z| |(z € 4)}
"The following equalities follow from the definition of the complement.
(4)
‘We now prove one of these equalities, viz., that A U ~A4 — E:

(AU~A) = {zs|lacAVvrd A} = B

EXAMPLE 5 Given A — {2, 5, 6}, B = {3 4 9 _ _ B
and B — A.Showthat 4 — B =« B — 4 ar'fd,A’___}bC;"A[l, 3, 4}, find 4

SOLUTION A — B = {5, 8], B — 4 = {3,4},and 4 — ¢ = 12, 5, 6}

/11!

EXAMPLE 6 Showthat (@) 4 — B = 4 n ~p ang (0) A S Be ~BC ~A
SOLUTION
(a) For any z,

T€A—-Bogxc [a:'leA/\:véfB}
ST € (An~B)



(b) AgBﬁ(x)(xEA__,mEB)
SECUzEB) - (z e AY)
4=’(537)(-I€f.E-’)—-»;I;QA)

o ~BC ~4

/177
EXAMPLE 7 Show that for any two sets A and B

soruTioN For any z,

€ A—(AnNB)=zec {z|lzr€ AANzd¢ (AnB))
=z AN ~(@€ A ANzE B)
zx€AN(xd AVzd B)
=>(zc ANxzd A) V(€ AANzd B)
<<zx€ AANxd B
=z€ {z|lz€ AANzxd B)

Definition 2-1.14 Let A and B be any two sets. The symmetric difference
(or Boolean sum) of A and B is the set A + B defined by

A+B=(A—B)U(B—A)orz€ A+ Bezc {z|lz € AV z € B

where V is the exclusive disjunction.

The following equalities are interesting and easy to prove.

A+B=B+ A (A+B)+C=A+4+B+C0C) A+ =A
A+A_=,@f and A+ B=(An~B) U (Bn~A) (5)

We shall now prove one of these, viz., A + & = A. For any x,
r€c A4+ & xc {:v|(x6A/\x€i,®')V(:c€,®/\a:&A)}
sS@EcAAzd D)V (e T Azd A
= (rxr€ A) VF
S zx€E A
=z € {z|lxe A}
=Sx € A

The programming of these set operations is discussed in Sec. 2-2.

EXERCISES 2-14

1 Prove the equalities in Eqgs. (1).

2 Given 4 = {z| x is an integer and 1 < = <

s 3,...},find ANB, AnC, AUB,and AUC.
Show that A C AUB and ANBC A.

5}, B = {3, 4, 5, 17}, and ¢ =112



4 Showthat AC B& AUB = B.

5 If 8= |a,b, ¢}, find nonempty disjoint sets A, and As such that 4, U A; = S. Find
other solutions to this problem,

Prove the equalities in Eqs. (4) and (5).

Given A = {2,3,4},B= {1,2},and C = {4,5,6},find A+ B,B+ C, A 4+ B+C,
and (4 + B) + (B+ ().

-~ &

2-1.5 VYenn Diagrams

Introduction of the universal set permits the use of a pictorial device to study
the connection between the subsets of a universal set and their intersection,
union, differenee, and other operations. The diagrams used are called Venn dia-
grams. A Venn diagram is a schematic representation of a set by a set of points.
The universal set E is represented by a set of points in a rectangle (or any other
figure), and a subset, say A, of E is represented by the interior of a cirele or
some other simple closed curve inside the rectangle. In Fig. 2-1.1 the shaded
areas represent the sets indicated below each figure. The Venn diagram for
AC Band AnNB = & are also given. From some of the Venn diagrams it is

\

ES
c
-]
.
.

-

©

/

~A ANB=¢

OlN

AN

FIGURE 2-1.1 Venn diagrams.



easy to see that the following hold:

AUB = BUA AnNB =Bna4a ~(~A4) = 4

Jrurthermore, if A & B, then

It should be emphasized‘ that the above relations between the subsets ar
only suggested by the Venn diagram. Venn diagrams do not provide proofs tha:

such relations are true in general for all subsets of £ We shall :
point by a particular example. all demonstrate this

Consider the Venn diagrams given in Fig. 2-1.2. From the first two Venn
diagrams it appears that
AUB = (An~B)u(Bn~A) U (AnB) (1)
From the third Venn diagram it appears that

AUB = (An~B)U(Bn~A)
This equality is not true in general, although it happens to be true for the two
disjoint sets A and B.
A formal proof of Eq. (1) will now be outlined. For any =z,
xC AuBeozc (z|z€ A V z € B
z€ (An~B)Uu(Bn~A) U (ANnB)
ozc {zlze (An~B) Vze (Bn~A) Vze (AnB)}
=zxc (An~B)VzeE (Bn~A) Vae (AnB)
S (xceEANzE~B)V(xeEBANxe ~A)V (z€ AANzx€E B)
oS (re AN (@xx€E~BVze B)V (€ BNz ~A)
S (reAVazeE B A (€ AV aze~A)
s (r€e AVazeB)
=z € f{a|lz€e AV x € B
Sz € AUB
Consider the Venn diagrams in Fig. 2-1.3. From the third and fifth Venn dia-
grams 1t appears that AN (BUC) = (A0B) U (ANO) 2)
Similarly, one can show that for any three sets A, B, and C,
AU(BNC) = (AUB)n(AUC) (3)

Equations (2) and (3) are known as the distributive laws of union and intersection

(B

AVEB

A—B=AN~B E—A=8n~A
" FIGURE 2-1.2
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FIGURE 213

We shall now prove Eq. (3). For any =z,
€ AU(BNC)=zxzc {zlz€ AVae (BNC)}
szclz|lz€c AV (zE BAzE C)}

Szeilr|(r€AVIZEB)A(rcAVae O}
©2x€ (AUB)N (AUQ)

EXERCISES 2-1.5

I  Prove Eq. (2).
2 Draw a Venn diagram to illustrate Eq. (3).

2-1.6 Some Basic Set Identities

- - - e.
48 union, Intersection, complementation, ete., have beef{in
one can construct new sets from gl

tal letters such ag A, B, C, .
they are not, exactly set,

8, but set ormulas. Th - ots can also
extended to set formulg, : © Operations on s

ulas:
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given special names. These properties d

escribe an algebra called set algebra.
We shall see in Chap. 4 that both the sta g gebra

tement algebra and the set algebra are

tion, we have also listed the correspondi
culus. Similar equivalences hold for the predicate calculus.

Not all the identities listed here are independent. Some of the identities
can be proved by assuming certain other identities. However, we have listed
these identities in order to include all those identities which exhibit some basic
and useful properties. Most of these identities have been proved earlier in this
section, and the others can be proved either by using the same technique or by
using the identities already known to be true.

In our discussion here we assume that all the sets involved are subsets of
a universal set £. Although such an assumption is not necessary for many of
the identities, there is no loss of generality. Furthermore, some of the identities
do require such an assumption, particularly those involving complementation.

Set Algebra Statement Algebra

Idempotent laws

AUA =4 PVPsP (1)
ANA =4 PAPsP

Associative laws
(AUB)UC = AU (BUO) PV VRE=SPVQVRER) )
(ANB)NC =ANBNC) (PAQYQARSPA QA R)

Clommnutative laws
AUB =BUA PVQe=QVP 3)
ANB =BNA PAQ=QAP

Distributive laws
AU(BNC) = (AUBN(AUQ) PVRAR)sPVAAN Q@ VR) 4
AN(BUC) = (ANBUMANC) PAQVR)=(PANQQ VPANR)
AU X = A P\VF&P ()
AUE = E PVTeT (6)
AN = & PAF&F =
AN~A = & P/ TIP=F

Absorpiion laws
AUUNB) = 4 PV(PAQ <P ®)
AN(AUB) = 4 PA(PVQ <P

De Morgan’s laws 55
~(AUB) = ~A4 N~B P VR < TIPA T1Q
~(ANB) = ~AU~B PA Q) & TPV TIQ 10)
~F = E IFeT
e A 1T <= F

11
~vA) = A TR e B o




All the identities just given are presented in pairs except for the identity
(11).'This pairing is done because a principle of duality similar to the one given for
statement algebra (see Sec. 1-2.10) also holds in the ease of set algebra. In fact,
the principle of duality holds for any Boolean algebra. At present it is sufficient
to note that given any identity of the set algebra, one can obtain another identity
by interchanging U with N and £ with @.

Assuming identities (4) to (6), we shall prove the absorption laws. First
note that

AU(AnB) = (AUA)Nn(AUB) =An(AuB)
from the distributive and idempotent laws. Now
AVU(ANRB) = (ANE)U(AnB) from (5)

=AN(EUB) from (4)
=ANE from (6)
= A from (5)

Alternatively one can prove it as follows. For any z,

€ AU(AnB)ezc jz|l(z€ AYV((z€ A) A (z€ B))
=z [z|le€ A)
=3¢ A

using the absorption laws of predicate calculus.
In order to complete our discussion, we list some implications and certain

set inclusions
(AUB#= @)= (A#F)V(IB#Z) (12)
ANB# @)= (A=Z)AN(B#) (13)

To prove the implication (12), let us assume that A = FV B = & is
false. This requires that A # & is false and also that B # & is false, that is,
A=B= Butthen AUB = @, so that A UB # & is also false. Hence the
implication is proved. One could also have proved (12) by assuming that
A UB # & is true and showing that this assumption requires A # & V B # &
to be true. Implication (13) can be proved in a similar manner.

The following inclusions follow from the definition and have been proved
earlier in this section.

AnBC A AnBCB ACAUB A—-—BCA (14)
Let A be a family of indexed sets over an index set I such that A = {A,,
A:, ...l - IA,‘I.'.]. Then

VA, ={z|z¢ A, forsome € I} (15)
id

MNA, ={z|z¢ A forevery 1 € I} (18)
il



The associative laws and the distributive

following manner laws can be generalized in the
ollo :

BU(MA) =N (Bu4, (17)
tel zel

Bn(JA) =V (Bn4)
el ied

The identities (17) can .be proved using mathematical induction discussed later
in Sec. 2-5.1. We now give some examples llustrating the above operations.

EXAMPLE 1 Verify the identities (17) for
Alz {1,5} Ag‘—': [1,2,4,6} A3= {3,4,7}
B = {2, 4} and I = {1, 2, 3}

SOLUTION
\JA4;={1,2,8,4,5,6, 7}
iel
mAi = ,®’

el
BU (N A;) = {2, 4}
el

M (BUA:) = {1,2,4,5} n{1,2,4,6}n{2,3,4,7} = (2, 4)
iel

Bn(\JA4,) = {2 4}

Tel

U (BnA,) = FU {24} U4} = {2,4) [1/f

el

2-1.7 The Principle of Specification

The idea of a set was discussed in the beginning of this chapter, although we had
used the notion earlier in Chap. 1 while discussing the universe of discourse or
the domain of the object variable (see Sec. 1-5.5). The universe of discourse was
defined as the set of all objects under consideration, and this set is the same as
the universal set defined in Seec. 2-1.2. -

A set is usually defined by means of a predicate. The connection between
a predicate and a set defined by it is known as the principle of spec-zﬁcahfm’ which
States that every predicate specifies a set which is a subset of a universal set. The
Subset specified by a predicate is called an extension of the predmat? in the uni-
Versal set. This method has been used extensively in defining sets. _I' or example,
i P(x) is a predicate, then a set A is called an extension of P () if

A= {z| Pz}

. .- - {=
A predicate can be considered as a condition, and any Oblei’: ‘;lf _th:nu;lx_
Vers?“ set satisfying the condition is then an element of the s_et whic }f o
tension of the predicate. Obviously, if two predicates are equivalent, then thes

: . i e
Ave the same extension, and the two sets specified by equivalent predicates ar



equal. In other words, 1if P(z) < Q(z), then A = B Whe;e;;;;‘zd B}; :E:‘ the ex.
tensions of P(z) and Q(z), respectively. “'e_ now have an gly een the

. .valence of predicates. A similar analogy exists he.

equality of sets and the equival ' S then A C B where :
tween set inclusion and impllcatlonalé E()I)e:;egt(ifr ei . = » 8gain,
ensions of P{(x) an ()} T b . )
. an%fi)af:) eiztidentically true for all x in. E, t.hfan the ﬁxt.t::jnslo.n (;{ P(ll;) In the
universal set is the universal set itself. Similarly, if P(z) 181 entm}z: y false for a]|
zin F, then the extension of P(x) in Eis the null set. Recall that tpe universal set
and the null set were defined as extensions of P(x) V _\1_)(17) ﬂ-“j (ZI) N —!P(x)
respectively. However, any other identically frue (valid) and false predicates
been used to define them. .

00111(11};&; ea,nd B are extensions of the predicates P (z) and Q(z), respectively, in
o universal set £, then it is easy to see that A UB and A N B are the extensi(?ng
of P(z) V Q(x) and P(z) A Q(z) respectively. Similarly ~A 1s the extension
of T1P(x). The extension of P (z) — Q(x) is the set ~A U B, and that of P(z)
Q(z) is the set (~A UB) n (A U~RB). Thus the new sets formed from the sets
A and B can be interpreted in terms of extensions of formulas containing P(z)
and Q(x).

From the above discussion it is clear that all the identities of set theory
given in the previous section should follow from the corresponding equivalence
of predicate formulas. Similarly, the inclusions of sets should follow from the
corresponding implications of predicates. If we replace the predicates by their
extensions—A by 0, V by U, and 7] by ~—in any predicate formula, then
we obtain the corresponding formula of set theory. Also, the equivalences and
implications are replaced by equality and inclusions of sets. In fact, this tech-

nique has often been used in proving the identities and other relations of set
theory so far. For example, let us consider

1(P(z) V Q(x)) < TP (x) A T1Q(x)

If z: and B denote the extensions of P(z) and Q(z) respectively, then we can
write

: ~(AUB) = ~A N~
Similarly, from ) s

P(z) V (Q(z) N R(2)) < (P(z) V Q(z)) A (P(z) V R(x))
we get

Au(BnC) = (AUB)n (AU C) [C is the extension of R(x)]

2-1.8 Ordered Pairs and n~-tuples

So far we have been solely concerned wit,
X .
: :?ogZiﬁﬁ gxggﬁslfts. \éVe ncri}w introduce the notion of an ordered pair. Although it
o Z;:_JI‘ éred pairs rlgorousi.ly, we shall give an intuitive definition-
B il i:} rt consists of_ t\f‘(O‘ObJEGtS in a given fixed order. Note that
T e p not a set consisting of two elements. The ordering of the twO
Jects 1s 1mportant. The two objects need not be distinct. We sh igl denote a1
ordered pair by (z, 7). A familiar example of an ordered p;i,ir iesihz re;:legent&-

h sets, their equality, and operations ol



tion of a point in a two-dimensional plane in cartesian coordinates Accordingly
x ?

the ordered pairs (1, 3), (2, 4), (1, 2), and (2, 1) represent different points in
a plane.

The equality of two ordered pairs (z, y) and (u, v) is defined by

(x,y>=(u,v>=>((x=u)/\(y==v)) (1)

so that (1,2) # (2, 1) and (1, 1) = (2, 2). A distinctio

- n between ordered pairs
and sets containing two elements will be clear ;

from the following examples:
{a, b} = {b,a} = {a,a, b} (@, a} = {a} (@, b) = b, a) (a, a) {a}

The idea of an ordered pair can be extended tod
more generally, an n-tuple.

_ An ordered triple is an ordered pair whose first member is itself an ordered
pair. Thus an ordered triple can be written as ({z, ¥), z). From the definition of

the equality of an ordered pair, we can arrive at the equality of ordered triples
((z, ¥), z) and ((u, v), w):

(z, ¥), 2) = ((u, v), w) iff (Z,y) = (u,v) Az = w
But, (z,y) = (u,v)if (x = u A ¥y = v). Therefore
Kz, yh2) = Ly, v),w)y= ((=u) A (¥ =v) A (z=w)) (2)

From the above defi: tion of equality of an ordered triple, we may write an
ordered triple as (z, 1, z) with an understanding that (z, y, z) stands for {{z, ¥), 2).
Note that

efine an ordered triple, and,

(x, y,2) # (Y, x,2) #= (x,2,¥y)

An ordered quadruple ean be defined as an ordered pair whose first member
is an ordered triple. Thus, an ordered quadruple is written as ((z, ¥, 2), u) which
is actually ({{(z, ¥), 2), u). It is easy to show that two ordered quadruples
=z, y, 2), ) and ({p, ¢, r), s) are equal provided that

(x=p) A (y=q9 N (z=1) A (u=3s) (3)

In view of this fact, we shall write an ordered quadruple as (z, y, z, u). .

Continuing this process, an ordered n-tuple is defined to be an ordered pair
whose first member is an ordered (n — 1)-tuple. We write an ordered n-tuple
as ({1, Za, . .., Toa), . ). Further, given two ordered n-tuples {{z1, Z2, .. - Za—1)
Zn) and ((ua, Uz, . . ., Un—1), Un), We have

<<x1? .'Bg, LBl | xﬂ—l)? xﬂ) = <(u1) uﬂ: = sy uﬂ—l}, un)
(@ =w A @=wuw) A A @ = un))

Therefore, an ordered n-tuple will be written as (x1, Tz, - - -5 n )-

2-19 Cartesian Products

The set of all ordered

an element of 4 and
oduct of A

Definition 2-1.15 Let A and B be any two sets. "
pairs such that the first member of the ordered pair 18 . o
the second member is an element of B is called the cartesian p



and B and is written as A X B. Accordingly,
AXRB=|(z,y)| (z€ A) A (y € B)}
EXAMPLE 1 If A = |a, 8} and B = {1, 2, 3}, what are A X B, B X A,
AXA BXB,and (A X B)n(BXA)?
SOLUTION

AXB-= l'{“i 1}: {"‘1 2): {a,3>, (ﬂ! 1}, (ﬁr 2)! {ﬁ! 3}]
B X A =[], ﬂ}? {Ei '-!}i {:ji g}i {\li rﬂ}: (zi rﬂ}:r {3”&}}

22 1 4=F ==

AXA = {{aa) laB) B,a) &, B8
BXB=1{{,1)4{2)14Q,3){&1){&2),{&3)81)
3, 2), (3.3)]
(AXBIN(BXA)=¢g /17

EXAMPLE 2 If A = @ and B = {1,2,3] whatare A X B and B X A?

SOLUTION
AXB=g =BXA /1!

Before we consider the cartesian product of more than two sets let us con-
sider the expressions (A X B) X C and A X (B X C). From the definition it
follows that

(A X B) X C = {{{a.b)e)| ({a,b) e AXB) A (c€ C)}
= {{a,bc)|[(ac A) A(bE B) A (ce ()} (1)

The last step follows from our definition of the ordered triple given in Sec. 2-1.8.
Next,

AX (BXC) = {{(a (ec))|(ac A) A ({b,e) e BX ()}

Here (a, (b, ¢)) is not an ordered triple. If we consider (A4 X B) X C as an or-
dered pair, then the first member is an ordered pair and the second member is
an element of C. On the other hand, A X (B X C) is an ordered pair in which
the first member is an element of 4 while the second member is an ordered pair.
This fact shows that

(AXB)XC=A4AX(BXC)

Before defining the eartesian produet of any finite number of sets, we shall
show that the cartesian product satisfies the following distributive properties.
For any three sets A, B, and C

AX (BUC) = (AXBU(AXC)
AX(BnC) = (AXB)n(A XC) (2)

We now prove the first of these two identities.



AX(BUC) =z y)|(z€ 4) A (y€ BuQ)}
i, )| (z€ A) A ((y € B) v (yEC))}

{(I:y)i((xéfi)/\(yEB))V((a:EA}A
€C
= (A XB)U (A XC0C) - )]

The second equality in Eq. (2) can be proved in a similar manner
Let A = {A,}:a, be an indexed set and L. = {1, 2,..., n} We denote

the cartesian product of the sets 4;, 4,, .. ., A, by
zi A; = Ay X Ay X --- X A,

which is defined by
X A; = 4 and X A, =( X 4,) %A, form = 2,3, ..., n

tely ielm ielm—1
According to the above definition,

AIXAEXA3= (A1><A2) XAa
and
Ay X Az X Az X Ay = (A1 X A2 X A;z) X A,
= ((41 X 43) X A3) X A4
Our definition of cartesian product of n sets is related to the definition of n-tuples
in the sense that
Al X Az Do XAn = [(lexZJ ---:xn>| (2}'1 € Al)
A (@2 € Ag) N -+ A (2 € 4n)}

The cartesian product A X A is also written as A2, and similarly 4 X A X A
as A3, and so on.

EXERCISES 2-1

1 Give examples of sets 4, B, C such that AUB = AUC, but B # C.
2 Write the sets
Fnlz) Sinigl (SIS} -L

3 Write the members of {a, b} X {1, 2, 3}. _
4 Write A >< B X C, Bz;[ AS’ B.‘zx A, ﬁ.,nd A x B Where A = ll}r B = ['a’J bl! a—ﬂd

C 128l C#=AX
6 Show by means of an example that 4 X B BX A and (4 X B)X

(B3 ).
6 Show that for any two sets 4 and B
o(A) Up(B) c p(AUB)

o(A) Np(B) = p(4NB)

Show by means of an example that
o(A) Up(B) # p(AUB)



7 Prove the identities ~
AnA=A And =GO AnE=A and AUE = E

Show that 4 X (BN C) = (A X B) N (A X C).

t
9 Prove tha (AnB)U(AnNB) o
and An(~AUB) = ANB
10 ShowthatAXB=B><A4=>(A=,Q’)V(B=,@’)v(A=B).
11 Showthat (ANB)UC = ANn(BUC) iff C < A.

12 Draw Venn diagrams showing
AUBC AUuC  but B &

ANBC AnC but BEC
AUB= AUC but B¥=(C
ANB=ANC but B==C

18 Draw Venn diagrams and show the sets
~B ~(AUB) B — (~A) ~AUB ~ANB

where A N B = .
14 Showthat(A+B)+C=A+(B+ e
16 Provethat A+ 4 = Fand 4+ &f = 4.
16 Showthat(A—-—B)—-O=(A—-C)—-(B-—C').
17 Prove that (ANB) X (CND) = (A X C) n (B X D).

2-3 RELATIONS AND ORDERING

The concept of a relation is a basic concept in everyday life as well as in mathe-
matics. We have already used various relations. Associated with a relation is the
act of comparing objects which are related to one another. The ability of a com-
puter to perform different tasks based upon the result of a comparison is one of
1ts most important attributes which is used several times during the execution
of a typical program. In this section we first formalize the concept of a relation
and then discuss methods of representing a relation by using a matrix or its
graph. The relation matrix is useful in determining the properties of a relation
and also in representing a relation on g computer. Various basic properties of
relations are given, and certain important classes of relations are introduced.
Among these, the compatibility relation and the equivalence relation have useful
applications in the design of digital computers and other sequential machines-
Partial ordering and its associated terminology are introduced next. The materi
in‘Chap: 4 is based upon these notions. Several relations given a-s examples in
this section are used throughout the book . Algorithms to determine certain proP-
erties of relations are also given.



2_3‘1 Rehﬁollﬂ

The word “* relation’” suggests some familiar examples of relations such as the rela-
tion of father to son, mother to son, brother to sister, ete. Familiar examples in
arithmetic are relations such as “greater than,”” “less than,” or that of equality
petween two real numbers. We also know the relation between the area of a circle
and its radius and between the area of a square and its side. These examples
suggest relationships between two objects. The relation between parents and
child, the coincidence of three lines, and that of a point lying between two points
are examples of relations among three objects. Similar examples exist for rela-
tions among four or more objects.

Here, we shall only consider relations, called binary relations, between a
pair of objects. Before we give a set-theoretic definition of a relation, we note
that a relation between two objects can be defined by listing the two objects
as an ordered pair. A set of all such ordered pairs, in each of which the first mem-
ber has some definite relationship to the second, deseribes a particular relation-
ship. Of course, we have been motivated by relationships which are familiar
and could be given a name. However, this is an undue restriction which will not
appear in our definition of a relation.

Definition 2-3.1 Any set of ordered pairs defines a binary relation.

We shall call a binary relation simply a relation. It is sometimes con-
venient to express the fact that a particular ordered pair, say {(z, ¥) € R,
where R is a relation, by writing R y which may be read as ‘‘z is in relation
R to y.”

In mathematies, relations are often denoted by special symbols rather than
by capital letters. A familiar example is the relation ‘“‘greater than’ for real
numbers. This relation is denoted by >. In fact, > should be considered as the
name of a set whose elements are ordered pairs. Each member of any of the or-
dered pairs in the set is a real number, and if @ and b are two real numbers such
that @ > b, then we say that (a, b) € >, or a > b. More precisely the relation
> 1s

> = {(z, y) | =, y are real numbers and z > vy} (1)

The relation of father to his child can be described by a set, say F, of ordered
pairs in which the first member is the name of the father and the second the name

of his child. That is,
F = {{z,y) |« is the father of ¥} (2)

The definition of relation permits any set of ordered pairs to ghape s s

tion. For example, the set S given by
S = {<2: 4): (11 3): ()\r 6), (Joan, ©)} (3)

; ' : e familiar
can be considered as a relation. Of course, such a relation may not b

Or interesting.



Then
f real numbers.
Let R denote the set 0 Q = {4 z) |z € R

c 1 number.
defines the relation of the square of a real N
efin |
Definition 2.3.2 Let S be a binary relation. The sett D(S) of al] obj
: t f- r some Y (z y) € Sis called the domain of S, that 3
z such that 10 L b

D(S) = {z| () ({(z, ¥) € 8)}

Similarly, the set R(S) of all objects ¥y such that for some z, (z, y) e g
is called the range of S, that is,
R(S) = ly| (3z) ({z, y) € 8)]

For the relation S described in Eq. (3) we have
D(S) = {2, 1, A\, Joan} and R(S) = {4, 3, 6, u}

Let X and Y be any two sets. A subset of the cartesian product X Xy
defines a relation, say C. I'or any such relation C, we have D(C) € X and
R(C) S Y, and the relation C is said to be from X to Y. If ¥ = X then C is
said to be a relation from X to X. In such a case, C is called a relation in X. Thus
any relation in X is a subset of X X X. The set X X X itself defines a relation
in X and is called a universal relation in X, while the empty set whieh is also a
subset of X X X is called a void relation in X.

The relations given in Egs. (1) and (4) are in the set R of real numbers.
The relation in Eq. (2) is in the set of all human beings. It could also be con-
sidered as a relation from the set of all males to the set of human beings. The
relation S in Eq. (3) can be considered from a set X to a set ¥V where {2, 1, M
Joan} © X and {4, 3, 6, u} C Y. In fact any relation from a set X to a set Y
can also be considered as a relation in X u v,

1t R is the set of real numbers, then the elements of R X R can be repre-
sented by points in a plane, as shown in Sec. 2-1.8. Some of the subsets of R X R

define familiar relations which ean be shown graphically. For example, consider
the relations in which 2 % y means 2y ’

R1={<x,y>l<x,y)€R><R/\a:>l<y21}

Rz={<~’c',:¢f>|<a=,y)eRxR/\x2+y2_<;9} ()

Bs = {2, y) | {w, y) ¢ RXR A 2 < g}
Ry can be represented by points on one
on a circle of radius 3, and R, by points
are displayed in Fig. 2-3.1.

side of g, hyperbola, R, by points insid.e o
on one side of a parabola. These relations

to apply the usual operations of sets to relationg as well. The resulting sets wil

also be ordered pairs and will define some relatj la-
: : : on. If o reld
tions, then R n S defines a relation such that £ and § denote tw
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FIGURE 2-3.1
Similarly, R U S is a relation such that
’ z(RuS)ye=zRyVzSy
Also

x (K — S)yﬁ:z:Ry/\xSy
and

z(~R)ye=zRy
EXAMPLE 1 (a) Let X = {1,2,3,4}. If

R={{y|lze X Nye X A ((x — y) is an integral nonzero multiple of 2) }
= {1, 3), (3, 1), (2, 4), (4, 2)}

S ={{r,y) |z e X ANy e X A ((z — y) is an integral nonzero multiple of 3) }
= [(1: 4)) (4: ]-)}

Find Ru S and B n S.
(b) If X = {1,2,3, ...}, whatis R n Sfor Rand S asdefined in (a)?

SOLUTION

(@) RUS = {(1,3), (3, 1), (2,4), (4,2),(1,4), (4, 1)} and En S = &.
() Rn 8 = {{x,y) |z e X ANy€E XA ((x — ¥) isa.nonzeromultlpleof/f?/}/.

Let us return to the relations Ri, Rs:, Rs given in Eq. (5). The predicates
Py, P,, and P, defined by

Pi:zky=1 Pz +y2 <9 Ps:y* <=z

describe the relations R:, R., and R; respectively. Recall from Sec. 2—:1;7 ttha.t as;
sociated with each predicate is an extension set. A more comple:’t pre Gca- e S:E .
85 Py A P, A P, having an extension set 1 N Bz N R; can be written. WB;’_

coordinates of a point (z, ¥), it is instructive to determine whether (z, ¥) 1s &



member of each of the following sets:

Ri=RNRaNR,

={@| @GV ERXRAz Xy IAZ+ P <IA Y <z
Ri=R:n(RiUR) N~(RinNRy)

=z | @EWERXRAZ2+PSIA(zXky21V <2

A~Eky2 1Ay <a)l
Ry = Ryn~R:n R;.

=[{m | @Y ERXRAZXYyZIA~E+ P <9 Ay <zl
Ry = ~(RyUR;) NR,y
=@ e RXRA~E)ky2 1V YR <) A4 <9

R, includes all points lying within the circle and the parabola and above the
hyperbola of the first quadrant. R includes all points within the cirele which lie
either within the parabola or above the hyperbola of the first quadrant, but not
both, and all points within the eirele and below the hyperbola in the third quad-
rant. R includes all points lying above the hyperbola and within the parabola
in the first quadrant. R; ineludes all points lying within the ecircle and between
the hvperbolic curves but not within the parabola.

These newly defined sets can pictorially be represented as shown in Fig.
2-3.2. The program given in Fig. 2-3.3 reads a number of coordinate points and
determines whether these peints lie in the sets B, to RK;. Note that the rela-
tions R4 to Ry are written as predicates I’ to P; in the program.

FIGURE 2-3.2



s RY

e Py, D(@), D(PUQ), B(P), B(Q), and RPN Q). Shoy
Find PUQ, PN @, D(F); D(PUQ) = D(P) UD(Q)
R(PnQ) C R(P) N R(Q)

and |
What are the ranges of the relations

S={(xx2)|:c€1\l'} and T=f(:v,2:c)|:z:€N}

ind RU S and RN S. o
.i:‘lFe;I;(ihan or equal to”” and D denote the relation divideg »

» Both L and D are defined on the set {1, 2 3 6,],

where N = {0, 1, 2{ 1;}
3 Let L denote the relation =
where z D y means ‘‘z divides y.
Write L and D as sets, and find L N D.

2-3.2 Properties of Binary Relations in a Set

Definition 2-3.3 A binary relation R in a set X is reflezive if, for every
z € X,z Rz, that is, {(z, z) € R, or

Risreflexivein X < () (z € X >z R x)

The relation < is reflexive in the set of real numbers since, for any z, we
have z < z. Similarly, the relation of inclusion is reflexive in the family of all
subsets of a universal set. The relation of equality of sets is also reflexive. How-
ever, the relation < is not reflexive in the set of real numbers, and the relation
of proper inclusion is not reflexive in the family of subsets of a universal set.

Definition 2-3.4 A relation R in a set X is symmetric if, for every x and
¥ in X, whenever z R y, then y B z. That is,

RissymmetricinXﬁ(x)(y)(xE X ANyc€ XN2z2Ry—yRz)

The relations < and < are not symmetric i
the relation of equality is. The relation of simil
plane is both reflexive and symmetric. The relati
metrie in the set of all people. However,

n the set of real numbers, while
arity in the set of triangles in a8
_ on of being a brother is not sym-
In the set of all males it is symmetric.

18 transitive if, for every z, y, and
then x R 2. Thay, s,

R is transitive in X‘:”(ﬂ?)(y)(z)(:c EX Ao x S

/\‘T’Ry/\sz—-»:z:Rz)

The relations <, <, and = are transitiy

relations &, C, and equality are also tra,nsite in the set of real numbers. The
universal set. The relation of similarit

rity of trj v ifl the family of subsets Of_5
the relation of being a mother is not. riangles in g blane s transitive; while



Note that any relat_ion wh@ch is not reflexive is not necessarily irreflexive,
and vice versa. The relation < In the set of real numbers is irreflexive because
for no  do we have z < =z. Sm}llarly, the relation of proper inclusion in the set
of all nonempty subse‘ts of a universal set is irreflexive. The following is a simple
example of a relation in {1, 2, 3} which is not reflexive and not irreflexive:

S — {(1, 1>, (1; 2)) (3: 2): (21 3): <3J 3)}

Definition 2-3.7 A relation R in a set X is antisymmelric if, for every z
and y in X, whenever x B y and y R x, then z = y. Symbolically,
R is antisymmetric in z iff

(BD)(y(ze X Nnye X NzRyANyRx—z =1y)

Note that it is possible to have a relation which is both symmetric and anti-
symmetric. This is obviously the case when each element is either related to itself
or not related to any element.

Some known relations and their properties are now given.

Let R be the set of real numbers. The relations > (greater than) and <
(less than) in R are both irreflexive and transitive. Also the relation = (equality)
in R is reflexive, symmetric, and transitive.

Let X be the set of all courses offered at a university, and for z € X and
y € X, z Ry if z is a prerequisite for y. The relation of being a prerequisite is
irreflexive and transitive. .

Let X be the set of all male Canadians and let # R y, where x € X and
y € X, denote the relation “z is a brother of y.”” The relation R is irreflexive and
symmetric but not transitive. In general, any relation which is irreflexive and
symmetric cannot be transitive because x Ry A vy R x = x Rz, which is not
true.

Let X be the collection of the subsets of a universal set. The relation of
inclusion in X is reflexive, antisymmetric, and transitive. Also, the relation of
proper inclusion in X is irreflexive, antisymmetrie, and transitive.

Several important classes of relations having one or more of the properties
given here will be discussed later in this section.

EXERCISES 2-3.2

Give an example of a relation which is neither reflexive nor irreflexive.

Give an example of a relation which is both symmetric and antisymmetric. '

If relations R and S are both reflexive, show that B U S and RN S are also reflexive.
If relations R and S are reflexive, symmetric, and transitive, show that B n S is also
reflexive, symmetric, and transitive.

Show whether the following relations arg transitive:

R, = ({1, 1D} R, = {1, 2), (2, 2)}
Rs = {(1,2), (2,3), (1, 3), (2 1)}
Given S = {1, 2, 3, 4} and a relation B on S défined by
R={Q,2), 43), (2, 1), (3, 1)}

+ 0w M~

(=



show that R is not transitive. Find a relation By O R such that R, is transitive. Can
you find another relation R: 2 R which is also transitive?
7 Given 8= {1,2 ..., 10} and a relation R on S where

R={{z,y)| 2+ y = 10}

what are the properties of the relation R?

8 Let R be a relation on the set of positive real numbers so that its graphical repre-
sentation consists of points in the first quadrant of the cartesian plane. What can we
expect if R is (a) reflexive, (b) symmetric, and (¢) transitive?

9 Show that the relations L and D given in Problem 3 of Exercises 2-3.1 are both re-
flexive, antisymmetric, and transitive. Give another example of such a relation. Draw
the graphs of these relations as defined in See. 2-3.3.

2-3.3 Relation Matrix and the Graph of a Relation

A relation R from a finite set X to a finite set Y can also be represented by a
matrix called the relation matriz of R.
Let X = 21,22, ..., Zm}, ¥ = {41, ¥2, ..., ¥a], and R be a relation from
X to Y. The relation matrix of B can be obtained by first construeting a table
whose columns are preceded by a column consisting of suceessive elements of
X and whose rows are headed by a row consisting of the successive clements of
Y. If z; R y;, then we enter a 1 in the ith row and jth eolumn. If z; B z;, then we
enter a zero in the kth row and Ith column. As a special case, consider m = 3,
n = 2, and R given by
R = {{&, y1), (x2y 1)y (23, Yo), (2o, 12} (1)

The required table for R is Table 2-3.1.

If we assume that the elements of X and Y appear in a certain order, then
the relation R can be represented by a matrix whose elements are 1s and 0s.
This matrix can be written down from the table constructed or can be defined
in the following manner.

1 ifz; Ry,
i =

0 lfz.gyj

w here r;; is the element in {he ith row and jth column. The matrix obtained in
this way is called the relation matrix. If X has m elements and ¥ has n elements,
then the relation matrix is an m X »n matrix. For the relation B given in Eq. (1),
the relation matrix is

10
3
(0 1]

Table 2-3.1

W U
X 1 ﬂ
T3 1 1
I3 0 1




can not only write a relation matrix wh i i
g?: the relation if the relation matrix is givgll.a relation R is given but also e
et e Eminder, e sbcrion o shal e it e

A i ; _ : at ects some of the proper-
ties of a relation in a set. If a relation is reflexive, then all the diagonal entries’
must be 1. If a relation is symmetric, then the relation matrix is Symme’nricr“;i
a relation is antisymmetric, then its matrix is such that if ri; = 1, then r;; _ 0
for i # J. .

A r(?lation can also be represented pictorially by drawing its graph. Although
we shall introduce some of the concepts of graph theory which are discussed in
Chap. 5, here we shall use graphs only as a tool to represent relations. Let R be
arelationin aset X = {z;, ..., 2.}. The elements of X are represented by points
or circles called nodes. The nodes corresponding to z; and z; are labeled z: and x;
respectively. These nodes may also be called vertices. If z; R z,, that is, if
(z:, ;) € R, then we connect nodes z; and z; by means of an arc and put an arrow
on the arc in the direction from z; to z;. When all the nodes corresponding to the
ordered pairs in R are connected by arcs with proper arrows, we get a graph (di-
rected graph) of the relation R. If z; R z; and z; R z;, then we draw two arcs
between z; and z;. For the sake of simplicity, we may replace the two arcs by
one arc with arrows pointing in both direections. If z; R z;, we get an are which
starts from node x; and returns to node z;. Such an arc is called a loop. In Fig.
2-3.4 we show some arecs.

From the graph of a relation it is possible to observe some of its properties.
If a relation is reflexive, then there must be a loop at each node. On the other
hand, if the relation is irreflexive, then there is no loop at any node. If a relation
is symmetric and if one node is connected to another, then there must be a return
arc from the second node to the first. For antisymmetric relations no such direct
return path should exist (see Fig. 2-3.5). If a relation is transitive, the situation
is not so simple. In any case, its graph must have loops of the type shown in

Fig. 2-3.6.
¥y
x x ﬂ

xRx XxXRyA yRx

¥
X
xRy
y .
¥
X z x

xRyAyRzAzRx xRyAyRy

FIGURE 2-3.4 Graphs of relations.
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FIGURE 2-3.6 Transitive relation:

EXAMPLE 1 Let X = {1, 2, 3, 4) andR

the graph
of R and also give its matrix. (&, y) |z > y}. Draw

SOLUTION The graph and the corr

: espondi the rels
tion B = {(4, 1), (4,2), (4,3), (3, 1), ponding relation matrix for

(3,2), (2, 1)} is given in Fig. 2-3.7. /1

EXAMPLE 2 Let A = {a,b, c} and denote the subsets of A by Bo, ---» B127
cording to the conventlon given in Sec. 2-1.3. Thus By = &, By = {c}, B2 = {b
Ba = (b, ¢}, By = {a}, Bs = a, ¢}, By & (a, b), and By (0 0, o). IfRIS"’h”

relation of proper znclusw ) she
relation. . p 7 on the subsets Bo, -» B1, then give the matrix of



- — -0
— -
—~00 0
cocoo

FIGURE 2-37 °

SOLUTION

0O 0 0 OO OO0 1

0O 0O 000 O O O

The relations given in Examples 1 and 2 are both transitive, antisymmetrie,
and irreflexive. This elass of relations will be discussed in Sec. 2-3.8.

EXAMPLE 3 Determine the properties of the relations given by the graphs
shown in Fig. 2-3.8, and also write the corresponding relation matrices.

soLutioN The relation given by the graph in (a) is antisymmet}'if:, in (b)
18 reflexive, in (¢) it is reflexive and symmetric, while in (d) it is transitive. The
required matrices are

@f[0 110 0] L0 0] (@1 10 17 @Jo o 1 17
000 00 010 1 110 (R
000 1 1 0 0 1 0110 00 0 1
00000 1 0 0 1] 0 0 0 O_
0 0 0 0 0] /117

relation R is defined

w . t X over which a :
hen the number of elements in a se hical and the matrix

Is large (say greater than or equal to 5 or 6), both the grap
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FIGURE 2-3.8

representations of the relation become unwieldy. In these cases, however, the
matrix representation can be easily represented on a computer. When a relation
matrix is available, it is easy to determine whether a given relation is reflexive
or symmetrie. It is not always easy to determine from the matrix whether the
relation is transitive. We now present two algorithms, The first determines from
a relation matrix whether the relation is reflexive and symmetric. The second
algorithm then determines whether the relation is also transit've, Relations
which are reflexive, symmetric, and transitive are called equivalence relations.
Equivalence relations are diseussed in See. 2-3.5.

$nd her T annd B 5
vEQ UY 1 aiid i«

Mha andsing ~f 4o saladinm smateio ara dare e 1 and
4 NC THuvs i wil iciavning ok alv Ucng 1 L agiia

0 in order to conserve storage. Note that in FORTRAN only 1 byte is needed
for each logical entry, but at least 2 bytes are required for an integer entry.

Algorithm REFSYM Given a relation matrix B representing a relation in the
set of positive integers from 1 to n inelusive, it is required to determine if the
relation represented by K is symmetrie and reflexive. If it is, the variable FLAG
which is initially false is given the truth value (rue; otherwise FLAG remains

Jalse.

[Scan each row.] Repeat steps 2 and 3 fori = 1,2, ..., n.
[Reflexive?] If R [, 1] = F then Exit.

[(Symmetric?] Repeat for j =1 + 1,7 + 2,..., n:

It R[i 1= R[j,i] = F then Exit.

4 [Successful test.] Set FLAG «— T and Exit.

e o =~

This algorithm scans each row of the matrix from the diagonal element to
the right. If a diagonal element has the truth value F, then the algorithm is
terminated in step 2 with FLA(G remaining false. Step 3 scans each row in the



Then the set A is called a covering of S, and the sets A,, A,, ..., A, are
said to cover S. If, in addition, the elements of 4, which are subsets of S,
are mutually disjoint, then A is called a partition of S, and the sets A,

Ag; v vy flm BYE called the blocks of the partition.

For example, let S = {a, b, ¢} and consider the following collections of
subsets of S.
Az{{a,b},‘b,c}] B={ia}r[arcli C=[{a}!lb;ci}
D= {{a b, c}} E = {{a}, (b}, {c}} F = {{a}, {a, b}, {a, c}}

The sets A and F are coverings of S while C, D, and £ are partitions of S. Of
course, every partition is also a covering. The set B is neither a partition nor a
covering of S. The partition D has only one block while £ has three. In the case

~ of the given set S, we cannot have more than three blocks in any partition. In

fact, for any finite set, the smallest partition consists of the set itself as a block
while the largest partition consists of blocks containing only single elements.

Two partitions are said to be equal if they are equal as sets. For a finite
set, every partition is a finite partition, i.e., every partition contains only a finite
number of blocks.

It will be shown in See. 2-3.5 that an equivalence relation on a set partitions
the set. Another relation on a set known as a compatibility relation as described
in Sec. 2-3.6 defines certain coverings of the set.

Now we discuss some partitions of the universal set £ which are generated
by the subsets of E. Let us first consider a subset A of Z. The subsets A and ~A
generate a partition of £ (see Fig. 2-3.11a) since

E=AU~A
Ne#t let A and B be any two subsets of , and consider the sets
Iy, = ~An~B I, = ~ANRB I = An~B and I, = AnB

The sets Io, I, Is, and I3 are called the complete intersections or the minterms
generated by the subsets A and B. It is easy to see that Io, [1, Iy, and I; are
mutually disjoint and

3
EZIQUIIUI2UI3=UIj

=0

The complete intersections or #he minterms are the blocks of a partition of E
generated by A and B (see Fig. 2-3.11b).

Ol | @&

Iy

%
F—

~A

' (a) (&) (¢)

| FIGURE 2.3.11 Complete intersections.



Let A, B, and C be three subsets of £ and let the 2* minterms, denoted by
Io, I, ..., I7 (see Fig, 2-3.11¢), be as follows:

Iy = ~An~Bn~C L =~An~BnC
Iy =~AnBn~C Iy =~AnBnC
Ii=An~Bn~C Is=An~BnC
Ie=AnBn~C Ir=AnBNnC

The subscript of I shows indirectly the minterm under consideration. In order to
obtain the minterm, first we write the subscript as a binary integer containing
three digits (since there are three subsets under consideration). The appearance
of 1 or 0 in the first position on the left indicates the presence of A or ~A, re-
spectively. This relation also holds for the second and third positions. The
notation is similar to the one used in Sees. 1-3.5 and 2-1.3. For example, [ =
A N ~BnC since 5 written as a binary integer is 101.

In general, if Ay, As, ..., A, are any n subsets of the universal set E, then
the eomplete intersections or minterms generated by these n subsets are denoted
by Iy, I, ..., Is»; (see See. 2-1.3). These are mutually disjoint and are such
that

One can recognize a similarity between the minterms defined here and those
given in the statement caleulus. We shall return to a general discussion of this
in Chap. 4.

EXERCISES 2-34

I Define a well-formed formula of set theory in the same manner as in the definition
given in Sec. 1-2.7, using the operators N, U, and ~ only.

2 Show that for any formula in set theory involving set variables A and B and the opera-~
tions N, U, and ~, one can obtain another formula which is equal to the given formula
and which contains the union of minterms only.

3 BShow that the set of operations |U, ~| is functionally complete for formulas in set
theory (Hint: Follow the same procedure used in Sec. 1-2.13).

4 Write the duals of minterms and discuss some of their important properties.

2-3.5 Equivalence Relations

Definition 2-3.9 A relation R in a set X is called an equivalence relation
if it is reflexive, symmetrie, and transitive.

If R is an equivalence relation in a set X, then D(R), the domain of R, is
X itself. Therefore R will be called a relation on X, The following are some ex-
amples of equivalence relations.

1 Equality of numbers on a set of real numbers
2 Equality of subsets of a universal set



g Similarity of_triangl_es on the set of triangles
Relation of hane‘s be}ng parallel on a set of lines in a plane
5 Relation of living in the same town on the set of persons living i
g in

anada ; - .
C g Relation of statements being equivalent in the set of statements

EXAMPLE 1 Jet X = {1, 2, 3, 4} and
R — {(1, 1), <]—; 4)) (43 1)) (41 4)) <2? 2)? (2} 3): (3: 2): <:‘3r 3)]
Write the matrix of KB and sketch its graph.

soLuTioN The matrix and the graph of R are given in Fig. 2-3.12. It is
clear that R is an equivalence relation. 11/

EXAMPLE 2 Let X = {1,2,...,7} and
R = {{(z,y) | x — y is divisible by 3}
Show that R is an equivalence relation. Draw the graph of R.

soLuTION See Fig. 2-3.13. One can see from the figure that R is an equiv-
alence relation. It is possible to prove this statement without using the graph
of the relation in the following manner:

1 Forany a € X, a — ais divisible by 3; hence a R a, or R is reflexive.
2 Forany a, b € X, if a — b is divisible by 3, then b — a is also divisible
by 3; that is, a B b = b R a. Thus R is symmetric.

74

FIGURE 2-3.12 An equivalence relation

AJ L

FIGURE 2-3.13
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Thus R is transitive. /1)

i eneral relation of equality ;
le 2 is a special case of a more g ol AW Y in th,
mOduﬁf‘a::;&)er svstem. Let I denote the set of all positive integers, and Jy;
m be a positive integer. For z € 1 and y € I, define R as
R = {{(z,y) |z — y is divisible by m}

Note that “z — y is divisible by m” is equiyale:n? to the stater.nent that both
z and y have the same remainder when each is divided by m. It is customa:ryto
denote R by = and to write s Ry as z = y (m) or £ = y (mod m), which
read as “r equals ¥y modulo m.” The relation = is also called a congruence relation,
We define congruence relations in Sec. 3-1.2.

Definition 2-3.10 Let R be an equivalence relation on a set X. For any
z € X, the set [z]r € X given by

[z]e = {y|y € X ANz Ry}

is called an R-equivalence class generated by x ¢ X.

Accordingly, the set [z2]r consists of all the R-relatives of z in the set X.
Sometimes [z ]z is also written as z/R. We shall now study some properties of
the equivalence classes generated by the elements of X.

- [I . For any element # € X, we have = R z because R is reflexive; therefore
x Z |r.

2 Let y € X be any other element such that x R y, so that y € [z]r.
Because of the symmetry of R,yRzx and z ¢ [7]e. Now, if there is an clement
2 € [y ]z, then z must be in [z]z because y R 2, along with z R y, implies z B2
Thus [y]z S [z]r. By symmetry we must also have [z]z < [y]s. Finally, fro®
[v1z S [z1r and [z S [y ]z, we have Cols = iy 1. =

3 In step 2 it is shown that if x R y, then [#]e = [yJ]z. We now show that

if z R y, then [z]x and [y1r must be disjoint. This demonstration can be dor°

by assuming that there is at least one ele - that
. ment R
18, # R z and y R z, but this wo ent 2 € [2]e and also # € [y

lﬂd im 1 ey ‘t’ x Ry!
which is a contradiction, Py 2 By, and then from transitivity;

- any
quivalence class generated b{d ded
re

ence class generated by z € X Pr¢
lence classes generated by z an fi:h is
nerates an R-equivalence class

e classes generated by the eleme‘; ge
a85€ the

The above result shows that the R-e
element ¥ ¢ X is equal to the R-equival
that y € [z]z. Otherwise the R-equiva
disjoint. Further, each element, of X ge
nonempty. Therefore the R-equivalenc

X cover X, that is, their union is the set X Bince the H-con¥ivalancs ol

se an R-equivalence class of aad
1s idea as a theorem.



Theorem 2-3.1 Every equivalence relation on a set generates a unique
partition of the set. The blocks of this partition correspond to the R-equiv-
alence classes.

As we have denoted the R-equivalence class generated by an element
z € X by [#]r, or /R, we shall denote the family of equivalence classes by X /R,
which is also written as X modulo R, or in short as X mod R. X/R is called the
quotient set of X by R. Note that the elements of X /R are the equivalence classes
which are themselves sets. They are, in fact, subsets of X or elements of the
power set p(X).

We consider now two special equivalence relations on a set X. The first
such relation is B; = X X X, and every element of X is in R;-relation to all the
elements of X. In this case the quotient set of X by R:istheset { X}. The other
relation R: is such that every element of X is related to itself and to no other
element. Such a relation is called an zdentity relation. An identity relation is an
equivalence relation, and the quotient set of X by R. consists of sets which each
contain a single element. Thus R: generates the largest partition of X.

EXAMPLE 3 Let Z be the set of integers and let R be the relation called
‘““congruence modulo 3”’ defined by

R={{,y)|z€ ZANyec ZAN(x— y) isdivisible by 3}
Determine the equivalence classes generated by the elements of Z.

soLuTioN The equivalence classes are

[0z = 1...,—6, —2,0,8,6, ...}
(10 = Loy —5, —2,1,4,7, 0.
(2] = {..., —4, —1,2,5,8 ...}
Z/R = {[0l]r, [1]r, [2]r} [l

In a similar manner one can find the equivalence classes generated by a
relation ‘“‘congruence modulo m’’ for any integer m.

EXAMPLE 4 Let S be the set of all statement functions in n variables and
let R be the relation given by

R={{y|lzc SAye S A z=y}
Discuss the equivalence classes generated by the elements of S.

SOLUTION The number of possible distinct tru;oh tables for statement
functions which depend upon » statement variables is 22" (see Sec. 1-2.12). Thus
there are 22" R-equivalence classes generated by the elements of S. /1777

So far we have considered the partition of a set generated by an equiv-
f’lence relation. Now we shall show that the converse of Theorem 2-3.1 also holds,
1.e., if we start with a definite partition, say C, of a given set X, then we can de-
fine an equivalence relation which corresponds to this partition. For any z « X,



there is a set C; ¢ C such that x ¢ C,; also x does not belong to any other ele-
ment of C. We now take all the elements of €; X C; as members of a relation K.
Thus every element of X that is in (', is an R-relative of every other member
of C;. Furthermore, no other member of X which is not in C;1s related to the ele-
ments of (. Similarly, for every other member of the partition C, we form mem-
bers of the relation R. If C = |Cy, Cs, C3, ..., Cu], then R = (Cy X Cy) U
(Ce X Cy) U~ U(Cp X Cn). It is easy to see that R is an equivalence relation.
Thus for every partition C we can define an equivalence relation.

EXAMPLE 5 lLet X = {a, b, ¢, d, e} and let C = {la, b}, l¢}, |d, e}}. Show
that the partition ' defines an equivalence relation on X.

SOLUTION
R = i(a': ﬂ)‘, ‘(61 b): <“J b}: (br ﬂ.>, (C, C}, (d: d), (ei e (‘L E}, (C, d” f}//-/

It has been shown that an equivalence relation on a set generates a parti-
tion of the set, and conversely. It may happen that two relations, which may have
been defined in different ways. generate the same partition. Since a relation is a
set, any two relations consisting of equal sets are indistinguishable for our pur-
pose. This statement will be true of every partition of the set as well. The follow-
ing serves as an illustration.

Let X =1(1,2,...,9 and By = {(z, |z X Ayc XA (x — 9
is divisible by 3|. IFurther, let

Ro=|{z,y) |z X Ay Xandz, yarein same column of matrix A}

where 1 2 3
A=}4 5 b6
7 8 9]

Although Ry and K. have been defined differently, By = R..

In Sec. 2-3.3 we have already given algorithms to determine whether a
given relation B on a set is an equivalence relation. Onee it is determined, our
next task is to obtain the equivalence classes. Before giving an algorithm for
this purpose, let us discuss the technigue that will be used for the representation
of the equivalence classes in the algorithm.

Given a set |1, 2, ..., n} and an equivalence relation R on it, the equiv-
alence elasses ean be represented by means of two veetors, each having » ele-
ments. These veetors are called FIRST and MEMBER. The ith component of
FIRST for 1 € 1 £ n contains the number which is the first element in the
equivalence class to which ¢ belongs. The ith component of MEMBER contains
the number which follows ¢ in the equivalence class, unless 7 is the last element,
in which ease MEMBER[ 1] is equal to zero.

As an example, let the set be |1, 2, 3, 4, 5, 6} and the equivalence elasses
be {1, 3, €1, {21, and {4, 5. The vectors FIRST and MEMBER representing
these equivalence classes are shown in Fig. 2-3.14.
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THE RELATION 15 AN EQUIVALENCE RELATION,

EQUIVALENCE CLASSES

1 2 8
3
4 6 7
5
9
10
FIRST 1 1 3 4 5 4 4 1 9 10
MEMBER 2 8 o 6 0 7 0 0 0 0

FIGURE 2-3.165.

Then R is a compatibility relation, and z, y are called compatible if z R y. A
compatibility relation is sometimes denoted by =. Note that ball = bed,
bed & egg, but ball # egg. Thus & isnot transitive. Denoting “ball”’ by 2, “‘bed”
by zs, “dog” by xs, “let”” by z,, and “egg’’ by x5, the graph of & is given in Fig.
2-3.17a.

Since = is a compatibility relation, it is not necessary to draw the loops
at each element nor is it necessary to draw both z R y and y R z. Thus we can
simplify the graph of &, as shown in IFig. 2-3.17b. Note that the elements in each
of the sets |z, x2, x4} and | x5, 15, 23] are related to each other, i.e., the elements
are mutually compatible. Further, these two sets define a covering of X. The
set {xa, 24, 5} also has elements compatible to each other.

The relation matrix of a compatibility relation is symmetric and has its
diagonal elements unity. It is, therefore, sufficient to give only the elements or
the lower triangular part of the relation matrix in such a case. For the compati-

bility relation we have been discussing, the relation matrix can be obtained from
Table 2-3.2.
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FIGURE 2-3.17 Graphs of compatibility relation =.

Although an equivalence relation on a set defines a partition of the set into
equivalence classes, a compatibility relation does not necessarily define a parti-
tion. However, a compatibility relation does define a covering of the set.

Definition 2-3.12 Let X be a set and = a compatibility relation on X. A
subset A € X is called a maximal compatibility block if any element of A
is compatible to every other element of A and no element of X — A is
compatible to all the elements of A.

It is clear from Fig. 2-3.17b that the subset {21, 2, 24} is & maximal com-
patibility block; so, too, are the subsets {z», x5, 25} and {x2, 24, 25} . These sets are
not mutually disjoint, and therefore they only define a covering of X.

To find the maximal compatibility blocks corresponding to a compatibility
relation on a set X, first we draw a simplified graph of the compatibility relation
and pick from this graph the largest complete polygons. By a “largest complete
polygon” we mean a polygon in which any vertex is connected to every other
vertex. For example, a triangle is always a complete polygon, but for a quadri-
lateral to be a complete polygon we must have the two diagonals presenjt,. In
addition to these examples, any element of the set which is related only t.o itself
forms a maximal compatibility block. Similarly, any two elements -\?Vhlch are
compatible to one another but to no other elements also form a maximal com-
patibility block. We now give some graphs of compatibilnity relations, the cor-
responding relation matrices, and the maximal compatibility bloc_ks. )

The maximal compatibility blocks of the relations shown in Figs. 2-3.18

Table 2-3.2
X2 1 .
0
Zs
Ty 1 1 0
0 1 1 1
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to 2-3.20 are given by

(1, 3, 4} 12, 3} {4, 5}

{2, 5}
(1, 2,3, 4} {2, 5) {3, 6} {5, 6}
and (1, 2, 3} {1, 3, 6} {3, 5, 6} (4}
respectively. I

or the compatibility relation of the example discussed earlier and
given in Fig, 2-3.17, the maxima] compadtibility blocks are {1, xs, T4}, {22, 3 TV
and {x;, 4, 25). ’

Another procedure for finding the maximal compatibility blocks from the
table of the relation matrix

can be described in the following manner. It is &
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implified table is obtained in which :

ed that first a simp which those elements whi
sl:ll; compatible to themselves are deleted, because they are in a mm’maf&c?‘f—
Oﬂ,tibﬂjty block by 'themse}ves and are in no other compatibility bloeck. Such

plocks are included in the list at the end (see Fig. 2-3.20). .

; Start in the rightmost column of the table and proceed to the left until

o column containing at least one nonzero entry is encountered. List all the com-
atible pairs represented by the entries in that column.

P 2 Proceed left to the next column that contains at least one nonzero
entry. If any element is compatible to all the members of some previously de-
fined compatibility class, then add this element to that class. If a member is
compatible to only some members of a previously defined class, then form a new
class which includes all the members that are compatible. Next, list all the com-
patible pairs not included in any previously defined class.

3 Repeat step 2 until all the columns are considered.

The final sets of compatibility classes including those which are isolated
elements constitute the maximal compatibility classes.

Compatibility relations are useful in solving certain minimization prob-
lems of switching theory, particularly for incompletely specified minimization
problems.

EXERCISES 2-3.6

1 Let R denote a relation on the set of ordered pairs of positive integers such that
(z,y) R {u, v) iff zv = yu. Show that R is an equivalence relation.

2 Givenaset S = {1, 2, 3, 4, 5}, find the equivalence relation on S which generates the
partition {I, 2, 3, 4, 5}. Draw the graph of the relation.

8 Prove that the relation ‘“congruence modulo m’’ given by

= = {(z, y)| 2 — y is divisible by m}

over the set of positive integers is an equivalence relation. Show also that if =9
and z; = y,, then (z; + 22) = (y1+ ¥2)-

4 Given a covering of the set 8 = { A1, Az, ..., An}, show how we can write a com-
patibility relation which defines this covering. _
6 Let the compatibility relation on a set {1, %2, ..., %} be given by the matrx
) 1
T3 1 1
T4 0 0 1

.‘.'550 0 1 1

zg|1 0 1 0 1

xry %2 X3 Ty Tb

Draw the graph and find the maximal compatibility blocks of the relation.



2-3.7 Composition of Binary Relations

Since a binary relation is a set of ordered pairs, the usual operations such as union,
intersection, etc., on these sets produce other relations. This topic was discussed
in See. 2-3.1. We shall now consider another operation on relations—relations
which are formed in two or more stages. Familiar examples of such relations are
the relation of being a nephew or a brother’s or sister’s son, the relation of an
uicle or a father’s or mother’s brother, and the relation of being a grandfather
which is a father’s or mother’s father. These relations can be produced in the
following manner.

Definition 2-3.13 Le¢t R be a relation from X to Y and S be a relation
from Y to Z. Then a relation written as B » S is called a composite relation
of R and S where

ReS={{r,2)|zc X Azc ZA(WWweEYAly)E RA{y 2)c S}

The operation of obtaining R < S from R and 8 is called composition of
relations.

Note that R « Sis empty if the intersection of the range of R and the domain
of Sis empty. R » S is nonempty if there is at least one ordered pair {x, y) ¢ R
such that the second member y © Y of the ordered pair is a first member in an
ordered pair in S. For the relation R « S, the domain is a subset of X and the
range 1= a subset of Z. In fact, the domain 1s a subset of the domain of B, and
1ts range 18 a subset of the range of S, From the graphs of £ and S one can easily
construet the graph of R = 8. As an example, see Fig. 2-3.21.

*1

Xy 2
-‘Jc\ Oz;
30 2y
Xg s

wd

FIGURE 2-321 Relations R, S, and R = S.




The opera'tion of composit.if:)n is a binary operation on relations, and it
produces & relation frqm two relations. The same operations can be a.‘pp]jéd again
to produce other relations. For example, let R be a relation from X to Y, S a re-
Jation from Y to Z, and P a relation from Z to W. Then R - S is a relation from
¥ to Z. We can form (R < S) = P, which is a relation from X to W. Similarly
we can also form R ° (S ° P), which again is a relation from X to W. ’

Let us assume that (& - S) - P is nonempty, and let {z, y) € R, {y,2) € 8
and (z w) € P. This assumption means (z,2) € R - S and {(z, w) € (R ° 8) °Pi
Of course, (¥, w) € S °P and (z,w) € R = (8 * P), which shows that

(R=8) <P =R-(S-P)

This result can_be stated by saying that the operation of composition on rela-
tions is associative. We may delete the parentheses in writing (R - S) ° P, so that

(BReS) P=Ro°(S°P)=R-8°P
The same result follows from the partial graph given in Fig. 2-3.22.
EXAMPLE 1 Let B = {(1,2), (3,4), (2,2)} and 8 = {{4, 2), (2, 5), (3, 1),
{1,3)}.FindR-S,S*R,R°(S°R),(R-8) °R,E ° R, SeS,and R ° R °R.
SOLUTION

R -8 = {{1,5), {3,2), (2, 5)}
= {<4} 2>s <31 2): (19 4‘)] 7 R ° S
(R-S) <R = {(3,2)}

)
=
l

R-(S°R) = {{3,2)) = (R-8) °R
R-R = {{1,2),{2,2))
S8 = {(4,5) 3,3) (1, 1)}
R-R°R

= {(1,2), 2,2)} /177

EXAMPLE 2 Let R and S be two relations on a set of positive integers I:
R = {(2z) |z €I} S = {{@,7x) |z €I

FindR-S,R-R,R°R-°R, and B - S ° R.

FIGURE 2-3.22 Associativity of
composition.



o oS ={@14s) |z €T} = 8-R
E-R = {(55541)'1"6 II
R-R-R = {{z,8z) |z € I}
RuSoRz:[(I,QSl:)IxEI} //’//
We know that the relation matrix of a relation B fromaset X = (g, ,

., Ya) is given by a matrix having m rows &n(i;:
relation matrix of B by Mg. M = has entrieg which,
are 1s and Os. Similarly the relation matrix M s of a rela,tlo.n S frorr} the set p
to a set Z = {21, 22, ..., 2p} 18BN N X p matn?{. The relat{on matrix of R. g
can be obtained from the matrices Mz and Ms In the foll(_)wmg Inanner.

From the definition it is clear that (z:, z:) € R ° S if there is at least ope
element of ¥, say y;, such that (z;, y;) € I and (y;, zx) € S. There may be more
than one element of ¥ which has properties similar to those of y;; for example,
(zi, ¥, € R and (yr, zx) € S. In all such cases, (z, 2¢) € E °S. Thus when we
scan the 7th row of Mz and kth column of Mg and we come across at least one 1
such that the entries in the jth location of the row as well as the column under
consideration are 1ls, then the entry in the 7th row and kth column of Mg is
also 1; otherwise it is 0. Scanning a row of Mz along with every column of M;
gives one row of Mgos. Similarly, we can obtain all the other rows.

Zm} to a set ¥ = {11, Y2, - -
columns. We shall denote the

EXAMPLE 3 For the relations B and S given in Example 1 over the set

{1,2, ..., 5}, obtain the relation matrices for R < S and S ° R.
SOLUTION
[0 1 0 0 0] o o 1 0 O] (0 0 0 0 17
0O 1 0 0 o 0 0 0 0 1 O 0 0 0 1
0O 0 01 O0l=|1 0 O O O|={0 1 0 0 O
0O 0 0 0 O 0O 1 0 0 O 0O 0 0 0 O
L0 0 00 o0f |00 o0 0 0] 0 0 0 0 0]
~ My Mg M pos
00100“0100“‘00010'
0 0 O
0 1 0 1 0 o O 0 0 0 O
1 0 0 0 o/f-{|0 0 0 1 o= 0O 1 0 0 O
0 1 0 0 0 0 0 0 ¢ 0 0O 1 0 0 O
0 0 0 0 O
4 L0000 o] (000 0 o
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In general, let the relations A and B be re
atrices respectively. Then the composition 4
tion matrix C is expressed as

presen:ted by » X m and m X r
° B which we denote by the rela-

m
c"jzva(k/\b“’j 3.11:2:---:??-;.?"—_-1,2

R v ey T

where aa A bx; and 3Y1 indicate bit-ANDing and bit-ORing respectively

(see Sec. 2-2.5).

Definition 2-3.14 Given a relation R from X to Y, a relation B from ¥
to X is called the converse of R, where the ordered pairs of R are obtained
by interchanging the members in each of the ordered pairs of R. This
means, forz € X andy € Y, thatz Ry < y R x.

~ From the definition of R it follows that & = R. The relation matrix M -4
of R can be obtained by simply interchanging the rows and columns of Mx.
Such a matrix is called the transpose of Mg. Therefore

Mz = transpose of Mg

The graph of R is also obtained from that of R by simply reversing the arrows
on each are.

We shall now consider the converse of a composite relation. For this pur-
pose, let R be a relation from X to ¥ and 8 be a relation from ¥ to Z. Obviously,
E is a relation from ¥ to X, S from Z to Y; R ° S is a relation from X to Z, and
R =8 is a relation from Z to X. Also the relation S ° R is from Z to X. We now

show that

| RS =S-R
If 2 Ryand y Sz then x (R°S)zand z (R*S) z. But z Sy and y E =,
so that z (S » B) z. This is true for any # € X and z € Z; hence the required

result.
. The same rule can be expressed in terms of the relation matrices by saying

that the transpose of Mros is the same as the matrix Mg.g. The matrix M3.x can
be obtained from the matrices Mz and M#, which in turn can be obtained from

the matrices M s and Mg.

EXAMPLE 4 Given the relation matrices Mg and Ms, find Mres, M7, M3,
Mrzs, and show that Mzss = Mok

"1 0 17 1.0 010
Mp=|1 10 Ms=|1 0 101
1 1 1] o 18 1 O




SOLUTION

Mg=|0 1 1 |= transpose of Mg

My = = transpose of M

Mges=|1 0 1 1 1 Mpas =0 1 1

-
<
-

0 1 1] /117

The following hold for any relations R and S.

E=~R
R=SeR=3_§
RCS=RcS’
RUS=RuS
RAS=RnS

T & S b M

We shall leave the proofs as exercises.
Let us now consider some distinet relations R, R., R:, R: in a set
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X = {a, b, ¢} given by

By = {{a, ), (g, ¢), {c, b))
Ry = {(a, b), (b, ¢), {¢, a)}
Ry = {{a, b), (b, ¢), {c, c)}
| B Ry = {{(a, b), (b, a), {c, c))
Denoting the composition of a relation by itself as
R*R = R R-R-R=R-R = R3 R-Rm! = Bm
let us write the-powers of the given relations. Clearly
Ri={@b) R=g Ri-g ..
R? = {{a, c), (b, a), {c, b)} R = {{a,a), {b,b), {c, c)}
Rt = R, R.® = R R, = R,®
R = {{a,c), (b, ), (e, )} = Ryd = Ret = Rys- - -
R¢ = {{a, a), (b, b), {c, c)} Ré = R: R = R¢

Given a finite set X, containing » elements, and a relation R in X, we can
interpret B™ (m = 1, 2, ...) in terms of its graph. This interpretation is done
for a number of applications in Chap. 5. With the help of such an interpretation
or from the examples given here, it is possible to say that there are at most »
distinct powers of R, for R™, m > n, can be expressed in terms of R, R?, ..., R".
Our next step 1s to construct the relation in X given by

Rt=RUR*UR*U ---

Naturally, this construction wil require only a finite number of powers of K to
be calculated, and these calculations can easily be performed by using the matrix
representation of the relation R and the Boolean multiplication of these matrices.
Let us now see what the corresponding relations R,*, E.*, R;*, and R, are

R1+=R1UR12UR13"'=R]
R2+=R2UR22UR23"'=R2UR22UR23
= { (a: b); (br C); <C: a): (a: C}, (ba a)} (C, b}: <aJ a): (b: b): (C; C)}

Bi+ = {{a, b), (b, c), {c, ¢), (@, ¢)}

R = {<a'r b), <b: a)r (G, c), (a'a G), (b, b)}
Observe that the relations R+, Re*, ..., Ba"are all transitive and that R F;Rﬁ,
R, C R;*, ..., Ry © Rst. From the graphs of these relations one can easily see
that R+ is obtained from R: (¢ = 1, 2, 3, 4) by adding only those ordered pairs
to R, such that R.* is transitive. We now define B+ in general.

ation in X. The

iti = finite set and R be a rel
Definition 2-3.15 Let X be any e ey

relation R* = RUR*UR?U ---in X is called the transitive ¢

X is transitive. Also for any other transitive re su ¢
R C P, we have R+ < P. In this sense, B+ is the smallest transitive rela

tion containing R.



'} i iti let us assume t'ha
rst, to show that B+ 1s transitive, s
prOOF Fi R+ b, we must have a sequence of g';m ang

b R+ ¢ for some a, b, c € X. Since a
d d. . d.i: € X such that dl = qa, dg = b, and.dl.R dz, dﬂ; R d;, ‘% n dk_.. R
g, d2;, o .oy b for some k. Similarly, since b R+ - ; d

Rk

Here we have assumed that a

ha uence of elements, say €1, €2, - .-, e;, such that ¢, = e -
A h (-‘d that b RJ' c, and
., e;_1 R e;. Here we have assume ¢ for som..

e ke, e R e, .. N - . . 7.
follows from these assumptions that a R**+i ¢, implying that a R+ ¢, Heng It

€ R+
ust be transitive.
- Let us now assume that a R+ b for some a, b € X, so that there exist
a

sequence of elements c1, €2, . .y €m € X such that 6 = &, b ~ 6, and ¢ R,
fors = 1,2, ..., m — 1.If there is a transitive relation P in X such that p < ;1
then ¢; P ¢ipa forz = 1,2, ..., m — 1, so that ¢ P cm, that is, a P b. Singe {;’ bj;
is an arbitrary element of B+, we see by the same argument that B+ C p, Henge

R+ is the smallest transitive relation which includes E. /1)

Transitive closures of relations have important applications in certain areqg
such as networks, syntactic analysis, fault detection and diagnosis in switching
circuits, etc. A number of these applications are discussed in Chap. 5.

EXERCISES 2-3.7

1 Prove the equivalences and equalities (1) to (5) given at the end of the section (fol-

lowing Example 4).
2 Show that if a relation R is reflexive, then B is also reflexive. Show also that similar

remarks hold if R is transitive, irreflexive, symmetric, or antisymmetric.
3 What nonzero entries are there in the relation matrix of R N B if R is an antisymmetric

relation?
4 Let E be the identity relation on a set X and R be any relation in X; show

that E U R U R is a compatibility relation.
& Given the relation matrix Mgz of a relation B on the set {a, b, ¢}, find the relation

matrices of B, R? = R° R, R® = R°R°R,and R R.

Mg=]1 1 0

111J

6 Two equivalence .rela,tions R and 8 are given by their relation matrices Mz and Ms:
Show that £ ° S is not an equivalence relation.

13 0 by 10
(0 0 1 0 1 1|

: : : v
Obtain equivalence relations R, and R, on {1, 2, 3} such that R, ° R is also an eq!
alence relation.
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2_3,8 Partial Ordering

It is conventional to denote a partial orde
t necessarily mean ¢‘]
gymbol does no : ¥ 0 “less than or equal to” as j
bers. Since the relation of partial ordering is reflexive. we ;ﬁegefszeizi;mmﬁ
! h ca

it a relation on a set, say P. If < is a partial ordering on P :
P, <) is called a partially ordered set or a poset. g » then the ordered pair

ring by the symbol <. This

Definition 2-3.17 Let (P, <) be a partiall
x,y € P we have eitherz < y V y < z, then
or linear ordering on P, and (P, <)
ordered set or a chain.

v o_rdered set. If for every
_ < 18 called a simple ordering
18 called a totally ordered or simply

Note that it is not necessary to have z < y or y < « for every z and ¥ in

a partially ordered set P. In fact, z may not be related to y, in which case we
say that z and y are incomparable.

If R is a partial ordering on P, then it is easy to see that the converse of
R, namely R, is also a partial ordering on P. If R is denoted by <, then R is de-
noted by =. This means that if (P, <) is a partially ordered set, then (P, >)
is also a partially ordered set. (P, > ) is called the dual of (P, <).

We now define another relationship which is associated with every partial
ordering < on P and which is denoted by <. This relation < is defined, for every
z,y € P, as

r<ye=rsyANx#y

Similarly, corresponding to the converse partial ordering >, there is a relation
> such that
rT>yYeSTZ2YANxTFY

Note that the relations < and > are antisymmetric and transitive. In addition,
these relations are irreflexive. We now give some partial order relations which are

frequently used.

1 Less Than or Equal to, Greater Than or Equal to: Let R be the set of real
numbers. The relation ‘“less than or egual to,” or <, is a partial ordering on E.
The converse of this relation, ‘“‘greater than or equal to,” or =, is also a partial
ordering on R. Associated relations are “less than,” or <, and ‘‘greater than,”

or >, respectively . “
2  Inclusion: Let p(A) = 24 = X be the power set of A, that is, X is the

set of subsets of A. The relation of inclusion (C)onX is. a pa.::t,ia.l ordering. A§-
sociated with the relation C is a relation called proper inclusion (C) which 18

irreflexive, antisymmetric, and transitive.
As a special case, we let A = {a, b, ¢}. Then

X =p(4) = {T, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}’A}



It is casy to write the elements of the relation . Note that {a] and {5, ¢}, {a, b}

and |a, ¢}, ete., are incomparable.

3  Divides and Inlegral Multiple: If a and b are positive integers, then we
say “a divides b,” written a | b, iff there is an integer ¢ such that ac = b. Alter-
natively, we say that “b is an integral multiple of a.” The relation “divides” is
a partial order relation. Let X be the set of positive integers® The relations “di-
vides' and “integral multiple of’’ are partial crderings on X, and each is the con-

verse of the other.
As a special case, let X = [2, 3, 6, 8} and let < be the relation “divides”

on X. Then
< =142,2), @,3), (6,6), (8 8), (2,8), (2,6), 3, 6)]
The relation “integral multiple of,” written as >, is given by
> = {{2,2), (3,3), (6,6), (8, 8), (8, 2), {6, 2), (6, 3)]
4 Lexicographic Ordering: A useful example of simple or total ordering

is the lexicographic ordering. We shall define it for certain ordered pairs first

and then generalize it.
Let R be the set of real numbers and let P = R X R. The relation > on R

is assumed to be the usual relation of “greater than or equal to.” For any two
ordered pairs (2, 1) and (2. y:) in P, we define the total ordering relation S as

follows:

(T, ) S (e )= (o > 1) V ({21 = 2) A (h 2 1))
It is clear that if (), ;) £ (£, y2), then we must have (rs, 12) S (&1, 1), so that
A is a total ordering on P. The partial ordering S is called the lexicographic order-

ing. The significance of the terminology will become clear after we generalize
the above ordering relation. The following are some of the ordered pairs of P

which are S-related:
2.2)88 1)
3,1)S (1,5)
(2,2) 8 (2,2)
3,2)8 (1, 1)

We now generalize this concept. 1'or this purpose, let R be a total ordering
relation on a set X and let

P=XuX?uXW.---uX~r=VUX" (n=123,...)

This equation means that the set P consists of strings of elements of X of length
less than or equal to n. We may assume some fixed value of n. A string of length
p may be considered as an ordered p-tuple. We now define a total ordering S on
P called lexicographic ordering. For this purpose, let (), %, ..., up) and
(1, ¥a, ..., V), with p < g, be any two ¢lements of P. Note that before start-
ing, to compare two strings to determine the ordering in P, the strings are inter-

changed if necessary so that p < ¢. Now

(un, way ooy up) S (o, vay u0y vg)



Too— e e gm— e e e 2013 — e st AALTES— LS ARAS BAEEEW LY A

of the following holds:

if any one
1 (u,ue, - Up) = {1, 0, ..., 0,)
2 w #viand vy Ry, in X
= P 1 = 2
8 u; Vi 2 1; oy woalay k (k = p), and Ukyy #= Vi1l and YUeis R Vkt1 in X

1f none of these conditions is satisfied, then

V1, 02, ..., 00) S (u, us, ..., uy)
As a special case of lexicographic ordering, let X = ta, b, ¢, ..., 2z} and let
R be a simple ordering on X denoted by < where a <b<Le<L -+ <2z and

P = X UX?U X% Thus, P consists of all “words’’ or strings of 3 or fewer than
3 letters from X. Let .S denote the lexicographic ordering on P described earlier.

We will have
me S met by condition 1

bet S met by condition 2
beg S bet by condition 3
get S go by the last rule

since ‘‘go”” and ‘““get’’ are compared and the conditions 1, 2, and 3 are not satisfied.

The order in which the words in an English dictionary appear is a familiar
example of lexicographic ordering. Instead of using S to denote the lexico-
graphic ordering, it is customary to use names such as “lexically less than or
equal to” or ‘“‘lexically greater than.”

We shall now describe how the lexicographic ordering is used in sorting
character data on a computer. For this purpose, let X denote the set of charac-
ters available on a particular computer. It is necessary first to define a simple
ordering on the elements of X (frequently called the collating sequence). One
method is to compare the numeric values of the coded representation of each
character in the computer by using the relation ‘less than or equal to.” This
ordering may vary from one computer to another. An example of a code which
has such an ordering is the Extended Binary Coded Decimal Interchange Code
(EBCDIC). In any case, we have a totally ordered set (X, <), and character
strings are formed from the elements of X. Since blanks are also permitted to
appear in such strings, a blank is treated as a character, i.e., an element of X.
It is convenient to assume that a blank is less than all other elements of X. Not
only do blanks appear inside a string, but sometimes it will be f:-:;rnvenient to add
blanks at the end of a string. It will be assumed that such additions do not alter
the relative ordering of a string.

Now we consider how two given strings of equal length are compared for
the purpose of ordering them lexicographically. If one string is shorter than the
other, we simply assume that it is padded at the right end (because we shall
assume the scanning is done from left to right) with the number of bla.nk.s suffi-
cient that both strings to be compared are of equfil length. In some cases, it may
be necessary to distinguish between a given string and the one to which some
blanks are added. This distinction can be made by comparing the strings for
lexical equality and then comparing them according to their lengths.



tation and Associated Terminology

to cover an element
P such that z < 2

2-3.9 Partially Ordered Set: Represen

In a partially ordered set (P, <), an element ¥ ¢ P is said
z € Pif z < y and if there does not exist any element z €

and z < y; that 1s,
yeoversz & (x <y A (:cﬁz_<_y=>x=z\/z=y))

Sometimes the term “immediate predecessor” is also used. Note that
“eover” as used here should not be confused with the “cover” of a set defined in
Sec. 2-3.4.

A partial ordering < on a set P can be represented by means of a diagram
known as & Hasse diagram or a partially ordered set diagram of (P, <). In such
a diagram, each element is represented by a small circle or a dot. The circle for
¢ € P is drawn below the circle for y € P if z < y, and a line is drawn between
z and yif y coversz. If 2 < y but y does not cover z, then z and y are not con-
nected directly by a single line. However, they are connected through one or
more elements of P. It is possible to obtain the set of ordered pairs in < from



FIGURE 2-3.23 Hasse diagram.

such a diagram. Several examples of partially ordered sets and their Hasse dia-
grams follow.

FFor a totally ordered set (P, <), the Hasse diagram consists of circles,
one below the other, as in Fig. 2-3.23. Thus a totally ordered set is called a chain.
If welet P = {1, 2, 3, 4} and < be the relation ‘““less than or equal to,” then the
Hasse diagram is as shown in Fig. 2-3.23.

Consider the set P = {F, {a}, {a, b}, {a, b, ¢}} and the relation of inclu-
sion © on P. The Hasse diagram of (P, C) is similar to that given in Fig. 2-3.23
except that the nodes are relabeled.

The two relations defined above are not equal, but they have the same
Hasse diagram. Such situations will be shown to oceur frequently, and the
reason for these occurrences is explained in Chap. 4 in the discussion of the order
isomorphism of two partially ordered sets.

EXAMPLE 1 Let X = {2, 3, 6, 12, 24, 36} and the relation < be such that
z < y if z divides y. Draw the Hasse diagram of (X, <).

soLutioN The Hasse diagram is given in I'ig. 2-3.24. LI

FIGURE 2-3.24 Hasse diagram of di-
vides relation.



EXAMPLE 2 Let A be a given finite set and p(A) its power set. Let € be the
inclusion relation on the elements of p(A). Draw Hasse diagrams of (p(A), &)
for (a) A = la}; () A = [a,b}; () A = |a,b,¢}; (d) A = [a, b, ¢, d).

soLuTioN The required Hasse diagrams are given in Fig. 2-3.25a to d.

s

The following points may be noted about Hasse diagrams in general. For
a given partially ordered set, a Hasse diagram is not unique, as can be scen from
Fig. 2-3.25h. From a Hasse diagram of (P, <), the Hasse diagram of (P, >),
which is the dual of {(F’, <), can be obtained by rotating the diagram through
180° so that the points at the top become the points at the bottom. Some Hasse
diagrams have a unique point which is above all the other points, and similarly
gsome Hassze diagrams have a unique point which is below all other points. Such
was the caze for all the Hasse diagrams given in Example 2, while the Hasse
diagram given in Example 1 does not possess this property. The Hasse diagrams
become more eomplicated when the number of elements in the partially ordered
set is large.

{ai

{a}

(a) b) Le)

() ¢

FIGURE 2-3.25 Hasse diagrams of (p(4), C).
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AMPLE 3 Let A be the set of factors of i Sy
Er?; % < be the relation divides, ic., ® particular positive integer m
. <
= =t&y|zcAAye AN (zdivides )}

Hasse diagrams for (@) m = 2; (b) m = §; (c) m

aw
Dra® =" 9. and (f) m = 45.

(e} ™
soruTioNn The required Hasse diagrams for (a) t
. ‘ - s ) GO
n Fig. 2-3.25a to d. Hasse diagrams of (e) and ( ) are(ggveaﬁf lll-‘igsa};r;;e;és

i

In Examples 2 and. 3 we saw that the Hasse diagrams (a) to (d) are id
tical. However, Hasse diagrams (e) and ( f) of Example 3 cannot be ije"neg_
the Hasse diagram of any power set, of a set, because a power set has 2» jementy
while in (¢) and (f) we only have 6 elements in each of the partially ordereséi?
sots. Of course, in all the cases given in Example 3 we again have a single element
at the top and a single element at the bottom because if p is any divisor of m
we have 1 < p < m. - ’

Hasse diagrams can also be drawn for any relation which is antisymmetric
and transitive but not necessarily reflexive. Examples of such relations are proper
inclusion and any relation < associated with the partial ordering relation <.
Any family tree or organization chart, of the military or of any establishment is
a Hasse diagram in this sense. We shall, however, assume that a Hasse diagram
represents a partial ordering unless otherwise stated. Some Hasse diagrams are
given in Fig. 2-3.27.

We shall now introduce terminology for partially ordered sets which will
be found useful in Chap. 4. To this end, let (P, <) denote a partially ordered

set.

= 30; (d) m = 210;

given 1

If there exists an element y € P such that y < z for all z € P, then y is
called the least member in P relative to the partial ordering <. Similarly, if there
exists an element y € P such thatx < ¥ for all z € P, then y is called the greatest

12

45

FIGURE 2-3.26



(c)

(b)

(a)

. . 3 fnition it is clear that the least memh

m‘?‘m""?’ m P rel?'mve: o 1- N (ﬁ:st member. It may happen that the le o
if it exists, 1s UNIque, so also 18 the gr.ea b 1 suallv d a
or the greatest member does not exist. The least member 1s usually denoted by

1
0 and;;lﬁlg rI?Ia:sZ? c?ib;gra,m of a partially ordered set -is a.va,ila.bl«a,1 .t,hen it is easy
to see whether the least or the greatest member exists. From Fig. 2-3.23 it is
clear that the least member is 1 and the greatest is 4. In Exarﬂple. 1 there is no
least or greatest member, while in Example 2 the lea.at membe:r is & and the
greatest member is 4 in all cases. In every simple ordering or chain, the least and
the greatest members always exist. The Hasse diagram of Fig. 2-3.27c¢ shows that
the greatest member exists but there is no least member.

An element y € P is called a minimal member of P relative to a partial
ordering < if fornoz € Pisz < y. A minimal member need not be unique.
All those members which appear at the lowest level of a Hasse diagram of a par-
tially ordered set are minimal members. Similarly, an element y € P is called a
mazimal member of P relative to a partial ordering < if for no z € Pisy <=
In the Hasse diagram of Fig. 2-3.27¢, there are two minimal members and one
maximal member. Distinet minimal members are incomparable, and distinct
maximal members are also incomparable.

. It is not always necessary to draw the Hasse diagram of a partially ordered
set in order to determine the least, greatest, maximal, and minimal members.
However, their determination becomes simple when such a diagram is available.

We now extend these ideas to the subsets of a partially ordered set.

Definition 2-3.18 Let (P, <) be a partially ordered set and let AC P.
Any element z € P is an upper bound for A if for all @ € A, a < z. S
larly, any element z € P is a lower bound for A if foralla € 4,z = &

Let us consider the partially ordered set ‘ i le 20. ¢

: p(A), ) in Example
choose a subset B of p({l) given by {{b, c}, {b(},({c)] 9 T)hen (b, c} and A 81°
upper bounds for B, while & is its lower bound. For the subset C = e gJ
{c}}, the upper bounds are {a, ¢} and A while the lower bounds are {¢} and

In Example 1, if A = {2, 3 6}, then 6, 1 4. g ds for A;
- ? ’ ? b) » 2, 2 ’ 'b un
and there is no lower bound. nd 36 are upper DO



at upper and lower bounds of a subset are not necessarily unique

h
Note L define the following terms.

we ther efore
pefinition 2-3.19 Let (P, <) be a partially ordered set and let 4 — P
An element € P is a least upper f)ound, Oor supremum, for A if z is an u;pel:
+ound for A and z < y'where ¥ 18 any upper bound for 4. Similarly, the

catest lower bound, or infimum, for A is an element =z € P such that z =
irlo wer bound and ¥ < z for all lower bounds y.

ast upper bound, if it exists, is unique, and the same is true for a greatest,

Ale : :
oy bound- The least upper bound is abbreviated as “LUB’’ or “sup,” and the
IO“:test lower bound is abbreviated as ‘“GLB” or “‘inf.”’
gre

For a simply ordered s:et or a chain, every subset has a supremum and an
fimurn. Similarly, the partially ordered sets given in Examples 2 and 3 are such
i—hat every subset has a supremum and an 1nﬁm_um. This, however, is not gen-
orally the case, as can be.a seen from Example 1 in which the set A = {2, 3, 6}
has the LUB 4 = 6, x.vhlle the GLB A does not exist. Similarly, for the subset
(2, 3}, the supremum is again 6, but t}}ere 1s no infimum. For the subset {12, 6},
the supremum is 12 and the infimum is 6. The partially ordered sets which are
such that every subset has a supremum and an infimum form an important sub-
s of partially ordered sets. Such sets are discussed in Chap. 4.

For a partially ordered set (P, <), we know that its dual (P, =) is also
a partially ordered set. The least member of P relative to the ordering < is the
greatest member in P relative to the ordering >, and vice versa. Similarly, the
maximal and minimal elements are interchanged. For any subset 4 € P, the
GLB A in (P, <) is the same as the LUB 4 in (P, >).

We shall end this section by defining a property which has important ap-
plications in the use of the principle of transfinite induction.

clas

Definition 2-3.20 A partially ordered set is called well-ordered if every
nonempty subset of it has a least member.

As a consequence of this definition, it follows that every well-ordered set
is totally ordered, because for any subset, say {z, y}, we must have either x or y
asits least member. Of course, every totally ordered set need not be well-ordered.
A finite totally ordered set is also well-ordered.

A simple example of a well-ordered set is the set I, = {1, 2; -5} or the
setI = {1,2, ...}. Similarly the sets I, X I, or I X I are well-ordered under the
natural ordering of “less than or equal.” It is possible, however, to define a certain
partial ordering on I X I such that it is no longer a well-ordered set.

EXERCISES 2-3.9

t E:lr.a‘}’ the Hasse diagrams of the following sets under the partial ordering relation
Ivides,” and indicate those which are totally ordered.
, {2, 8, 24} {3, 5,15} {1, 2,3, 6, 12} {2, 4, 8, 16} {3, 9, 27, 54}
f E is a partial ordering relation on a set X and 4 € X, show that E 1 (AX A) s
Partial ordering relation on A.



X2 X3

FIGURE 2-3.28 " %

Give an example of a set X such that (p(X), ) is a totally ordered =et.

Give a relation which is both a partial ordering relation and an equivalence relation

on i set,

& Let S denote the set of all the partial ordering relations on a set P. Define a partial
ordering relation on 8 and iuterpret this relation in terms of the elements of P.

& Figure 2-3.28 gives the Hasse diagram of a parctially ordered set (P, K), where P =
txy, 22, ..., 25} . Find which of the following are true: »y R re, xs B &y, 23 B 15, 21 B 13,
n Ry, rs R xy, and 24 R x5 Find the least and greatest members in P if they oxist.
Also find the maximal and minimal elements of P. IYind the upper and lower bounds of
|y, 1, e}, {2, 24,25}, and | 2y, 22,75} . Also indicate the LUB and GLB of these subsets
if they exist.

7 Show that there are only five distinet Hasse diagrams for partially ordered sets that

contain three elements.

+ 8

2-4 FUNCTIONS

In this scetion we study a particular class of relations called funetions. We are
primarily eoncerned with diserete functions which transform a finite set into
another finite set. There are several such transformations involved in the com-
puter implementation of any program. Computer output can be considered as
a function of the input. A compiler transforms a program into a set of machine
language mstructions (the objeet program). After introducing the concept of
function in general, we diseuss unary and binary operations which form a class
of funetions. Such operations have important applications in the study of al-
gebraic structures in Chaps. 3 and 4. Also discussed is a special class of functions
known as hashing functions that are used in organizing files on a computer, along
with other techniques associated with such organizations. A PL/I program for
the construction of a symbol table is also given.

2-4.1 Definition and Introduction

Definition 2-4.1 Let X and Y be any two sets. A relation f from X to ¥V
is called a function if for every z € X there is a unique y « 1 such that

(e, y) € f.

Note that the definition of function requires that a relation must satisfy
two additional conditions in order to qualify as a function. The first condition
is that every z € X must be related to some y € Y, that is, the domain of f must



t merely a subset of X. Th ;

be X and no : e second requirement of unij
expressed as nigueness can be

(1‘:9)Ef/\ <$,z>,c'_f=>y =2
Terms such as “transformation,” “map” (or “mappine’

= *3 apping’”’ = Y =
ence,”’ and “op%ratlon are used as synonyms for “functicmg.”) Th(:}:c?:a.pt? o
. Xx—>Yor X — ¥ aie used to express f as a function from X to Y. Pict tions
s function is generally shown as in Fig. 2-4.1, . Pictorially,
For a.-functym Ji X —> Y,. if (z, y) € f, then zis called an argument and the
corresponding ¥y 18 cal_led the 7mage of z under f. Instead of writing (z, y) € f
it is customary to write y = JS(z) and to call y the value of the fuﬂc!-io;; ¢ b x,
Other ways 0f eXPIEssIng § = f(z) are f:x — y, z 5 y, and, of course, (z, y) € f:
As an extension of this notation to the whole set X, we sometimes denote the

range of f, viz., Ry, by f(X). The range of f is defined as
lyl 3zc X Ay = fla)}

It was mentioned that the domain of fis X, that is, D, = X. The range of f is
denoted by Ry and R, C Y. The set Y is called the codomain of f. Some authors
permit D, & X, but according to our definition D, = X.

Since a function is a relation, we can use a relation matrix or a graph to
represent it in some cases. Note that from the definition of a function it follows
that every row of its relation matrix must have only one entry which is 1 while
all other entries in this row are 0s. Therefore, one can replace the relation matrix
by a single column, i.e., a vector consisting of entries which are images of the
arguments. Thus the column consists of entries which show a correspondence
between the argument and the image of the function under the argument. In
certain other cases, this correspondence can be expressed more easily byv a rule.
For example, f(z) = a?for x € R represents the function { (z, 2?) | * € R} where
R is the set of real numbers and f: R — R. Graphs of some functions are shown
in Fig. 2-4.2.

Note that more than one element x € X may have the same function value;
for example, g(x1) = g(z2) = ya for the function g whose graph is given in Fig.

2-4.2.
The following are some illustrations of functions.

1 LetX = [1,5, P, J&ck}, Y = {2; 5: 7) q, Jill],a.ndf= {(1: 2)! (5!7)!
(P, ¢), Jack, g)}. Obviously D; = X, By = (2, 7, ¢}, and f(1) = 2, f(5) =7,
F(P) = q, f(Jack) = g¢. :

FIGURE 2-4.1 Representation of a function.
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FIGURE 2-4.2 Graphs of functions,

2 Let.X=Y=Ra,ndf(:c)~——x2+2.D;=RandR;gR.Thevalu%
of f for different values of z € R all lie on a parabola, as shown in Fig. 2-4.3.
3 Let X = Y = R and let

f= {{z, 22) | z € R}
g = {{? z) |z € R}

Clearly f is a function from X to ¥. However, ¢ is not a function because the
uniqueness condition is violated, as can be seen by noting that for any real num-
ber a, {a? a) and (@?, —a) are both in g.

4 Let Z be the universal set and p(%) be its power set. For any two
sets A, B € p(Z), the operations of union and interseection are mappings from

f(x)
[ 3

fixy=x*+2

FIGURE x4 T ——



p(E) X p(E) to p(E). Similarly, complementation is a mapping from p(E) to

p(E)-
5 Let P be the set of all positive integers and o: P — P be such that

o(n) = 7 + 1 where n = P. Obviously ¢(1) = 2 a(2) :
. : ’ = 3, .... The function
i3 called Peano’s successor functio : : e ]

;;-n 551, n and is used in the description of integers

6 Let X be the set of all statements in logic and let Y denote the set
(T, F}, where T and F denote the truth values. The assignment of truth val :
to statements can be considered as a mapping from X to ¥ veres
7 Let functions f and g be defined by .

f = {{= Lzl)]| z € R A Lzl = the greatest integer less than or equal to z}
g = [ fz1) z € R A [z'] = the least integer greater than or equal to z}

The function f(z) = Lzl is frequently called the floor of z, and similarly, the

function g(z) = [z 7 is called the ceiling of z. As examples, study the following:
f(3.75) = 1375] =3 |4] =4 L—3.75] = —4
g(3.33) = [3.337] = 4 (47 = 4 [—3.337 = —3

. 8 A p-rogram written in a high-level language is transformed (or mapped)
into a machine language by a compiler. Similarly, the output from a computer

is a function of its input.

Definition 2-4.2 Iff: X — Yand A € X, thenfn (4 X Y) is a function
from A — Y called the restriction of f to A and is sometimes written as f/A.
If ¢ is a restriction of f, then f is called the extension of g.

Note that ( f/A): A — Y is such that for any a ¢ A, (f/A)(a) = f(a).
The domain of f/A is A, while that of fis X. Obviously, if g is a restrietion of f,
then D, < D; and g(z) = f(z) for £ € D, and g < f. As illustrations of these
concepts, consider the following:

9 Letf: R — R be given by f(zx) = 2* as in (3). If N is the set of natural

numbers, {0, 1,2, ...}, then N C Rand
f/N = {<0s 0): (1! 1)! (2r 4)3 (3,9>, 5 ’

— | = | , where | | denotes the absolute

numbers and g: Ry — R be given
g = /R4 and fis the extension

10 Letf:R —Rbe given by f(x)
value of z. Let R, be the set of positive real 1
by g(z) = z; then g is a restriction of f, that is,
of g in R.
quality of sets since

defined in terms of the e
that equal func-

Equality of functions can be :
This definition also requires

functions are sets of ordered pairs.

tions have the same domain and the same range. . wio ¥
We know that not all possible subsets of X X Y are functions from A 10 d

The collection of all those subsets of X X Y which define a function i3 denote
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by YX. The reason for using this notation will be clear from the following ilugtr,

tion.
71 Let X = la, b, ¢} and Y = {0, 1}. Then

X % ¥ = {{a, 0), (b,0), {c, 0) {& 1), b, 1), {c, 1)}

and there are 2¢ possible subsets of X X Y. Of these, only the following 23 subsetg

define functions from X to Y.

fo = {a, 0, (b, 0}, {¢, 0)}
fi = {{a, 0), (b, 0), (¢, D}
f2 = {(a, 0), (b, 1), {c, 0)}
£ = {(a, 0), (b, 1), (e, 1)}

In order to determine the number of functions from X to ¥ when both X
and Y are finite, let us assume that X and ¥ have m and n distinct elements re-
spectively. Since the domain of any function from X to Y is X, there are exactly
m ordered pairs in each of the functions. Further, any element z € X can have
any one of the n elements of Y as its image; therefore there are n™ possible func-
tions which are distinct. In illustration (11), m = 3 and n = 2 and there are
28 — 8 functions. The number n™ also explains why the notation ¥Y* was used
to represent the set of all functions from X to Y. The same notation is used even
when X or Y are infinite sets. It must be emphasized that the number of func-
tions depends upon the number of elements in the sets X and Y and not on the
sets. Therefore, in illustration (11) if Y is any set having 2 elements, the number
of functions from X to Y will still be 8.

In the construction of truth tables of a statement function of n variables,
we had 27 rows because each row defined a distinct function from the set of n
variables to the set {7, F'} of truth values.

fi = {{a, 1), (b, 0), (¢, 0)}
fs = {{a, 1), (b, 0), (¢, 1)}
fo = {{a, 1), (b, 1), (¢, 0)}
fr = {{a, 1), <b, 1), {¢, 1}}

!)eﬁnitiqn 2-4.3 A mapping of f: X — YV is called onto (surjective, a sur-
Jection) if the range R; = Y ; otherwise it is called nio.

_In tEa ’?he function % is an onto mapping, while the others are into
mappings. Illustrations (1), (2), (3), and (5) are into mappings while (4) and
(6) are onto. _

Definition 2-4.4 A mapping f: X — Y is called one-to-one (injective OF
1-1) if dlStlnt: elements of X are mapped into distinct elements of Y- Ip
other words, f is one-to-one if

. Z1 # 3 = f(z1) &= f(x2)
or equivalently

flx1) = f(x) = x4 = 22

In Fig. 2-4.2, f and % are both one-to-one. Also the fna,pping in illustratio?®
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(5) is one-to-one, and 80 is f/N in (9). Although f
reStI'iCtiUn g is. g fm

It is easy to see that when X and v 5
can be one-to-one only if the number of ele
¢the number of elements in Y.

(10) is not one-to-one, its

r:le ﬁ:‘lit:e Setg, & mapping f: X —» Y
ents in X is less than or equal to

Definition 2-4.5 A mapping f: X — ¥ is called o
if it is both one-to-one and onto. Such a mapping i ne-
correspondence between X and Y. ping is al

to-one onto (bijective)
so called a one-to-one

For f: X — Y to be bijective when X

: : and Y are fini i '
number of elements n X be the same as the number of ele?r:ctit;e&u?’es;ri:mtt' iy
tion k whose graph is shown in Fig. 2-4.2 i3 bijective. Similarly, f (:z)' = SIU::_W{
and g(x)df J;b.f.()r z € R are also bijective mappings from R t.n,R We shall be
interested in bijective mappings in the next section wh 1t i .

' ] : e

it re it 18 shown that such

EXERCISES 2-4-1

1 Let N be the set of natural numbers including zero. Determine which of the following
functions are one-to-one, which are onto, and which are one-to-one onto.

(a) f N—N (7)) =7+ 2
B i NN f(3) = j (mod 3)
1 7 is odd
(c) FN—N JC3) = 1
10 7 is even
0 7 is odd
(d) f: N—> {0, 1} () =
1 7 is even
2 Let I be the set of integers, L. the set of positive integers, and I={0.1, 2. .c,p— 1}.

Determine which of the following functions are one-to-one, which are onto, and which

are one-to-one onto.
7/2 Jj is even

|

(a) F:I—>1 (D -
(j—1)/2 jisodd
(B Fele—*1, f(x) = greatest integer < V'
(¢) 1> I f(z) = 3z (mod 7%
d f:Li— L z) = 3z (mod 4 '
3 §f )Xfarfd YIa,re ﬁn{;;(e gets, ﬂmg a necessary condition for the existence of one-to-one
mappings from X to Y. _ )
4 Dopt.;ll)le ? ollowing sets define functions? If so, give their domain and range in
(@) {41, (2, 3)), (2, (3, 4)), (3, (1, ), & a, 4N}
() {41, (2, 3)), (2, (3, 4)), (3, 3, 2}
() {41, (2,3)), (2, (3, 1), KL, (2, 40}
(@) {q1, (2, 3)), (2, (2, 3)), (3, (2, 3))]

each case.

y = {0, 1} and indicate in each case

6 List all ib i X = {a
possible functions from » 05 ; e
whether the function is one-to-one, is onto, and 1is one—toaﬂ:v‘;’l?cg is one-to-one must
6 If 4= {1,2 ...,n}, show that any function from A to

also be onto, and conversely.



and g which both are from N X N to N given by f

how that the functions f ey
¢ f—lcj“; and g <I, y) = Iy are onto but not one-to-one. y) -

2-4.2 Composition of Functions
The operation of composition of relations ¢

following manner.
e : Y and g: ¥ — Z be two funetj
Definition 2-4.6 Let f: X — long, The

composite relation g ° f such that
gof=1{@2)| (e X)ANEEZ) N (HyeY

ANy =J(x) Az=g(y))}

an be extended to functiopg in th,

is called the composition of functions or relativg ?Jroduct 01.’ funectiong f ang
g. More precisely, g ° f is called the left composition of g with f.

Note that in the above definition it is assumed that the range R, of fia
a subset of the domain of g, whichis ¥, that is By € D,; otherwise, g ° fis empty.
Assuming that g ° f is not empty, we now show that g ° f is a function from y
to Z. For this purpose, let us assume that (z, z:) and {z, z:) are both in g  f. This
assumption requires that there is a y € Y such that y = f(z) and z = g(y),
also zz = ¢g(y). Since g is a function, we cannot have z1 = g(y) and 2z = g(y);
hence ¢ ° f is a function. Any function g for which ¢ ° f can be formed is said to
be left-composable with the function f. In such a case, (g °f)(z) = g(f(z)),
where z is in the domain of g ¢ f. The composition of functions is shown in Fig.
2-4.4,
Given f: X — Y and g: ¥ — Z, we have the composite function g *f. How-
ever, the composite function f °g may or may not exist. For the existence of
J °g, it is necessary that B, © Dy,. For functions f: X — X and ¢g: X — X, the
composite functions such asf 2 g, g °f, f *f, g ° g, etec., can be formed. This point

will be demonstrated by means of examples.

Consider three functions f: X — Y, g: ¥ — Z, and h: Z — W. The com-
posite functions (g °f): X — Z and (k °g): ¥ — W can be formed. Other con-
posite functions such as 2 ° (g * f) and (4 ° g) ° f can also be formed. Both of these
functions are from X to W. Assuming y = f(z), z = g(y), and w = h(2), ¥
h:ﬂVE'i (37, y} E 7 (y: z) € a9, <2, w) € A and (-’L’, z> € g af. ('y, w) € heg. Con-
tinuing the same argument, (z, w) € h (g > f). Similarly (z, w) € (h°9 °/
This fact being true for any z and corresponding w, we have (see also Fig. 245)

he(gef) = (heg) ]S 4

Thus t,.he cqn}position of funetions is associative, and we may drop
theses in writing the functions in (1),sothath egef=ho(g°f) =

The composition of functions is also shown in Fig. 2-4.6.

the pare””
(h°9) L

fﬁAﬁdfﬁE § X = (1,2,8), ¥ < (p,g),and Z = {a,b}. Alsolet/: 7 Ty
Find g oo »P) (2, p) B, ¢)) and g: ¥ — Z be given by g = {{» Brsds /
SOLUTION g =f = {(1,b), (2, b), (3, b)}. i



" X —_— 7 o
& okl .
Y1
X x,
zy
¥ z,
X2 xz
Zz
i Z,
X3 x3
O 3 -
Va
X4 X4
-
Vs

FIGURE 2-4.4 Composition of functions

(hog)of

FIGURE 2-4.5 ho(gof)

EXAMPLE 2 Let X = {1,2, 3} and .0 and s be functions from X toX
given by

F=(a,2), @360 = L2 e 1), (3, 3]
h= ({1, 1), 22), 3 1) s = L1 (22), 3,30}

Find f°g;g°f;f°h°9;s°g;g°8;3°s;andf°8-



SOLUTION

Observe that s ° s

X — Y W
Y1
X1 oW,
85
X5 L
Y3
x3 W3
Ya
X4 Wy
Vs

4]

(-]

o

I

H v
“~ o 0 g
(-]
v o Q@ Q N Q
Il

(]

(hog)O/ .,

L)

Wj

FIGURE 2-46

= {(1,38), {2, 2), (3, 1)}

= {0, 15, (2,85 (3,2} =F°4
{41, 3), (2, 2), (3,2}
{22,115 @, 3)) =g=0°¢
{Q1,1) {2,2) (3,8)} =s

= {{1,2), (2,3 (38,1)} =Ff .
~s;fes=sf—figes—=s-g—g;andh-s=°"" /|

b

=



MPLE 3 Let f(z) =%+ 2, g(z) =z — 2, and 4 - .
EXAE R is the set of real numbers. Find g o f; f o g: f s f g(f;. f 03;:_ io: ;_: s‘ 1::

wher
and foh 9

gOLUTION

I

{(z,z) |z € R}

{(z,z) [z € R} =g-f

= {{(z,z 4+ 4) |z € R}

= {{(z,z — 4) | z € R}

= {(z,3z + 2) |z € R}

= {{z,3z — 6) |z € R}

= {(z,3z + 6) |z € R}

={@3z—4)|z€R} =fe(heg) =fcoheg /117

L]

Il

-]

T o T M Qo @
o ° e 0
Q W W T A .

o

(feoh

EXAMPLE 4 Letf:R — R be given by f(z) = —2?and g: Ry — R, be given
by g(x) = 4/ z where R, is the set of nonnegative real numbers and R is the
get of real numbers. Find f ¢ g. Is g ° f defined?

soLUTION (fe°g)(z) = —x for all x € R,. The function f°g: Ry = R
is defined because the range of gis R, € R and R is the domain of f. On the other
hand, the range of f is not included in the domain of g; therefore g ° f is not de-
fined. The only element common to R, and D, is O. Vi

2-4.3 Inverse Functions

The converse of a relation R from X to Y was defined in Sec. 2-3.7 to be a rela-
tion R from Y to X such that (y, z) € R < (z,y) € R; thatis, the ordered pairs
of R are obtained from those of R by simply interchanging the members. The
situation is not quite the same for functions. Let f denote the converse of f, where
fis considered as a relation from X — Y. Naturally f may not be a function, first,
because the domain of f may not be ¥ but only a subset of Y, and second, f may
not be a function from D, to X because it may not satisfy the uniqueness con-
dition. For example, (z1, y) and (zs, ¥) may be in £, so that (y, z:) and (y, 22) will
be in f. In certain special cases, f may be a function from a subset of Y to X or
even from ¥ to X. The following examples illustrate the situation.

! LetX = {1,2,3},Y = {p, ¢ r},and f: X > ¥ begivenby f = {{1, P
{2,9), 3,¢)}. Then 7 = {(p, 1), (g, 2), {g, 3)} and [ is not a function.
2 Let R be the set of real numbers and let f: R — R be given by

f= [(.'17,:1:2>|:UER]-

Then j = { (a2, ) | z € R} is not a function. .
8 Let R be the set of real numbers and let f: R — R be given by

f={la,e+2)|zER]
Then J = {( + 2, z) | z € R} is a function from R to R.



&y
~ Definition 2-4.7 A mapping I.: X — X is called an -'
I. = {{z,z) | z € X}. "

»

Observe that for any function g: X — X the functions v o .&Ty;
are both equal to g. Also for any function f: X — ¥, we have i
properties of the identity function can be used in stating the following
about the inverse of a funection.

Theorem 2-4.1 If f: X — YV is invertible, then
s fF = 0y and F e =5

Theorem 2-4.2 Let f: X — Y and g: ¥ — X. The function g is eque
S only if

gof =1, and feg=1,

Both the conditions given in (2) are necessary, as can be seen fromtk{ ,-, .
graphs of f and g shown in Fig. 2-4.7 where geof =1I.butfe>g = I,andg#f"

PROOF For a proof of Theorem 2-4.2, first we show that if there is an
other function A: ¥ — X such that

hef =1, and feoh =1, {@?‘ﬁ




% WZ‘I‘.OX CmdernowanyzGXmé
,..g(y) Thus, (z,z) € g °fand (z,z) € (g = f)~. On the other hand, 3
and y = g '(2), so that (z, z) € f~! - g1, This is true for any =z, y,mds
satisfy y = f(z) and z = g(y) ; hence

(g ef)—l e .f—l ° g—l
i.e., the inverse of a composite function can be expressed in terms of the com-
position of the inverses in the reverse order. 1 il

In the remaining part of this section, we consider mappings which are bi-
jective and from a set X onto itself. For this purpose, let ', denote the collection
of all bijective functions from X onto X, so that the elements of F. are all in-
vertible functions. The following properties hold.

1 Foranyf,g € F fe°g, and g ° f are also in F.. This is called the closure
property of the operation of composition, which is discussed in Sec. 2-4.4.

2 Foranyf, g,h € Fu,

(f=g) sh =< (geh)

1.e., composition is associative.

3 There exists a function I, € F, called the identity map such that for
any f € F,

Ipof = feol, =

4 Tor every f € F., there exists an inverse function f~! ¢ F, such that
fofst =gt e gl

In fact, (1) and (2) hold for all the elements of XX, that is, for all the functions
from X to X and not only for the elements of #,.

EXAMPLE 1 Show that the functions f(z) = 2® and ¢g(z) = 2 for z € R
are inverses of one another.

soLuTION Since ( f °g) (z) = f(2'8) = & = I, and (g o f) (2) = g(2?) =
¢ =UI.,,then f = glorg = f. Ll

EXAMPLE 2 Tet F. be the set of all one-to-one onto mappings from X onto
e}f where X = {1, 2, 3}. Find all the elements of ¥, and find the inverse of each
ement,,

SOLUTION The graphs of functions shown in Fig. 2-4.8 repx;eggnﬁ the

elenlents of F = { flz fﬁ: fas fﬂh fﬁ: fﬂ}: Whel‘ﬂ f1_1 = f"’ fz'—l = fa’fa 1{"’:"“ '




Table 2-4.1

° S S b $ 71 Is fo

N1 fi T2 fs e A fe
I3 2 S o S5 fa Js
fl f3 fﬁ fl fs fg f4

Ja S fe I B fa fo
Js Js I3 fa fa fe 3
I o J4 I Js S Js

and f;7' = fe. Other compositions of the elements of F, are given in Table 2-4.1,
in which f; ° f;is entered at the intersection of the 7th row and jth column.  ////

The functions defined in Example 2 show the permutations of the elemen’w

of the set X. There are 3! = 6 such permutations of 3 elements, and hence ther¢
are 6 functions from X to X which are bijective. If a set X has n elements, thet -
there are n! functions from X to X which are bijective.

. EXERCISES 2-4.3

1 Letf: R— R and g: R— R, where R is the set of real numbers. Fmdf'-
where f(z) = 2> — 2 and g(a:) = 2 -+ 4. State whether these functic

~ surjective, and buectwe s

2 Iff: X -_--+ Y and ; : Y — Z and both _f and a are gnto, %hcm

b -ll‘_




¢ LetX = {1,2,3,4]. Define a functionf: X —
chfﬂ‘f’,fz=f°ﬁnf—ls sndf.f—t- Can you find
g:x_-;chhtha:tg#I,butg'g=I,? "

2.4.4 Binary and n-ary Operations

In Sec. 2-4.1 we discussed functions from a set X to a set ¥. Now we -
our discussion to functions from a set X X X to X, or more generally £ flme-
tions from X" to X, where n = 1,2, .... Such a mapping prescribes a uhiqué.

value in X to every ordered pair or n-tuple whose members are also in X.

Definition 2-4.8 Let X be a set and f be a mapping f: X X X — X. Then
fis called a binary operation on X. In general, a mapping f: X* — X is called
an n-ary operation and n is called the order of the operation. For n = 1,
f: X — X is called a unary operation.

If an operation (or a mapping) on the members of a set produces images
which are also members of the same set, then the set is said to be closed under
that operation, and this property is called the closure property. The definition
of binary or n-ary operations implies that the sets on which such operations are
defined are closed under these operations. This property distinguishes the binary
or n-ary operations from other functions.

The operations of addition, multiplication, and subtraction are binary
operations on the set of integers and also on the set of real numbers. The opera-
tion of division is not a binary operation on these sets. Operations of set union
and intersection are binary operations on the set of subsets of a universal set.
They are also binary operations on the power set, of any set. The operation of
complementation (absolute or relative) is a unary operation on such sets. The
operations of conjunction and disjunction are binary operations on the set of
statements as well as on the set of statement formulas in statement logic. The
operation of negation is a unary operation on such sets. Another example of a
binary operation is the composition of bijective functions from a set X to X.

Sometimes a binary operation can be conveniently specified by a tf_"bl“-}
called the composition table. Such a table was given in Ex'ample 2 O_f the Prﬁ‘f“"?’*
subsection. The composition tables for the binary operations of union and.intely
section over the power set p(4) = {Bo By Bs, Bs}, where 4 = {a,:},jrzgwgn_
in Table 2-4.2 where Bo = &, Bi = (b}, B2 = Ea}, and Bs = 1& clh;:s + e

It is customary to denote a binary operation by & SYmbo-lt?‘;) i pls;e.ingi’
>, %, A, U, N, V, A, etc., and the value of the operation (or function bg B b
the operator between the two operands. Tor fzxam.pl_ﬁ: i _st yﬁ :na:); P i
as x fy or x %k y. A similar notation is used 1In anthmeblﬂ where we




" e
sum of two real numbers z and y as  + ¥. Also in set theory the union o

sets A and B is written as A U B. ' g . e
Now we discuss some general properties of binary operations. For th;

purpose we shall consider X to be any set.

Definition 2-4.9 A binary operation f: X X X — X is said to be com-
mutative if for every z, y ¢ X,

flz, y) =f Y, =)

Definition 2-4.10 A binary operation f: X X X — X is said to be associa-
tive if for every z, y, z € X,

Ff @, u)2) =4 G F @i2p)

Definitions 2-4.9 and 2-4.10 can be rewritten using > to denote the binary
relation on X. That is, %k is commutative if forany z, ¥ € X,z k y = y X z.
Similarly >k is associative on X if for any z, ¥, 2z €¢ X,

(xky) kz=2x% (y %k 2)

Definition 2-4.11 A binary operation f: X X X — X is said to be dis-
tributive over the operation g: X X X — X if for every z, y, 2 € X

f oz, g W, 2)) =g (flz,y) [ (= 2))

If we denote f by % and g by ° we say > is distributive over o if for any
x, y’ < E X
xk (Yyeoz) = (xky) e (z %k 2)

The operations of addition and multiplication over the set of real numbers
are commutative and associative. Union and intersection over the power set of
any set are other examples of commutative and associative operations. The opera-
tion of subtraction over the set of real numbers is not commutative. It was also
shown that the composition of bijective functions from a set X to X is not eam-;
mutative. The operation of multiplication is distributive over that of addit on-
Both union and intersection of sets distribute over each other. :

Given a binary operation > on a set X, we now define certain distt
elements of X which are associated with the operation. Such ele

may not exist.




Theorem 2-4.3 Let % be a binary operation, and let ¢, a
right identities with respect to . Thene; =e, = e (Bay) l*::_eh .
z k ¢ = z forevery z € X, and in such a case e € Xiﬂl;ni e
the identity with respect to . que

prROOF Since e; and e, are left and right identities,
ek e, = €t = &

Next, let us assume e; and e; are two distinet identities. Then
e1 ke =e=@e

which is a contradiction; hence an identity, if it exists, is unique. 117/

For a commutative binary operation, a left identity is also a right identity,
and hence any left or right identity is the identity.

The element 0 is the identity for addition, and 1 is the identity for multi-
plication over a set of real numbers. Similarly the empty set & is the identity
for the operation of union, and the universal set % is the identity for the opera-
tion of intersection over the subsets of a universal set. The identity mapping de-
fined in Sec. 2-4.3 is the identity with respect to composition of bijective functions
from a set X to X. A contradiction, i.e., an identically false statement, is an
identity for disjunction, while a tautology is an identity for conjunction of state-
ments.

Definition 2-4.13 Let > be a binary operation on X. If there exists an
element 0; € X such that 0; X © = 0, for every x € X, then 0 is called
a left zero with respect to ><. Similarly, if there exists an element 0.: € X such
that z %k 0, = O, for every z € X, then 0, is called a right zero with respect

to k.

A theorem similar to Theorem 9.4.3 can now be given.

and 0, and O, be left and
0 such that

forall z € X

Theorem 2-4.4 Let >k be a binary operation,

right zeros with respect to >. Then 0; = 0, =
Ookxz=x2%0=0
d is called the zero with respect to - aall

0 € X is unique an
The element 0 is the zero for multiplication on & set of real -.Il




respect to a binary
. other idempotent elements besides the ide
every set is idempotent with respect to -
 of union and intersection. S
R : tion on X with the
Definition 2-4.15 Let > be a binary operation : 1dentj
¢. An element a € X is said to be left-invertible if there exzfst?.. an elem,
2, € X such that x; & a = e. 218 called a left inverse of a. Similarly, q
is said to be right-invertible if there exists an element z. € X such
a k z, = e. x, is called a right inverse of a. If an element a € X is by

left-invertible and right-invertible, then a is called 7nvertible.

Obviously, if a binary operation >k on X with the identity e is commuta-
tive, then any element that is left- or right-invertible is invertible. For operations
which are associative, we can prove the following theorem.

Theorem 2-4.5 T.et > be a binary operation on X which is associative
and which has the identity e € X. If an element a ¢ X is invertible, then
both its left and right inverses are equal. Such an element is called the
iverse of a because it is unique.

PROOF Let x; and «, be any left and right inverses of a respectively. We show
that z; = z, as follows.
Tk a = a k x. =€
hence
zrkKaXx= (wmi%ka) ko, =2,% (a k2, =exka =2z =xKe=a

Here we have used the associativity of the operation .
To show uniqueness, let us assume that = and y are two distinet inverses
of a. Thus :

y=y*e=yk (a*k2) =(yka) kzx=ekav==a
which is a contradiction. Viadit b
H

The unique inverse of an element a ¢ X , if it exists, is denoted by a0
that
alka=akalt=¢
From symmetry it follows that (a=1)-1 = ¢,
In any binary operation the identity element, if it exists, 18
Since it is also idempotent, the identity is its own inverse. Other inv



to an operation canno

-

Definition 2-4.16 An element a € X is called cancella
to a binary operation * on X, if for every';{:-; y E X

(a*m=a*y)V(:r*a=y*a)=>(?‘.=';f}").-

L ennseTabler Flowever, there sre et hore ae Moot L

e : Y re an element is cancellable but

not necessarily invertible. For example, in the set of integers any nonzero intege

is cancellable with respect to the operation of multiplication, although the oﬁler

integer which is invertible is the identity, that is, 1. 4

The properties of binary operations given here are used in Chaps. 3 and 4.

We have not discussed n-ary operations in general because we will be most con-
cerned with unary and binary operations.

Given a set X and a binary operation % on X, we have represented the
value of the binary operation > on any two elements z, ¥ € X by writing z %k y.
Since x %k ¥ ¢ X, we may again apply the same or any other binary operation,
say +, on x %k y and an element of X, say z. Obviously the following possibilities
exist:

(z 5k y) k z 23k (z %k 3) (z 3 ) = z+ (x %k y)

The parentheses have been used in the usual sense to indicate that in all these
cases x >k y is obtained first. If the operation > is associative, then (& %k y) >
2 =2 % (y %k z), and we may drop the parentheses. In other words, the order
in which the two binary operations are carried out is not important. Sometimes

the parentheses are dropped even though the operation is not associative. In such
od regarding the order in which the operations are

cases, a convention is adopt
performed. For example, in a computer program using FORTRAN, A + B + C

is understood to be (A 4+ B) + C. Note that (A + B) + C may not be equal
to A + (B 4+ C) due to rounding-off operations on a computer. In any case,
we say that the operation - is assumed to be left-associative. In the case c')f
the assignment A «— B, we understand A < (B « C), that 1s, 'the operation 1s
right-associative. Similarly for a logical expression TS i_t 1s.assumed tl:!a.t
we have (T ]P), where ~|P is formed first. Since subtraction 1s not associa-
tive, we write (A — B) — C as distinct from A — (B — C). However, 1n
FORTRAN A — B — C is understood to mean (A — B) — C, and so sul?traf_:—
tion is left-associative. It is very important to know whether an opera,t.mz_lth}s.
understood to be left- or right—a,ssociative. This need to know is greater in the

case of programming languages than in mathematics where parentheses are

always used except when an operation 1s associative. i
b My

a



: Imwm common multiple
set of positive integers. Show that * is ;
identity element and also state which elements ! e s avanin
e o101, 2 — 1}. The operations ns +p an p are

s Ok ). Give composition ta.bles for these

(x4 y) (mod p) and z Xk, y = zy (mod P
tions for p — 3 and 4. Indicate the identity and zero elements. Does the «

>k ,, distribute over +,?
6 Show that z > y = z — y is not a binar
but that it is a binary operation on the set of in
6 Show that z >k y = z¥ is a binary operation on

whether > is commutative or associative. 5
7 How many distinet binary operations are there on the set {0, 1} ? Give their composi-

tion tables and indicate which ones are commutative or associative. Can you deter-
mine the number of distinet binary operations on any finite set?

y operation over the set of natural lmm
tegers. Is it commutative or aﬂ&oemtmr
the set of positive integers. Dete T

2-4.5 Characteristic Function of a Set

In this section we shall discuss functions from the universal set £ to the set
{0, 1}. These functions are associated with sets in the same way as the prineiple
of specification given in Sec. 2-1.7. A one-to-one correspondence is established
between these functions and the sets. With the use of these functions, statements
about sets and their operations can be represented on a computer in terms of
binary numbers; hence their manipulation becomes easier.

Definition 2-4.17 Let £ be a universal set and A be a subset of E. The
function ¢a: F — {0, 1} defined by

1 if ;e &

Ya(z) =
0 ifx g A

is called the characleristic function of the set A.

As an example, let £ be the set of all persons living in Toronto and
be the set of all females in Toronto. Then ¢ associates the number 1
female and 0 with each male in Toronto. 16~
The following properties suggest how one can use the characts
tions of sets to determine set relations.



is the usua.l set equality. Other set operations used a.bove- are 'u, n, ~, a w
The above properties can easily be proved using the definition of characteristic
functions. For example, (5) ecan be proved as follows: .

x € ANB& x € A AN x € B,so that Ya(z) = 1 and ¥z(z) = 1 and
yanp(x) = 1% 1 =1. If = ¢ A n B, then Yuns(z) = 0 and Yu(z) =
Oor ys(x) = 0. Consequently ¥4 (z) *k ¢yp(z) = ;

Many set identities and other relations ean be proved by using characteristic
functions and the usual arithmetic operations and relations.
EXAMPLE 1 Showthat An (BUuC) = (AnB)u(AnCQC).
SOLUTION
Yaniue () = Ya(z) >* Ypuc(x) (using 5)
= Ya(z) (Yr(x) + Ye(x) — ¥anc(2)) (using 6)
= ya(x) *k ¢u(x) + Ya(x) * ¥c(a)
— Ya(x) %k ¥rne()
= Yans(x) + Yanc(x) — Yanwne () (using 5)
= Yans(z) + Yanc(x) — Yansnc(x)
= Yans(®) + Yanc(@) — Yunmnune ()
= Yunmuune (T) (using 6) /1]

EXAMPLE 2 Show that ~~A = A.

SOLUTION | - “*‘-_‘-

RN ) 00 e )

1 — (1 — ya(x))
= ¢a(x)
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esponding subsets. S

Consider a universal set £ and a mapping f from the set E to a fi
{as, @z, .. -» @n} Where a1, s, ..., an are all distinet. Let A, be the set of el
of E such that f(z) = a; for z € A;. Similarly define the subsets A,, A5, ..., 4
E. Obviously, A1, As, ..., A, are all disjoint; in addition, A;UA,U---UA4, =
that is, A3, As, ..., A, are the blocks of a partition of K. It is possible to vy

flx) = 22 a; % Ya (x)
=1
A function f(z) which has a finite set of possible values is called a simple function,
Obviously the range of a simple function is a finite set. It is possible to extend the
above description to functions which have countably infinite distinct values. |
Finally, we consider the characteristic functions of certain sets which were
called minterms, or complete intersections in Sec. 2-3.4. It was noted that the
minterms generated by a finite number of sets define a partition of the universal
set. Let X, X3, ..., X, be any n subsets of a universal set £ and let I, I, ...,
I,»_; be the minterms or complete intersections of X;, X, ..., X,. Any element
x € F is a member of only one of the minterms. If x € 7;, then ¢;,(xz) = 1 and
Yr.(z) = 0 for m = j. This statement holds for any x € I;. Now let us form a
new set, say F, from the sets X, ..., X, by using the operations of union, inter-
section, and complementation. Then the characteristic function of F will re-
main constant over the sets of minterms.

2-4.6 Hashing Functions

In Sec. 2-2.5 we introduced terms such as “file,” “record,” ‘‘field,” ete., W&
are used frequently in connection with the storage of information on a Gﬂmpuw' .

An example of a file is the symbol table of a compiler or an assembler which ¢

Table 2-4.3

x 1%} {a) (b} {¢} {a,b} layec] {b,c} f{a,byc}
a 0 1 0 0 1 1 0 1
b 0 0 1 0 1 0 1 1
¢ 0 0 0 1 0 1 1 1




The main program is written so that up to 25 equivalenos olas ”:“""'!"” _.
handled in the symbol table. Each name to be inserted is on one input. ctrd On

by N.

an end-of-file, control transfers to the statement labeled OUTPUT. At this

point, each simple linked list representing an equivalence class is s il
each name in it is printed. canned, and

EXERCISES 2-4.6

1

The midsquare hashing method follows:

(a) Square part of the key, or the whole key if possible.

(b) Either (1) extract n digits from the middle of the result to give h(key) €
{0, 1, ...,10™ — 1}, or (2) extract » bits from the middle of the result to give
h(key) € {0,1,...,2—1}.

Write a program which uses this procedure to hash a set of variable names. The mid-

square method frequently gives satisfactory results, but in many cases the keys are

unevenly distributed over the required range.

A hashing method often implemented, called folding, is performed by dividing the key

into several parts and adding the parts to form a number in the required range. For

example, if we have 8-digit keys and wish to obtain a 3-digit address, we may do the
following:

h(97434658) = 974 + 346 + 58 = 378
R(31269857) = 312+ 698 + 57 = 67

Note that the final carry is ignored.

Implement this method in a computer program. . :
Compare the results of applying the division, midsquare, and folding ha.shx;xg functions
to a fixed set of keys. Make sure the range is the same or almost the same in each case.
Which method distributes the keys most evenly over the elements of the range?

EXERCISES 2-4

1

Show that
f(AUB) = f(A) Uf(B)
f(AnB) € f(A) nf(B)

Construct an example to show that in genera..l it is not po:)_lia?.iblle1 tonr;g}g;q: C by =in
the second relation. Under what condition will f (ANB) = f(4)

ool



Show that f: X — Y is one-to-one iff any proper subsets of X are mapped into pr
subsets of ¥; that is, if A C BC X, then f(4) Cf(B) & Y.
LetI,= {0, 1,..., p— 1} and f,: I,— I, be given by

f-(z) = rz (mod p)

wherer = 0,1, ..., p — 1. Show that f is not bijective for any r unle.ss P is prime,
Determine the set of all bijective mappings on the set {1, 2§. Determine the identity
element and inverses of each element under the composition of functions on this set,
Let f: R— R be given by f(z) = 22 and g: R— {2} — R be given by g(z) = z/(z — 2),
Find f ¢ g. Is g ° f defined?

Let X be a set and p(X) its power set. Show that the operations of union and inter-
section on p(X) are both associative and commutative. Also every element of p(X)

1s idempotent under these operations. Determine the zeroes, and show that the opera-
tions distribute over each other.

Show that the operation of symmetric difference A defined by
AAB=(AUB) — (ANB)

1s commutative and associative and has an identity element. Show that the inverse
of A is A itself. Show that the operation of intersection, but not that of union, dis-
tributes over A.

Consider the set 1. of positive integers and let N be the set of natural numbers (in-
cluding zero) . Observe that for any z € I, we have

r=2"(2s+ 1)

N. This means that we can define a mapping f: I, - N X N such
f(z) = (r,s), asindicated above. Show that f is one-to-one onto.

for some 7, s



