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OBJECTIVES:

1. To understand the concepts of basic Discrete structures,
2. To get knowledge about applying the properties of Discrete Mathematical Structures.

UNIT: IV

FORMAL LANGUAGES AND AUTOMATA: Grammers and Languages— Finite state
machine — Finite state Acceptors and Regular grammars,

(Chapter III - Section: 3.3: Chapter IV — Section: 4.6; Chapter VI - Section: 6.1)

3-3 GRAMMARS AND LANGUAGES

The basic machine instructions of a digital computer are very primi'tiv'e (Eompared
with the complex operations that must be performed in various disciplines such
as engineering, commerce, and mathematics. Ali:,hough a comple.:x procedure
can be programmed in machine language, it is deS1ra:ble to use a l.ngh-level l.a,n-
guage that contains instructions similar to those required in a pfa,rtlclﬂa,r applica-
tion. For example, in a payroll application, one wants to manipulate emp.loyee
records in a master file, generate complex reports, and perform rather. simple
arithmetic operations on certain data. A language such as COBOIf which l:fas
high-level commands that manipulate records and generate reports 1s a definite
a programmer.
et ::Thilg higgh-level programming languages reduce much of the drudgery of
machine language programming, they also introduce new problems. A program
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piler) which con.verts a program to some object language such as machine
Janguage mu.s.t be.Wg'lttin- AIS_ O, pl‘Ograrmmng languages must be precisely de-
od. Sometimes it is the existence of a particular compiler which finally pro-

D the precise deﬁnition_ (?f a language. The specificati .

Eg;iage snvolves the definition of the following: FRc BT oR i
7 The set of symbols (or alphabet) that can be used to construct correct

programs
2 The set of all correct programs

3 The “meaning’”’ of all correct programs

In this section we shall be concerned with the first two items in the specification
of programming languages.

A language L can be considered a subset of the free monoid on an alphabet,
(see Sec. 3-2.1). .Tl}e language consisting of the free monoid is not particularly
interesting since 1t 1s too large. Our definition of a language L is a set of strings
or sentences over some finite alphabet Vo, so that L. & V#.

How can a language be represented? A language consists of a finite or an
infinite set of sentences. Finite languages can be specified by exhaustively enu-
merating all their sentences. However, for infinite languages, such an enu-
meration is not possible. On the other hand, any device which specifies a language
should be finite. One method of specification which satisfies this requirement uses
a generative device called a grammar. A grammar consists of a finite set of rules
or productions which specify the syntax of the language. In addition, a grammar
imposes structure on the sentences of a language. The study of grammars con-
stitutes an important subarea of computer science called formal languages. This
area emerged in the mid-1950s as a result of the efforts of Noam Chomsky who
gave a mathematical model of a grammar in connection with his study of natural
languages. In 1960, the concept of a grammar became important to programmers
because the syntax of ALGOL 60 was described by a grammar.

A second method of language specification is to have a machine, called an
acceptor, determine whether a given sentence belongs to the language. This
approach is discussed further in Chap. 6, along with some very interesting and
important relationships that exist between grammars and acceptors.

In this section we are concerned with a grammar as a mathematical system
for defining languages and as a device for giving some useful structure to sen-
tences in a language. The problem of syntactic analysis will be discussed briefly.

3:3.1 Discussion of Grammars

It was mentioned earlier that a grammar imposes a structure on the sentences
of a language. For a sentence in English such a structure is described in terms
of subject, predicate, phrase, noun, and so on. On the other hand, fg)_r a program,
the structure is given in terms of procedures, statements, expresslons, .etc. In
any case, it may be desirable to describe all such structures and to obtain a set

of all the correct or admissible sentences in a language. For example, we IDAY

ave a set of : . 1 or & seb of valid ALGOL programs. The
correct sentences in English or i g

grammatical st determine
ructure of a language helps us dete .
Sentence does or does not belong to the set of correct sentences. The gra.mmatlcal
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structure of a sentence is generally studied by ana,l'yzmg thf_! various Parts
sentence and their relationships to.one another; this 3»{1’31}"818 18 called °

Consider the sentence ‘‘a monkey ate the banania. Its structure, Qr parg
12 shovwn a Fige 3=3.1, Thisidizgram of & Datse displays the syntax of a Senten:e3 :
in a manner similar to a tree and is therefore called a syntax tree. Egcp ne de
in the diagram represents a phrase of the .Sylflt.ax- The words such ag "the,f
“monkey,” etc., are the basic symbols, or prlm_ltlves, of the language.

The syntax of a small subset of the English language can be describeq by

using the symbols

S: sentence V: verb O: object A : article N : noun

fa

SP:"’s:ﬁbject phrase V P: verb phrase NP : noun phrase

-
in the following rules:

S — SP VP N — tree
SP— AN VP —V O
A —a V — ate

A — the V — climbs
N — monkey O — NP
N — banana NP —>AN

These rules state that a sentence is composed of a ‘“‘subject phrase’’ followed by
a ‘“verb phrase’; the ‘‘subject phrase’” is composed of an ‘‘article’’ followed by

a “noun’; a verb phrase is composed of a ‘“verb’” followed by an ‘‘object’’; and
so on.

The structure of a language is discussed by using symbols such as “‘sen-

sentence

T~

/subject\ verb phrase
- /
Iete noun verb object
noun phrase
nouﬂ
article
na

: (B ttcey ate the bar®

1
FIGURE 37
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tence,” ‘“verb,” ‘“‘subject phrase,”” and ‘““verb phrase,”’” which represent syntactic
classes of elements. Each syntactic class consists of a number of alternative
structures, and each structure consists of an ordered set of items which are either
primitives (of the language) or syntactic classes. These alternative structures
are called productions or rules of syntax. For example, the production, S — SP VP
defines a ‘‘sentence’’ to be composed of a ‘“‘subject phrase’ followed by a “verb
phrase-” The symbol — separates the syntactic class ‘“‘sentence’’ from its defini-
tion.

The syntactic class and the arrow symbol along with the interpretation of

a production enable us to deseribe a language. A system or language which de-
seribes another language is known as a metalanguage. The metalanguage used to
teach German at most Canadian universities is English, while the metalanguage
‘used to teach English is English. The diagram of a sentence describes its syntax
but not its meaning or semantics. At this time, we are mainly concerned with the
syntax of a language, and the device which we have just defined to give the
syntactic definition of the language is called a grammar.

Using the grammatical rules for our example, we can either produce (gen-
erate) or derive a sentence in the language. A computer programmer is con-
cerned with using the productions (grammatical rules) to produce syntactically

«correct programs. The compiler of a language, on the other hand, is faced with
the problem of determining whether a given sentence (source program) is syn-
tactically correct based upon the given grammatical rules. If the syntax is cor-
rect, then it produces object code. ;

Consider the problem of trying to generate or produce the sentence ‘“‘a
monkey ate the banana’’ from the set of productions given. It is accomplished by
starting first with the syntactic class symbol S and looking for a production
which has S to the left of the arrow. There is only one such production, namely,

(1

e

We have replaced the class S by its only possible composition. We then take
the string

SP VP

and look for a production whose left-hand side is SP and then replace it ‘W’.ith
the right-hand side of that production. The application of the only production
possible produces the string

ANYVP

We next look for a production whose left part is A, and two s-uch_ pro_duci_;ions
are found. By selecting the production A — a and upon substituting its right-
hand side in the string A N VP, we obtain the string

aN VP

orrect sentence. At this point,
elements of the language (no
““a, monkey ate the

This process is continued until we arrive at the ¢
€ sentence contains only primitive or terminal
classes). A complete derivation or generation of the sentence
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banana’’ is as follows: S SP VP

= A N ¥F

—a NVP

— a monkey VP

— a monkey V O

— a monkey ate O

—» g monkey ate NP

— g monkey ate A N

— a monkey ate the vV

— a monkey ate the banana

Here the symbol = denotes that the string on the right-har-ld side 9f the symbol
can be obtained by applying one rewriting rule to the previous string.
The rules for the example language can produce a number of sentences,

Examples of such sentences are
The monkey ate the banana.
The monkey climbs a tree.
The monkey climbs the tree.
The banana ate the monkey.

The last (ff t%'lese sentences, although grammatically correct, doesn’t really make
sense. Th%s situation is often allowed in the specification of languages. There are
many valid FORTR.AN and PL/I programs that do not make sense. It is easier
to define languages if certain sentences of questionable validity are allowed by

the rewriting rules.
A The set of sentences that can be generated by the example rules is finite.
ny interesting language usually consists of an infinite set of sentences. As &
;ﬁ?:;ﬁl fac;:, ;Jhe }mportance of a finite device such as a grammar is that it

es s as . .

sentences. udy of the structure of a language consisting of an infinite set of
identigzi,tl';‘i :yggglllscé; D, a,lrll_d I denote the classes I.: letter, D: digit, a.nd.I :
ns which follow are recursive and produce an infinite

set of names because the syntact; i .
e et r}}f: actic class [ is present on both.the left and therl ght

I—L D—0
I —1ID D—1
I —>JL

L —a D—9

L —b

L — 2
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een that the class I defines an infinite se

i ea,sily = t of strings o
It 18 i f a letter foll £S OT names in
pich € oh name consists o owed by any number of letters or digits.

¢ f using recursion in the definjt; -
wpl s a consequence o : : € defmition of the prod
This set ;,nd [ — IL. In fact, recursion is fundamental to the od(::ﬁrI:itio;;1 c(f;o: .
”.{Dlanguage by the use of a grammar. .
infintt®

3.2 Formal Definition of a Language
3- .

4 us NOW formalize the idea of a grammar and how it is used. For this purpose,

; Vr be & finite nonempty set of symbols called the alphabet. The symbols in
1; are called terminal symbols. The metalanguage which is used to generate strings
: Tthe language is assumed to contain a set of syntactic classes or variables called
:;nwmz’nal symbols. The set of nonterminal symbols is denoted by Vu, and the
clements of Vv are used to define the syntax (sFr.u(}ture) of the language. Further-
more, the sets Vv and VT-are assumed to be disjoint. The set V5 U Vi, consisting
of nonterminal and terminal symbols is called the vocabulary of the language.
We shall use capital letters such as 4, B, C, ..., X, ¥, Z to denote nonterminal
symbols, while 81, S, ... represent the elements of the vocabulary. The strings
of terminal symbols are denoted by lowercase letters z, ¥, 2, ..., while strings
of symbols over the vocabulary are given by «, 8, v, . ... The length of a string
o will be denoted by | « | . ‘

Definition 3-3.1 A (phrase structure) grammar is defined by a 4-tuple
G = (Vw, Vo, S, ®) where Vy and V are sets of terminal and nonterminal
(syntactic class) symbols respectively. S, a distinguished element of Vi
and therefore of the vocabulary, is called the starting symbol. & is a finite
subset of the relation from (VU Va)* Vy (V2 U Va)* to (Vo U Va)* In
general, an element {(«, B) is written as « — B8 and is called a production rule
or a rewriting rule.

For our example given earlier, we may write the grammar as Gi = (Vy,
V7, 8, ®) in which

VN= {I’L,D}

Ve = {a, b, ety €, 0 0,8, 8,0, kb, L, my 7, 0, Dy @, By 83 by Uy B, W0, X, U 2
0,1,2,3,4,5,6, 7,8, 9}

S=I

*=U—>r,1—>7I1L,1>ID L—a L—b,...,L—2D—0,

D—1,...,D—9)

Definition 3.3 2 Lot ¢ = (Vw, Vi, S, ®) be a grammar. For @ ¢ €
it tﬁ UVr)* — (A}, o is said to be a direct derivative of ¥, written as 1{"1?1;1;
~Ire are strings ¢, and ¢, (including possibly empty strings) suc

T Pradgyand ¢ — &1 B ¢z and « — B is a production of G.

It
t?‘P. F € may also say that y directly produ

or _ .
tong o STammar G of our example, we have listed In
rect derivati .

ces o or o directly reduces

v — o, w .
Table 3-3.1 some illustra-
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Table 3-3.1
o v Rule used o it
L_,//
A
A
Z = b
fb b I—L j: b
Lb ab L— ? L A
D — i D

LD L1
D abD L —a
ended to produce a String o not necegg

now be ext
f steps fro

: ari
These concepts can m a string ¥. y

- .
3-3.3 Let' G - <I N I T jS, I) l)e a gramnlar 'I\]

Definition is the derivation of ¥), written as y %
duces ¢ (o reduces to ¥, oT @ = o

'I}r(t):h are strings ¢o, $1, - - -1 n (r= 0). suc}'_l Fhat < ¢0-=-=) P 6=

i ere — . The relation = is the transitive closure

= ¢, and ¢én _
(fif’t'h.e.;'etlﬁ;é;n =¢; If we let n = 0, then we can define the reflexive transi.

i losure of = as +
tive ¢ ‘#;:)a - yBo or ¢ =o

Returning to the grammar G, we show that the string abcl2 is derived frop,
I by following the derivation sequence:

I =ID= IDD = ILDD = ILLDD = LLILDD = aLLDD
= abL.DD = abecDD = abclD = abel?2
Note that as long as we have a nonterminal character in the string, we can pro-

duce a new string from it. On the other hand, if a string contains only terminal
symbols, then the derivation is complete, and we cannot produce any further

strings from it.

DeﬁJ}ition 3-3.4 A sentential form is any derivative of the unique non-
terminal symbol S. The language L generated by a grammar G is the set
of all sentential forms whose symbols are terminal, i.e.,

L(G) = {o| S=cand o € V¥}
Therefore, the language is merely a subset of the set of all terminal strings
over V.
We shall now give a number of examples of grammars.

EXAMPLE 1 et Gy = ({
of the productions

B, T, F}, {a, +, %, (,)}, E, ®) where ® consist?
E—-E+T
E—-T
T T k P
T — F
F — (E)

F —a
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variables £, T, and F represent the names *¢

where the . -
commonly used in conjunction with arit

expression,” ‘“‘term,” and

11 actor" : : )
rii’ation for the expression a * a + a is hmetic expressions. A de-
E=E+T
=T+ T

=T xF+T
=F x F+ T
=ax F+ T
=a*a+ T
= axa—+ F

= a X a—+a

EXAMPLE 2 The language L(G3) = {a"b"c® |n > 1} is generated by the
following grammar.

Gs = ({8, B,C}, {a,b,c}, S, ®)
where ® consists of the productions
S — aSBC
S — aBC
CB — BC
aB — ab
bB — bb
bC — be
cC —cc
The following is a derivation for the string ab?c?:
S = aSBC
= aaBCBC
= aaBBCC
= aabBCC
= aabbCC
= aabbcC

= aabbcc

B _
XAMPLE 5 The languege L(Gr) = (abar |n 2 1) s generated by (¢

gl‘ammar
G = (8, C, ta, b}, S )

Where g ;
18 the set of productions S — aCa
Cc —aCa
C — b
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A derivation for a*ba® consists of the following steps:
S = aca

== aaC'aa
= aabqg

EXAMPLE 4 The language L(Gs) = {arba™ | n, m = 1} is generateq byk N
grammar
Gs = ({8, 4, B, C}, {a, b}, S, &)
where the set of productions is
8 -—sas
S — aB
B — bC
C — ol

C —>a

The sentence a?ba® has the following derivation:
S=aS »
= aaB
= aabC
= aabaC
= aabaaC

= aabaaa

Chomsky classified grammars into four classes by imposing restrictions on
the productions.

Definition 3-3.5 A context-sensitive grammar contains only productions
oftheforma——anhereIa] =\|8!.

_ Thi§ rfestriction on a production prevents 8 from being empty. Because o
this restriction the set of sentences generated by such a grammar is recursively
solvable. ’1_‘he restriction on the productions of a context-sensitive grammar
can be equivalently stated as follows

a and B in the production o« —s B can be expressed as a = ¢1 A & and
B = ¢1¥ & (é1and/or ¢, are possibly empty) where ¢ must be nonempt”

e meaning of “context-sensitive’” becomes clearer with this reformulatio™
The appllcatlf?n of a production ¢, 4 @2 — ¢y ¥ ¢ to a sentential form mean’
th?,t 4 is rewritten as ¢ in the context ¢; and ¢, Ccz)ntext—sensitive grammars are
s:eud to generate context-sensitive languages. (7 - looln context-sensl—
tive grammar. - Uz 1s an example O

We now impos . ext-
e a further restricti : i con
ction ain &
free grammar. on productions to obt



3-3 GRAMMARS
AND LANGUAGES 303

cfinition 3-3.6 A contert-free grammar contains

roducti
a— B where |a| < |B8]|and a € Vy. pbroductions of only

D
the form

With such grammars, the rewriting variable in a sentential form is re.
written regardless of tke other symbols in _1ts_ vicinity or context. It has led to
the term “context—f.ree for grammars consisting of productions whose left-hand
side consists of a single cl.ass‘ symbol. Context-free grammars do not have the

ower to represent even .s.lgm.ﬁcant parts of the English language since context
dependency is often required in order to properly analyze the structure of a sen-
tence. Context-free grammars are not capable of specifying (or determining)
that a certain variable was declared when it is used in some expression in a sub-
sequent statement of a source program. However, these grammars can specify
" most of the syntax for computer or artificial languages since these are, by and
large, simple in structure. Context-freec grammars are said to generate context-free
languages. Grammars G, G, and G4 are examples of context-free grammars.

A final restriction leads to the definition of regular grammars.

Definition 3-3.7 A regular grammar contains only productions of the
form « — 8 where |« | < |8 |, @ € Va, and B has the form aB or a where

a € Ve0and B € V.

The set of languages generated by such grammars is said to be regular. G5
is an example of a regular grammar.

Let the unrestricted, context-sensitive, context-free, and regular grammars
be denoted by the class symbols T, 11, T2, and T’ respectively. If L(T.) repre-
sents the class of languages that can be generated by the class of T, grammars, it
can be shown that

L(Ts) C L(T2) C L(T1) C L(To)

and therefore the four classes of grammars form a hierarchy. Corresponding to
each class of grammars there is a class of machines (acceptors) that will accePt
the class of languages generated by the former. We return to this problem in
Chap. 6.

We conclude this subsection by introducing a different metalanguage from

the one which was previously used. The metavariables or syntactic classes will

be enclosed by the symbols ( and ). Using this terminology, the symbol (sentence)

is a symbol of Vy and the symbol “sentence’ is an element-of V. In this way,
no confusion or ambiguity arises when attempting to distinguish the two SymbOISCi
This metalanguage is known as Backus Naur Form (BNF) and has been usle
extensively in the formal definition of many programming languages. iy popf}l arl;
language described using BNI" is ALGOL. I'or example, the definition ot a

identifier in BN is given as

(identifier) :: = {letter) | (identifier) (letter) | (ide11tiﬁer><d1g1t)
(etter) ::=a|blec| ---lyle
(digit) :: =0 |12 --- |89 d | is used
. tation, and | 18
The symbol :: = replaces the symbol — in the grammar 91;1)) onding to the same

to separate different right-hand sides of productions corr
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left-hand side. The symbol :: = is interpreted as “is defined as” apg | ag «
BNTF gives a much more compact desecription of a language than coylg e el or.n
with the previous metalanguage. Eveq

3-3.3 Notions of Syntax Analysis

In the following pages we briefly discuss .the problen} of syntax analysis op Parsiy
The parse of a sentence is the construction of a derivation for that Sentence, ) *
is, a sequence of productions used in generating a given sentence from st&;ﬁ
ing symbol is required. )

An important aid to understanding the syntax of a sentence is 5 Syntag
tree. The structural relationships between the parts of a sentence are easily soe,
from its syntax tree. Consider the grammar descrlbfed ea.rller for_ the set of valiq
identifiers or variable names. The derivation of the identifier al is (identiﬁer> -
(identifier ) (digit) = (letter){digit) = a (digit) =>.a1. .Let us now illustrate hey
to construct a syntax tree corresponding to this der1vat19n. This process is shown
as a sequence of diagrams in Fig. 3-3.2, where each diagram corresponds t, a

< identifier> <identifier> < identifier>
O

<lidentifier>

<identifier> < digit > < digit >

<< letter >
(a) (b) (c)
<identifier> <identifier>
< ) ) igit >
identifier > <identifier> <de
<digit >
< letter >
CP <letter> O 1
o &
a
(d)

(e)

1
ce d
FIGURE 3-3.2 Syntax tree for senten
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sentential form in t]:{e derivatior_x of- the sentence. The syntax tree has a distin-

ished point called its root, which is labeled by the starting symbol (identifier)
of the grammar. From the root we d‘raw two downward branches (see Fig. 3-3.2p)
. Orrespondil-’lg to the revnzltlng of ({dent'%ﬁer) by (identiﬁer)(digit)_ The symbol
(identiﬁer) in the seqtent{al fOI_'m (identifier ) (digit ) is then rewritten as (letter)
py using the production <1(Elentlﬁer) 12 = (letter) (see Fig. 3-3.2¢). This process
continues for each production applied until Fig. 3-3.2¢ is obtained.

Given a sent(.ance-in the language, the construction of a parse can be de-
scribed pictorially in Fig. 3-3.3 where the root and leaves (which represent the
terminal symbols in the sentence) of the tree are known and the rest of the syntax
tree must be found. There are a number of ways by which this construction can
be accomplished. First, an attempt to construct the tree can be initiated by
starting at the root and proceeding downward toward the leaves. This method
is called a top-down parse. Alternatively, the completion of the tree can be at-
tempted by starting at the leaves and moving upward toward the root. This
method is called a bottom-up parse. The top-down and bottom-up approaches can
be combined to yield other possibilities.

Let us briefly discuss top-down parsing. Consider the identifier ¢2 generated
by the BNF grammar of the previous subsection. The first step is to construct
the direct derivation (identifier) = (identifier)(digit). At each successive step,
the leftmost variable A of the current sentential form ¢ A ¢: is replaced by the
right part of a production 4 :: = ¢ to obtain the next sentential form. This
process is shown for the identifier ¢2 by the five trees of Fig. 3-3.4.

We have very conveniently chosen the rules which generate the given
identifier. If the first step had been the construction of the direct derivation
(identifier ) = (identifier ) (letter), then we would have eventually produced the
sentential form c(letter ) where it would have been impossible to obtain ¢2. At this
point, a new alternative would have to be tried by restarting the procedure and
choosing the rule (identifier) :: = (identifier)(digit). _ )

A bottom-up parsing technique begins with a given string gnd tries to re-
duce it to the starting symbol of the grammar. The first step In parsing the
identifier ¢2 is to reduce ¢ to (letter), resulting in the sentential form (letter )_2.
The direct derivation (letter)2 =>¢2 has now bee.zn co.nst.ructed, as shown in

Fig. 3-3.5d. The next step is to reduce {letter) t? {identifier), as rep.res%ngeg b-y
Fig. 3-3.5¢. The process continues until the entire syntax tree of F 1%' t-tI; arlf
constructed. Note that it is possible to construct other derivations, bu ere

<S5>

I Sentence J

FIGURE 3-3.3
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< identifier> < identifier> <identifier>

<identifier> <digit > <identifier>

<digit>
< letter >

<identifier> =< jdentifier> < digit > =< letter > <digit >

<identifier> <identifier>

< identifier> <digit > < identifier> <digit>

< letter > < letter > >

= c<<Digit> =c2

FIGURE 3-3.4 Trace of a top-down parse.

sulting syntax tree is the same. We will return to the very important problem of
bottom-up parsing in Chap. 5.
We now turn to a more general discussion of language translation. A com-

piler for a certain language 1s concerned with a number of tasks, namely, de-
g a syntax

termining whether a sentence belongs to the language, constructin o
tree for the sentence, and generating object code for the given sentence 1’1:3 11:
3-3.6.

syntax and semantics are valid. This process can be represented by Fig.

The source program is input to a scanner whose purpose is to separate the
incoming text into pieces such as constants, variable names, key words (&0 c-h
as DO, IF, and the like in FORTRAN), and operators. This type of analysts 13
quite simple to perform. Usually the scanner constructs tables which contain var!
able names, constants, and labels. . truct

The scanner feeds the syntax analyzer whose task is essentially to conSz i
a syntax tree (or its equivalent) for the given sentence. The syntax ana}yzer is
much more complicated than the scanner. The output of the syntax aila;lze -
fed to the code generation block which uses the syntax tree for the S_entecode for
other things (which are not specified for simplicity) to generate objec

that sentence.
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< identifier >
< identifier>
< letter > <digit >
c 2
(a)
< identifier>
< identifier>
< letter > < letter >
c 2 c 2
(c) (d)
=<identifier> 2 =< letter > 2

<identifier>
< letter > <digit >
c 2
L J
(h)

= < identifier><<digit >

Lo
9

(e)

=c2

FIGURE 3-3.5 Trace of a bottom-up parse.

Compiler

Recognition phase of a compiler

L

Source
program

Scanner

Syntax
analyzer

Code

generation

FIGURE 3-3.6 Block diagram of a compiler.
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Consider the following scanner problem. It is re‘ilrulllred to construet, 8 Scanpe,
that will split up a sentence into a number of parts. ese ;1>a}'ts are stringy Such
as identifiers, literal constants, adding operators, mul;',lp ying OPeratorg, ang
exponential operators. The syntax of these primitive classes is now given An
identifier is described by the following rules:

(identifier) :: = (identifier)(letter) | (identifier)(digit) | (letter)
(etter) :: = A|B|C)| ---Y | Z
{(digit) ::=0]|1]|:--8|9
Literal constants are described by the rules
(literal constant) :: = (digit string) | {(digit string). (digit string) | (digit string).
(digit string):: = (digit) | (digit string) {(digit)
The different classes of operators are described by the productions
(adding operator) :: = + | —
(multiplying operator) :: = > | /
{(exponentiation operator) :: = >k >

The syntactic classes {identifier), (literal constant),
plying operator), {(exponentiation operator) in a line o
For example, an input statement such as

{adding operator), (multi-
f text are to be singled out.

ANSWER+15.5% G-+H % *1I'/12—Q
would break down to the following table:

ANSWER (identifier)
—+ {adding operator)

155 (literal constant)
(multiplying operator)
(identifier)

(adding operator)
(identifier)
{exponentiation operator)
(identifier)

(multiplying operator >
(literal constant)

(adding operator )
(identifier)

olp~=lztox

A PL/I program which performs this Scanning is left as an exercise.

EXERCISES 3-3

s~
= m¥2’
7 Obtain a grammar which will generate the language L = {xx where T : :;;he lan-
and z; € {a, b} for all1 < ¢ < n}. For example, if 2 — ab, then abab 13
guage. '
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er the following grammar with the set of terminal symbols {a, b} :

Consid
S—a S— Sa S5 S—bS
escribe (in a closed form) the set of strings generated by the grammar.
grrite grammars for the following languages:

a) The set of nonnegative odd integers

(b) The set of nonnegative even integers with no leading zeros permitted
Give a grammar which generates

L = {w | w consists of an equal number of a’s and ¥’s}
Give a context-free grammar which generates

L = {w | w contains twice as many Os as 1s}

Construct a regular grammar which will generate all strings of Os and 1s having both
an odd number of Os and an odd number of 1s.
Obtain a grammar for the language

L =1{01/|i>j and 3,j> 0}
Obtain a context-sensitive grammar for the language { a™ | m > 1}.

Construct a context-sensitive grammar for the language {w | w € {a, b, ¢}* — {A},
where w contains the same number of a’s, b’s and ¢’s}.
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In Secs. 1-2.15, 44, and 4.5 . )
outputs at a particular in%t: e have discussed Switching circuits in which the
: Santin time were funetions of only the inputs at that

eombinati .
mbinational cireuits, In most digital computers,

however, a number of circyijty (or
. 8 (or elements : hinl o
tions to be performed in g seqquential ) are required which enable opera-

. ) : manner. This ge 1 f ti 1S
eved by means of quencing of operations 1
a'(;'l(],'luitcs at any given) t?mtlmod ceauence of clock signals. The outputs of these
lef rm.ation in the com ° are functions of the external inputs and the stored
led ' Puter at that time. Such cireuits are called sequential
circuits. A computer can he viewed as '

& network consisting of a finite set of ele-
ments. Ea:ch of these elements can be in only one of a finite number of states at
any one time, so that we may also con

: sider a com . L
of a finite set of states. puter as a network consisting

T%)e first sumcf’“’“. briefly introduces the concept of a sequential circuit.
The finlte:state machine is then introduced as an abstract model for sequential
circuits. I Or reasons such as costs, reliability, etc., it is desirable to obtain a re-
duced or mmm.lal machine which is equivalent to a given (and usually not
minimal) machine. In pursuit of this goal, the second subsection gives a defini-
tion of equivalent machines and proceeds to develop an algorithm for deter-
mining a minimal machine which is equivalent to a given machine.

4-6.1 Introductory Sequential Circuits

Many sequential circuits are encountered in daily activities. Most people on
their way to work encounter the sequential and usually predictable operation
of traffic lights; the elevator control which causes the elevator to drop us at some
point on the way up before taking on passengers on the way down; the sequential
aspects of a combination lock which remembers the sequence of combinational
digits; etc. We now proceed to give a concrete example of a sequential circuit
for a serial adder.

In Sec. 4-5 a combinational circuit for a binary full-adder was discussed.
Each bit position in a 32-bit number, for example, was made available at the
same time. Therefore the adder had 64 external inputs available at one time.
Let us now consider a binary adder which consists of two external inputs, each
corresponding to a binary number. Each number consists of a sequence of })1t§,
but the availability of the bits depends on time. An adder to pe'rform the indi-
tated operation necessarily operates in a sequential manner and is c(?nseqpenfily
called g seriql binary adder. The block diagram of such an adder is given in Fig.

-1, where the sequences of bits for z, Y, and z are represe_nted DY Tn—1Zn—2° * * T1Z0,
Y1y _ge o« Y190 and 2z,_12n_a- + - 2120, respectively. The two 1f1puts, x a,nd Y and t.he
OUtput, 2, each consists of n bits. The addition of z and y is to be done in a serial
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Xn_lxn_2 G o xlXD——ﬁ
Serial
binary fn-1%n_3 . . 2,2,
adder

Fa- 1Yo -2 - - Yadg

FIGURE 4-6.1 A block diagram of a serial adder,

Tnanmer; i.e., the least significant digits, zo and yo, of the inputs arrive simultane-
ously at the input terminals at time {o; & unit of time later (typically from 106t
10—° sec), the next least significant digits z1 and y arrive, etc. Finally, the bits
Zn_1 and yn_; arrive at time ¢._;. The time interval between the arrival of pairs
of input bits is controlled by a very precise clock signal. It will be assumed that
the combinational circuit delay is insignificant as compared to the clock fre-
quency. Accordingly, we may say that z; appears at the output of the adder at
the same time that z; and y; appear at the input terminals.

Consider the addition, according to Table 4-5.1, of the following binary

numbers:

la ls l2 41 to
z — 0 1 1 1 1
Yy = 0 1 0 1 0
z2 = 1 1 0 0 1

Note the difference between a combinational circuit and the serial adder. In the
former case, the output at time ¢; is determined from the inputs at that time,
while in the latter circuit the output required at a particular time is different
from that required at another even though the input combinations are the same.
For example, at times ¢, and #; the inputs are both 1s, but the required outputs are
zy = 0 and 23 = 1, respectively. A similar situation exists for the input combina-
tion at times % and f;. From these observations, it is evident that the output of
the serial adder cannot be specified as merely a function of its inputs.

It is obvious that the output of the adder at time ¢; is a function of its inputs
z; and y; at that time and of the carry bit which was generated at time t,—;. This
carry bit will depend on the inputs at time t;_», and so on. Therefore the serial
adder must be able to remember or store information regarding its inputs from
time % to ¢;—1. It is impractical to store all the previously encountered input bits,
and we therefore try to establish a relationship between the inputs z; and y: and
the output z,.

Observe that in the serial adder there are two different cases arising from
past input histories; the first case involves a carry bit of 0, and the second a carry
bit of 1. These cases represent the states that the adder can be in at any given
time. Of course, the circuit can be in only one state at one time. By having the
adder remember the carry digit from the previous time interval, the adder has
essentially remembered all its past inputs.

Let so and s, denote the state of the adder at time ¢, if a carry of 0 and 1 was
generated at time ¢;_1, respectively. We shall denote the present state of the adder

-

. W - TER. TEE e W W
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Output functio
Input symbols "
present state X 00 01 11 g olzp“t "ymbols
1 11 10
80 8o 8
80 . -
o Se il 1 8y 2 (];’ 0 1
1 0
te of the circuit when the present input :
as the sta . buts are applied to the in
minals. The next state of the adder is defined as the state to which it gore):gta::
I

the present inputs and the previ'ous carry bit have be
2, at time & will then be a function of the inputs z, and Y¥: and the state of th
adder at time .. Also, t-:he next state of the adder depends only on the preseni
inputs and the carry bit (denoted by the present state). The behavior of the
serial adder can be conveniently described by means of a table as shown in
Table 4-6.1.

The table consists of two functions—the next-state function and the output
function. Each row of the table corresponds to a state in the adder, and every
column for each function corresponds to a combination of inputs. The entries
for the next-state function denotes a state transition, and the corresponding
entries in the output function denote the output symbols written on the output
tape. For example, if the adder is in state so, that is, the present carry bit is O,
and it receives the input combination z;y, = 11, then the adder will go to state
81, indicating that a carry bit of 1 has been set, and an output bit z; = 0 1s gen-
erated. The other entries of the table can be interpreted in a similar manner.
It now becomes evident that the table completely specifies the operation of the
serial adder. .

We can easily implement such an adder if some storage device to repre-
sent the presence or absence of a carry is used. A number of such devices are
available, but we shall only mention one—the unit delay element whose delay is
equal to the time interval between two successive clock pulses. The state of the

en examined. The output

Clock signal

X —————— S.erial 2
binary |——— "

adder

.

FIGURE 4-6.2 A serial binary
adder.
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delay element will be represented by ¢, and it will assume a value of 0 or oo
responding to the absence or presence of a carry bit. Since th_e present value ¢
the input of the unit delay at time ¢: is equal to its output at time ¢,,,, this input
is called the next state of the delay element_’ A bIoc_k—dlag?am representation of
the adder is given in Fig. 4-6.2, wl}ere — 3dd-11_31011_3-1 input line denoting the clock
signal is also included. This additional input mdlc_at.es that-.the §eria1 adder is g
synchronous circuit and that all events occur at discrete points in time.

We have given a very brief introduction to sc?quentlal circuits. In the next,
subsection we formalize these ideas and proceed with the development of an al-
gorithm for determining a minimal equivalent sequential circuit for g given

sequential circuit.

4-6.2 Equivalence of Finite-state Machines

In the previous subsection the basic notions of sequential eircuits were introduced.
We now wish to formalize these concepts by defining a finite-state machine,
Furthermore, the important question of equivalent machines is discussed. In
particular, we shall define what is meant by equivalent machines and show that
for any given machine there exists a minimal equivalent machine. This reduced
machine is homomorphic to the given machine. An algorithm for obtaining a
minimal machine is developed. Finite-state machines have interesting algebraic
properties based on the theory of semigroups, but we will not be concerned with
such properties in this subsection. Finite-state machines can do many things,
but there are certain operations such as multiplication which are beyond their
range. We now proceed to the definition of a finite-state machine.

Definition 4-6.1 A sequential machine, or finite-state machine, is a system
N = (I, 8, O, 5, \), where the finite sets I , S, and O are alphabets that
represent the input, state, and output symbols of the machine respectively.
The alphabets I and O are not, necessarily disjoint,but I n.S = On S = &.
We shall denote the alphabets by

I = {aﬂxafly---:an} S = {80,81,...,8".} = {00,01,..-,0f}

6 %s sl mapp?ng of 8 X I — § which denotes the next-state function, and
A 1s a mapping S X I — O which denotes the output function. We assume
that the machine is in an initial state s,.

Formally, a finite-state machine therefore consists of three not necessarily
distin.ct alphabets and two functions. An abstract representation of a finite-state
machine is given in Fig. 4-6.3. The machine reads a sequence of input symbols
that are stored on an nput lape and stores a sequence of output symbols on an
output tape. Let the machine be in Some state s; and reading the input sym _bol
a, undf.ar. 1ts reading head. The mapping A is then applied to s; and a,, thus causing
the writing head to record a symbol o on the output tape. The function & then
causes the machine to go into State s;. The machine proceeds to read the next
Imput symbol and continues its operation until all symbols on the input tape
?re p.rocessed. Ob?,erve that the tapes are allowed t0 move only in one direction.

n Fig. 4-6.3 the Input symbols gre processed from left to right. It should be

o b i

AR e e T e, GRS N/ 10

{
\



4-6 FINITE-STATE MACHINEs 457

Direction of input tape

( o0
e
Reading head ﬁ \\ 7

Finite state
machine

g Writing head \t\\/ /‘ {

Direction of output tape

FIGURE 4-6.3 Model of a finite-state machine.

noted, however, that in the serial-adder example the input was assumed to
have been read right to left. This is due to the positional property of fixed-radix
number systems.
The mappings 8 and A are defined for all ordered pairs in S X 7, and in such
a case the finite-state machine is said to be completely specified. A machine of this
type, when starting in a given initial state so, will read the input tape and write a
uniquely determinable sequence of symbols on the output tape.
The serial-adder example given in the previous subsection can be described
within the framework of this definition as
I = {00, 01, 11, 10} S = {80, 81} 0= {0, 1}
Gi= { (80: 00; 80); (30: 01: SO): (30: 117 81>’ (SO: 103 SG);
<S1, 00, So), <81; 01, 31): (81: i1 1), (31: 10, s1)}
o= {<80; 00’ 0): (So, 01: 1): (80) 11; 0): (So, 10’ 1)3
(sl, OOr 1); (31: 01; O); (81, 11) 1)) (81, 101 0>}

The start )
ting state of the machine is so. .
which a second example, consider the construction of a ﬁintiel—statzsrgfgﬁinz
ch wil] : S lse divider is to have :
Eneeto Pl lnabet e e f bits, is to be determined

A 1 uence O
8 follGwg . its. The output, which is also a seq
er of Ison the input

f lis to be written out at time ¢ if and only if the numb
4Pe up to time ¢ is a nonzero cven number.
o 4-6.2, and

iven in Tabl -
= ontains the

input tape ¢ -
e 1np ads the first input

When the second

The ., . .
“Pecification of a machine to perform this task 1s

b inie:
strinfgnilgl state is assumed to be so. Suppose that the 1n
S¥mbg) 1011. The machine starts in state so, and when it re

L, it goes to state s; and writes O on the output tape-.
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Table 4-6.2
" A
bols
Present state Input symbols Input &3 ’1'
1 0 1 f
8o 80 81 0 {;
81 81 8o 0

input symbol 0 is read, the machine rema,ins: in state S1. The 1.;hjrd syml.)ol causeg
the machine to enter so and output a 1. Th_ls process 18 contmue.d until the epg
of the input tape is encountered. It is easily verified that the input 10101; i
transformed to the output 001001. ) )

Tt is frequently convenient to use a directed gra.;-)ltl instead of describing the
functions 6 and A by means of a table called the transztw-n table, as was just done,
In the design of a finite-state machine, it is usually easier to formulate g design
based on a graph rather than one based on a state table. The graph associateq

with a machine is called its transition diagram.

Definition 4-6.2 The transition diagram of a finite-state machine M is
a directed graph in which there is a node for each state symbol in S, and
each node is labeled by the state symbol with which it is associated. Fur-
thermore, for each ordered pair (s:, s;) such that there exist the 3-tuples
($i, @p, s;) and (s;, ap, 0r), there is a branch originating at node s; and ter-
minating at node s;, and each such branch is labeled by the pair QAp/ Ok.

As an example, the transition diagram of our serial adder is shown in Fig.
4-6.4.

Any finite-state machine can be viewed as a ‘“black box’’ which reads input
words and generates output words. It is natural to think of a finite-state machine
as a device which transforms words into words. More precisely, if I* and O* are
the sets of words on the input and output alphabets, I and O, respectively, the
operation of the machine can be described by the function g: I* — O*. Observe
that this function has an infinite domain and range. Since machine equivalence

01/1 01/0
00/0 10/0
11/0
S0 Yo {5
00/1
10/1 11/1
adder

FIGURE 4-6.4 Transition diagram for serial
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be described in terms of such a mapping, we proceed to generalize the func-
tions 9 and 2. ;
Consider & SefUEREE & =otita s of input symbols. Let s, be the initial
ate of the machine. The state 8; of the machine for the input z, is given by
s
81 = 8(80, o) = 81(S0, To)

shere & = &1 S X I — S. The reason for introducing &; will become obvious as
we proceed. Next, consider the change in state due to the second input symbol

1; the next state s; is given by
; 82 = 5(811 xl) = 6(5](80, xo), Il) e 62(80, xo_»rl)
where 82: S X I* — S. The next state after the input z, is

82 = 8(S2, T2) = 8(82(80, Tox1), Z2) = 82 (S0, ZToX1Z2)
where 85: S X I* — S. Continuing this procedure, one can now define a function
5,: S X I — S such that

Sn = 8n (S0, ToT1* * *Tn_1) = 8(8n—1(S0, ZoT1" = ~Tn—2), Tn—1)

Similarly, the output symbols oo, 01, ... can also be described with the help of
the function A, such that

00 = A(So, To) = A1(So, Zo)

01 = A(s1, 1) = A(81(S0, Zo), 1) = A2(S0, ToT1)

02 = N(Sz, 2) = 7.\(52(80, Zox1), T2) = Az(So, ToT1Z2)

On—1 = R(sn—l; xn——l) = 7\(5n—1(80, XoXy-* 'xn—2); xn—l)
= An (S0, ToX1* * *Tn-1)

Continuing in this manner, we can therefore define a function A,: S X I — 0.

There is no likelihood of any ambiguity if we suppress the subseript » from
3, and A, and write these functions as 8 and A. It would be clear from the length
of the string as to what function is involved.

Definition 4-6.3 Iet x = xor:1- - -Tn_1 be any input sequence containing
n symbols, and let @ be any input symbol. Then the mappings é and A can
be extended recursively as follows:

(@) 8(syy za) = 5(8(ss, ), @)

() A(si,xza) = N(8(si, 2), @)

(C) g (8 Tox- - “Zp—1) = A(ss xo) A(8s, Tox1) * “A(8: ToL1" - F )

_ As an example, consider the pulse-divider example of Table 4-6.2 when it is
SUb]L?cted to an input sequence of 11011. Computing the output function g,
Starting in state S0, we have

9(s0, 11011) = A (so, 1)A (80, 11)A (S0, 110) A (80, 1101) (80, 11011)
= A (0, 1A (8(s0, 1), 1)A(8(s0, 11),0) A (8 (S0, 110), 1) X (8 (S0, 1101), 1)
— A(s0, 1)A(8(80, 1), 1IN(8(8(s0, 1), 1), 0) N (8(3(8(0, 1),1),0), 1
A(5(5(5(5(s0, 1), 1),0), 1), 1)
01001
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Since our ultimate goal in this subsection is to develop an algori
obtaining an equivalent minimal machine for some given machine, W ﬁr;thln for
ulate what is meant by equivalent states. Intuitively, two stateg o 81.; form.
iff they produce the same output for any input sequence. Quivalen;

Definition 4-6.4 Let M = (I, S, 0, 5, X) be a finite-state machipe T
states s;, s, € S are said to be equivalent, written s; = s;, iff ) (s, -:n) wo
A(sj;, z) for every word z € I*. S

Tt is easy to show that the relation = is an equivalence relation.

Theorem 4-6.1 Let s be any state in a finite-state machine and 4 and
y be any words. Then
5(3: xy) = 6(6(8: SC) ’ y) and )\(3: xy) = )\(5(8: 27), y)

PROOF The proof will be by induction on the length of y. Let y = q.
Then

&ls, za0) = 8lé&(s,0),a) by Definition 4-6.3a

Assume that the equation is true for any y of length 7n; that is, the induction
hypothesis is

5(33 xy) = 6(5(8: x), ¥)

We want to show that it is true for y¥ having n + 1 symbols. From Definition
4-6.3a we can write

8(s, xya) = 8(8(s, zy), a)
The right side of this identity can be rewritten as

3(8(s, zy), a) = 8(6(8(s,z),y),a)

by the induction hypothesis. By letting s’ = §(s, z), the right side of this equa-
tion can be expressed as

§(8(3(s, ), y), a) = 8(8(s’, ), a)
= 6(s', ya) by Definition 4-6.3¢
= 6(6(s, x), ya)
The other part of the proof can be obtained in a similar manner. A1

. - tes are
We next prove an important theorem which states that if two sta
equivalent, then their next states will also be equivalent.

N = 5(3.’ ;p).
Theorem 4-6.2 Ifs, = s;, then for any input sequence %, 5(si» @) !

) )
PROOF It is clear from Definition 4-6.3 that if s; = s;, t]f‘len 7"23'1; ave
A(ss xzy) for any input word zy. Moreover, from Theorem 4-6.1, W

A (8 (se, ), y) = A(8(si 2 y) -
i Y € I*, 1t - 5 : e
or any L therefore follows by the definition of equivalence /// /

§(si &) = 5(8i x)
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Table 4-6.3

3

A
Present state
[ Input symbols Input symbols
0 1 0 1
S0
. S5 83 0 il
89 . . ; 0
- 81 S3 0 0
- 81 82 0 0
o 85 82 0 1
84 31 0 1

Definition 4-6.4, which Eieﬁnes equivalent states in a finite-state machine, makes
the identification of equivalent states virtually impossible. The deﬁnition’implies
that the equiva,lemfe f)f i and s; can be determined by placing an input tape into
the machine when it 1s in an initial state s;, repeating the operation for an initial
state Sj and comparing the output tapes. Since the number of possible input
words is infinite, this exhaustive procedure of comparing corresponding output
words for every input word is endless. Therefore, a more realistic and efficient
method for determining state equivalence must be used.

Definition 4-6.5 Let M = (I, S, O, §, \) be a finite-state machine. Then

for some positive integer k, s: is said to be k-equivalent to s;, that is,
k -

8; = 8§y, if

s;: & 8; > AN(ss, ) = A(85, ¥) for all z such that |z | < &

Clearly, Definition 4-6.4 is a generalization of Definition 4-6.5 for all k,
and hence s; = s; implies s: £ s;, but not conversely. _ .

The k-equivalence relation is also an equivalence relation, _and it d(.-;-ﬁges
a corresponding k-partition Pi on the set of states S whose k-equivalence 1s de-
scribed as follows:

—

8_;} a.nd P}g i I:s]k
able 4-6.3. Let us compute
states that have the same
jvalence class. Jrom Table

=

[sile = {si ] s

hine given in T
by placing all
n the same equ

As an example, consider the mac
the partition P,. It can be easily done
Out.;pms for all input words of length 11
46.3 we obtain

= 82, 33}
and [s1ls {s1
[80]1 == {So, S4, 35}

o - lation =;

d Pll‘ ML i o e 83}’}1;.' generated by the equivalence ¢

et P represent the partition

th. P :

. we have the following. e

= Pk; t‘hen Pk =

: . P
Theorem 4-6.3 1f for some integer e

versely.

|
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prooF It is obvious that P, = P implies Piry: = Py for any k: therefor
the converse is established. .

We next want to prove that Pxiis = Pr=> Pir = P. This wil] p, done
contradiction. Assume that Px = P and thfn show that Py, = p, By e ¥
tion, there exist states s: an(? S; suc_:h that s; = s; but s; = s;. Let ¢ be ¢, =
integer such that s: & s;. It1s obvious that g > k. If ¢ = k + 1, then s, b

Pryr # Pr
consecll\lTl(;B‘I;téippk(;e that ¢ > k + 1. Let = be an input sequence of lengt
let z = wy with w and y having lengths oii g — k — 1and k 4 1, resp
Because ¢ was chosen to be the smallest integer such that s; Z s,

follows that

h 9, and
Pectively.
1t diI'ECtly

A(s:, wy) == N(s;, wy)
Then by Theorem 4-6.1 with s; = 8(s;, w) and s; = §(s;, w), we obtain
A(sh y) = A(s), y)

Since y contains k£ + 1 symbols, we have shown that s ";1 8}
Finally, assume that y consists of k or fewer symbols. Since ¢ was the small-
est integer violating the definition of k-equivalence, it follows that

A(ss, wy) = A(sj, wy)

Again by Theorem 4-6.1 we obtain s} = s7. In summary, we have found two
states s} and s} such that s} i st and s} £ s, and it therefore follows that

Piy1 7= Py. /17

This theorem provides us with a simple algorithm for obtaining the Pa{‘ti'
tion of the states of a finite-state machine induced by the equivalence relation
=. The algorithm consists of the following steps.

1 Obtain P, from the output function (A) for the finite-state machine.
2 7+« 2,

8 Obtain P; from P, 4.
4 :¥f Pi. = P,:_l, then Halt.
5 t<=12 + 1, go to step 3.

The only step in this

. . -
- algorithm that we are unable to perform is step 3. The fo
lowing theorem

shows how to construct P; from P;_;.

Theorem 4-6.4 Tt 5. . e B £ o and for all @€ £
8(s:, a) £ 6(sj, a). Si, 8; € S. Then s; "= s;iff s; = s; an

PROOF S
Clearly s, *& 4, implies s; £ s,. We need only prove that
k41

S: "= g; if and only if 5(si, @) X 5(si @) )
By Deﬁnition 4. v s equi¥”
alent to 6.5, Theorem 4-6.1, and Theorem 4-6.2, this statement 1
A (Si, ax) = A\ S . % .
S Eeray (s;, ax) if and only if 5(ss, a) = 8(si ) ////

String ax is of length £ + 1
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t us now apply the previous algorithm to the finite-state machine de-

ribed in Table 4-6.3. We have already obtained P, = (s, 5., 54}, (s, 8. s3]},
Then ext step is to obta.m. partition P, whose equivalence classes are 2-equivalent,
i.e. equivalent _for any_mput Sequence of length 2. From Theorem 4-6.4, two
s;;a"ces are g_eqmval(_ant if and only if they are liequivalent and their next-state
- iccesSOTS aTe 1.equ1:valent forall a ¢ | 0_, 1}. This step is performed by splitting
equivalence cl?,sses in P; whenever their next-state successors do not all fall
ithin an equivalence .class of Pl._ Therefore P, = { {30, s4, 85}, {s1), {s2, sa)}.
gimilarly, we can obtain P })}' using the fact that two states are 3-equivalent
if and only if they are 2-equivalent and their next-state Successors are 2-equiv-
alent for all @ € {0, 1}. Su?h a computation yields P; = {{s,, s}, {s1}, {s2, ss},
{ss})- This process 1s continued for one more step, giving P, = P;. Therefore

the required partition is
= {{30, 84}, {31}, {32, 33}, {85}}

A question of considerable importance concerning this algorithm is whether
the process will always terminate. It can be shown that for any finite-state
machine with n > 1 states, there exists some integer k < n — 1such that P, = P.
This proof is left as an exercise.

We have discussed at some length the notion of state equivalence. In the
remainder of this subsection we will be concerned with machine equivalence.

Definition 4-6.6 ILet M = (I, S, 0, 8 A)and M’ = (I, 8, O, &, ') be
finite-state machines. Then M and M’ are equivalent, written M = M’, iff
for all s; € S there exists an s; € 8’ such that s; = s;, and for all s; € 87

there exists an s; € S such that s; = s;.

Again it is easily shown that = is an equivalence relation.

Table 4-6.4 contains a finite-state machine which is equivalent to the
Machine given in Table 4-6.3. Observe that sj in M” is equivalent to s, and s,
in M; sfin M’ is equivalent to s; in M; st in M’ is equivalent to s; and s; = M ;
and s; in M’ is equivalent to ss in M. Also note t'ha!,t the functions A and A" are
the same for the indicated correspondence, but this is only a necessary condition

for equivalence, not a sufficient one.

Table 4-6.4
81 A’
bols
Input symbols Input sym
l’l'resent state o P ! 0 ;
2 0 1
’ 83 S
8? 3{ 86 0 g
o Y Sz 0

’ 1 . 0 1

82 ’ 8

8,
8) o .
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Definition 4-6.7 A finite-state machine M = (I, S, 0, §, \) is said t, be
reduced if and only if s; = s, implies that s; = s; for all states 5,5, ¢ g

In other words, a reduced finite-state machine is one in which each State
is equivalent to itself and to no other. The partition of S in such a machine has

all its equivalence classes consisting of a single element.
We shall now show how to construct a reduced finite-state machine M

which is equivalent to some given machine M. Let S in M be pa_-rtitioned in g set
of equivalence classes [s] such that P = U [s]. I:e-t the function ¢ be defineq
on the partition P such that ¢([s]) = g, wh?re L R 3’1'b1t1'?-1_'y fixed element
of [s7, called a representative. It is clear that s’ = sin M. Let 8" in M’ be defineq
as
S’ = {s’| (3s)[s € Sand ¢([s] = ']}

and let I’ = I and O’ = O; that is, both machines will have the same input ang
output alphabets. The functions § and A" are defined as follows:

8 (s, @) = ¢([8(s", a)])

and N (s, a) = A, a)
where s’ is both in S and S’. Therefore the reduced machine is M’ = (I, §’, 0,
&, A).

Applying this procedure to the machine given in Table 4-6.3 gives the equiv-

alent reduced machine in Table 4-6.4.
We shall now state a theorem without proof which shows the existence of

a reduced equivalent machine.

Theorem 4-6.5 Let M = (I, S, O, 6, \) be a finite-state machine. Then
there exists an equivalent machine M’ with a set of states S’ such that
S’ < 8 and M’ is reduced.

The idea of one finite-state machine simulating another is very important
in a number of applications. This notion is formalized in the next definition.

Definition 4-6.8 Let M = (I, S, O, 5, A\) and M’ = (I, 8, 0, &, \') be
two finite-state machines. Let function ¢ be a mapping from S into S’ A
Jinite-state homomorphism is defined as

d(3(s,a)) = & (¢(s), a)
foralla € 1

A(s, @) = N (¢(s), a)
If ¢ is a one-one and onto function, then M is isomorphic to M'.
v usually p er-

e does lower”
constants

fonn z;}zlte“slfate machines are often used in compilers where the

level synta{f Ofla scanner (Sec. 3-3). The machine in such a cas

e Amachina‘na }2{81181 such as identifying variable names, opera,tors,I o

e ;:h\:f glj-, ?fl-forms this scanning task is called an acceptor. 11

the set of those 1 eb ol languages that can be recognized by an accepto
anguages that can pe generated by a regular grammar.

T iS exactly
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S 4-6

a a parity-check machine which is to read a sequence of Os and 1s from an

1

~= D

Desig

input tape. The machine is to output a 1 if the input tape contains an even number

of 15, 01 0 othervvtise. . .

Design 2 SeQuent'lal macl.nne which has one input line z in addition to a clock input
and one output line z. z is to have a value of 0 unless the input contains three con-
gecutive 1s oT three consecutive 0s. z must be 1 at the time of the third consecutive
identical input.

A sequential circuit is to be designed which will identify a particular sequence of
inputs and pronde‘ an output to trigger a combinational lock. The inputs to the
circuit are three switches labeled x,, z,, and z;. The output of the circuit is to be 0
unless the input switches are in the position 010 where this position occurs at the
conclusion of a sequence of input positions 101, 111, 011, 010. Design a sequential
machine which will have only one output of 1 at the conclusion of the described se-
quence of switch positions. A correct sequence may begin every time the switches are
set to 101.

The output of a sequential machine is to be 1 if and only if the last four input symbols
are of the following form:

Time i tign tige liys
Input symbol 1 0 1 1

Design such a machine.
Draw transition diagrams for the single-input, single-output sequential machines

whose operations are specified as follows:
(a) An output z = 1 is to be written if on the input tape a 1 is preceded by exactly

two Os, for example, - .- 1001 - - -
(b) An outputz = 1 is to be produced if a 1 on the input tape follows two or more Os.

Prove the second part of Theorem 4-6.1. o )
A serial parity-bit machine is to be designed. This machine is to receive coded mes-

sages and is to add a parity bit to every 4-bit message, so that the output of the
machine is an error-detecting coded message. The machine is to have a single input
consisting of strings of four symbols spaced apart by a single time u.mt. The parity
bits are to be inserted at the appropriate spaces, SO that the resultmg.output 1§ a
continuous sequence of symbols without spaces. Odd parity i§ to be uspd; i.e., a parlt.y
bit is inserted if and only if the number of 1s in the preceding four input symbols is

even,
Reduce the following machine, if possible.

5 A

Input symbols Input symbols

t state

Pfesen . =0 1 x =0 1
0 0

S S7
ZO st So 0 ;‘
81 Ss 87 - 1
2 S7 e . 0
S3 83 82 0 0
84 5 87 0 |
S5 S5 Ss g 1
Se S3 S o i

87 Sz So

88
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9 Obtain a reduced machine f?
10 Determine the reduced equiv

r the machine obtained in Prob. 3.
alent machine which corresponds to the machine dq.

scribed by the following table:

8 A
Present state Input symbols Input symbols
1 a b c d a b c d
8o 84 83 81 84 ] 0 1 1
81 82 85 84 81 0 1 il 0
82 & 8o 8 8 1 0 1 1
<4 8 8 % 8 0 1 1 0
. 82 8% 8 & 0 1 1 0
8 82 85 83 87 1 1 0 0
< 8 S 81 % 1 0 1 1
= 81 S s S r o 1 1
11 Prove that g(si, ) = g(s;, *) for every z if and only if A(s;, z) = A(s;, ), that i)
if and only if s; = s;.
12 Prove that if Px > P, then the cardinality of P is greater than or equal to k& -+ 1.
13 Prove that if a finite-state machine has n states where n > 2, then there exists an

14

integer £ < n — 1 such that P, = P.
Prove Theorem 4-6.5.
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1 FINITE-STATE ACCEPTORS AND REGULAR GRAMMARS

3.3, a generating device called a grammar was introdl-lced as & means of

, languages. The importance of a grammar is twofold: first, it
d second, the rules of the grammar impose structure on the
strings of the language. Anoj:her method of ﬁpltely sper.:1fy1ng .langua.ges is by
using an acceptor or recognizer. An acceptor is a machine which can identify
strings of a language. It is possible to define four classes of acceptors which cor.
respond, in terms of specifying languages, to the fou.r types cgf grammars intro-
duced in Sec. 3-3. In this section we are concernec! with the simplest type of ge-
ceptor—the finite-state acceptor (automaton). This c!ass 9f machine is computa-
tionally equivalent to the family of finite-state machines introduced in Sec. 4-6,
Finite-state machines are important, since the more complex machines, such as
the Turing machine which is discussed in Sec. 6-2, are controlled by a finite-

6-'-
In Sec. ) €
specifying 1nﬁ_mte
is a finite device, an

state machine.
It will be shown that the family of languages that can be generated by 7,

(regular) grammars contains precisely those languages that can be accepted by
finite automata. In order to accomplish this task, a distinction will have to be
made between a deterministic and a nondeterministic finite automaton. They

are, however, equivalent in that they accept the same family of languages.

In Secs. 3-3 and 5-3 the membership question, i.e., whether a given string
was in the language defined by a grammar, was discussed. We will now look at this
question and concern ourselves with the following problems throughout the re-
mainder of the section:

1 Given a regular grammar which generates a language, obtain a finite

automaton which will accept exactly that language.
2 Conversely, given a machine which accepts a particular language, obtain

a grammar which generates exactly this language.

Before attempting to solve these problems, we proceed to give a definition
of a finite-state acceptor.

Definition 6-1.1 A finite-state acceptor or finite automaton M is a 5-tuple
I, Q, g, 6, F), where I is a finite set of input symbols called the input
alphabet, Q is a finite set of states, qo € @ is the initial state of the machine,
6 is a mapping of @ X I into @, and F C @ is a set of final states.

This machine is similar to the finite-state machine which was defined in
Sec. 4-6.2 except that the finite automaton does not have an output alphabet;
instead it has a set of acceptance states, . The acceptor reads an input tape from
left to right in a sequential manner. The finite automaton is, initially, in staf:e
¢o. The interpretation of é(p, a) = q, where p, ¢ € @ and a € I, is that M, 1n
state p, scans the tape symbol a, moves its read head one position to the right,

and enters state g.
As was done in Sec. 4-6.2, the domain of 5 can be extended from @ X I to

Q X I* by defining a new mapping 3 as

S(Q) A) = q
3(q, xa) = 8(6(q, ), a) for every z € I*and a € 1



r

._.e there is NO chance of confusion, the function § will be simply written as &
,Slnthe remaining .pa.ges. _ .
A string ¥ is accepted by a finite automaton M if §(q, y) = p for i
¢ F. The set of all such y’s accfapted by M is called the language accepted by
21 and is denoted by T (AM), that is,

T(M) = {y]|é(q,y) € F}

The language accepted by a finite automaton is often called a regular language.

As an example, consider a finite-state acceptor that will accept the set
of natural numbers z which are divisible by 3. A machine M to accomplish this
recognition is M = I, @, qo; 8, F), where I = {0, 1,2,3,4,5,6,7,8, 9}, 0 =
(g0, G ¢}, F = lq}, and 8 is defined as
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sgna) = q  S(g,a) =@ 8(g,a) =¢  forac€ {0,3,6,9]
3(qo, b) = ¢ 6(q1, b) = @2 6(q2, b) = qo forb € {1,4,7)}
§(gn ) = @ 8(q1, ¢) = Qo 8(g2, ) = @ forc € {2, 5, 8}

The transition diagram for this machine is given in Fig. 6-1.1 where the final
state qo is denoted by a double circle. The initial state is marked by an arrow.
Observe that the edges have multiple labels. For example, the edge labeled
41, 4, 77 which originates at state ¢o and terminates at state ¢; is interpreted
to mean that if the acceptor is in state qo, then on scanning 1, or 4, or 7, it will
enter state ¢;. The other labeled edges can be interpreted in a similar manner.
Assuming an input string of 150, the computation

8(qo, 150) = 8(8(8(qo, 1), 5),0) = 8(8(q, 5), 0)
= 8(qo, 0) = qo (accept)

0,3,6,9

0,3.6,9

ot acceptor.
FIGURE 6-1.1 An example of & finite-state
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vields an acceptance state, while the string 136 is rejected since

0(qo, 136) = 8(8(3(qgo, 1), 3), 6) = 8(8(q1, 3), 6)
= 8(q,6) = @1 (reject state)

In this example let us define a relation R on the set I* sych that z R y if
6(qo, ) = 6(qo, ¥). It is obvious that this relation is an equivalence relation.
Therefore, R partitions the set I7* into three equivalence class.es corresponding o
the three states of the acceptor. The equivalence class assocm,te-d with the fing]
state is denoted by [¢] and consists of all natural numbers which are divisible
by 3. A simple characterization can be given for the sets [¢:] and [¢.]. Further-

more, if « R y, then we have for some z € I* that zz R yz, since
S(qo, :cz) = 5(6(Q(), 2}), z) = 5(5(40, y)) Z) = 5(QO, yz)

It will be shown that the equivalence relation R will permit an association to be
made between the states of an acceptor and the nonterminals of the grammar,
providing that the grammar is derived in some way from the acceptor.

A precise form of the second recognition problem mentioned earlier will
now be given. Assume that a finite automaton M, which accepts a language
T (M), is given. The input alphabet of this machine is the set Vir (the terminal
alphabet of the language). We shall derive from this acceptor a grammar @ such
that L(G) = T(M). That is, the sentences generated by the grammar are pre-
cisely those which cause M to reach an accepting state if it starts in its initial

state.
The algorithm for finding the productions of a regular grammar which is

equivalent to a given finite-state acceptor is as follows:
For an acceptor M = (Vr, Q, qo, 6, F),

1 1If 8(q,, a;;) = qj, then construct the production A; — a,;A;.
2 1If g; € F, then include the production 4,; — a;; for all 7.

This simple procedure generates all rules of the required grammar. Observe
that the rules thus obtained are indeed 7% rules and also that the start symbol
of the grammar is the initial state of the machine. We have essentially formed
rewriting rules which are similar to the states of the machine.

The regular grammar obtained from Fig. 6-1.1 by using the algorithm is
G = (Vn, Vr, S, ®), where Vr = {0, 1, 2, 3, 4, 5, 6, 7,8,9}, Vu = {Ao, A1, Az},
S = Ao, and & is the set,

{Ao— 14,, A, — 24,, A, — 1A4,,
Ao — 4A,, A; — 5A,, A, — 4A4,,
Ao —T7A,, A; — 8A,, Ay — 7A,,
Ay — 0A,, Ay — 0A,, Az — 0A,,
Ay — 3A,, Ay — 3A4,, Ay — 34,
Ao — 6A4,, A; — 6A4,, A, — 6A.,
Ao — 9A4,, A; — 9A4,, A, — 9A4,,
Ao— 24, A, 14, Ay —s 24,
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Table 6-1.1

Input symbol Present state Sentential form

Ao
1 Qo 14,
5 Q1 154,
0 qo 150Ao
3 qo 1503A0
6 %o 150364,
3 o 150363
do
Ao == 5A2, A]_ — 4A2, A2 —* 5A1,
Ao ==> 8A2, A]_ === 7A2, Aa _’ SAI:
Ao—"o, AI“—"Q, A2_')1;
AO'_>3, Al_—>5, Az—,43
Ao—-) 6, A.]_ _>8, A2 _)71
Ay — 9}

The nonterminals Aq, A;, and A, of G correspond to the state symbols qo, ¢1, and
q2 respectively. Also, the start state of the grammar A, corresponds to the initial
state go of the machine. Table 6-1.1 illustrates the relationship between the opera-
tion of the acceptor and the derivation for the string 150363, which is a sentence
in the language.

Assume that we wish to formulate the converse recognition problem. That
is, given a grammar G, we want to obtain a machine M which has an input al-
phabet V, (the same terminal alphabet as the grammar). Whenever a sentence
is in L(G@) and the machine is started in its initial state, the machine should
accept this sentence; otherwise, the machine should reject it.

A natural approach to solving this problem is to t-ry to reverse the pro-
cedure given earlier. For example, if the grammar contains the rule A; — a4,
then we could define 8(q., @) = gq;- However, assume that the grammar a_lso
contains a rule A; — aAd,;. We should also have a transition 8(qs, a_) = qq _w1th
input . If the machine is in state ¢; and the input symbol a is read, it can either
stay in ¢; or enter a new state g¢;; consequently there are two pos_mble moves.
This machine is nondeterministic. The machine that was defined in Deﬁr.ntlon
6-1.1 was deterministic; i.e., at each step in the acceptor’s operation thfa 1np}111t

symbol and the current state uniquely determined the next state bj)iri \{imgut; 0(_3
% mapping. This property was preserved for a.!l moves r.nade by tl:e I:H g 2how
maton. We shall therefore define a nondeterministic finite autom}f Onme T
that the class of languages accepted by such machines is exactly the sa
accepted by deterministic finite-state acceptors. .
Definition 6-1.2 A nondeterministic finite automaton (acceptor) M is a

i : S
5-tuple I, Q, qo, &, F), where Q is a finite set of _st.ates, I >1<s ?ig?;t:uz;zts
alphabet, éo € Q is the initial state, 5 is a mapping of @

of Q, and F < Q is the set of final states.
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An important distinction between a deterministic a.r{d a nondetermim‘stic
acceptor should be made. In the case of the latter, 8(g, @) is a ( perhaps empty)
set of states, while in the former it is a single state. The meaning of §(gq, q) -
{ D1, D2, D} is that the nondeterministic machine, when in state ¢ and Sesm.

s csy Pn )
ning the symbol a, moves right and chooses any one of p1, ps, ..., p, as its next
state.

The domain of the mapping é can be extended to @ X I*, as done earlier,
by defining

(g, A) = lq}
and 5(qg,za) = \J &(p,a) foreach r € I*and a € I

pts(q.z)

Furthermore, § can be extended to the domain 22 X I* by defining

’3\({?91} P2y, - -, pﬂ}: x) = U 3(pi: .’8)
=1
We will simply denote 3 as & in the remaining discussion. A sentence r is said to

be accepted by the acceptor M if there exists some state in both # and 0(qo, ).
That is,

T(M) = {z]|6(q, z) NF = &}

As an example of a nondeterministic finite automaton, we shall construct
a machine that will accept the set of strings in {a, b, ¢}* such that the last symbol
in the input string also appears earlier in the string. For example, bab is accepted,
but cbbea is not. State go will denote the initial state of the machine. States ¢qi1, ¢,
and g¢; are ‘““guess’”’ states, and the final state is Q4. A state diagram for the machine
is given in Fig. 6-1.2. For & defined by Table 6-1.2, the machine is given as

M = ({a) b: C}, {qC'J d1, 42, qs, Q'4}, qo, 5: {9'4}>

FIGURE g. €

1.2 e
= transition diagram of a nondeterministic acceptor-
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Table 6-1.2 NEXT.-ST
-STATE MAPPING FO ND
MINISTIC ACCEPTOR R NONDETER-

In

Present state a AL b
€

49 {Qo, @} { 0, g2
g: {q1, g4} lg;}q ' l{?;’}qg}
o taa} (g1, ] {g2)

(22} {as) (g5, au}
qs 7 7] g’

On input aca, the value of §(qo, aca) is obtained in the following manner:
8(qo, aca) = 8(5(qo, a), ca) = 5({qo, a1}, ca)
= 3(qo, ca) U d(q, ca)
6(qo, ca) = 8(3(qo, ¢), @) = 8({qo, g3}, @)

6(go, @) Ud(gs, a)

6(qo, @) = {qo, q1}

6(gs, @) = {qs}
6(q1, ca) = 8(8(q1, ¢), a) = 8(q, @)

6(q1, @) = {q, s}

Therefore,
8(qo, aca) = 8(gqo, @) Ué(gs, a) Ud(q, a)
= {qo, @1} U {gs} U {a, qu}
= {qo, q1, 43, G4}

and since &(qo, aca) N {gs} = &, the sentence aca is accepted.

We wish to emphasize that although a nondeterministic machine doesn’t
have unique moves, it does not contain a random device which chooses its moves.
Rather than making some guess and possibly obtaining the wrong answer to
the membership question for a given input string, the acceptor explores all pos-
Sible move sequences that the input string could cause. If at least one of these
Sequences leads to an acceptance state, then the input s:tring is in the langu?,gfa.

. The question that naturally arises at this point is, Are nondetermlmstzg
te-state acceptors more powerful than determinis.tm finite-state acceptors!
€ answer to this question is contained in the following theorem.

pted by a nondeterministic

Th ~ be acce ;
eorem 6-1.1 Let a language L be lent deterministic finite-

finite-state acceptor. Then there exists an equiva

State acceptor that accepts L. b

_ e a
I PROOF We shall give a constructive proof. Let M = (L, Q,tsqo:; ’ th>at is
Tondeterminist,ic finite-state acceptor with n 8 tateans ac:ef M’ = ¢4 Q"
Do L. Let us define a deterministic finite-state accepto ible nonel;:lpt);
gﬂ,ba » F') in the following way. The states of M’ are all the pOSE; T
UWbsets of the set, of states for M. That is, M’ has 2" — 1 states whic p
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it to simulate all the states in which M could be at any particular

Point ip ¢;
The state symbols in " will be denoted by [go], a1, .- .,[g._,], Caor @] Elztlme,
ERYy [qo? qﬂ——lji EQI; 92], Sy EQIJ gﬂ»—l:]: s =Ny EQn—z, Qn-—l:l, “he, qu, a, qzjj’ Q2],
Eq»—&v gn—2, Qn—ljy e EQO, qdi, - - -, n—-l]- , Tty
Both machines have the same alphabet and ¢ = [g,]. We define the i,
ping é" as follows: B
5'([91, gz, - - -, q;], a) = [p, P2 ..., p.]
if and only if
8(lqu, g2 -, @il @) = {p, P, ..., p}

That is, é’, when applied to an element of @’, is evaluated by applying s to each
state q1, g2, . .., ¢;in M and by then taking the union to yield a new set of stateg
{P1, P2, ..., p:i}. This new set of states has a corresponding element [(P1, po, ..., ?:]
in @', and this particular element is the value of 8 ([q1, ¢, - .., ¢,], a). Also,
&'(go, ) € F’ exactly when 8(qo, ) N F == &, that is, F' = {[py, p,, ..., pe] |
{P1, P2, ..., Dx} NF = &}. By construction it is clear that M’ is deterministic.

We must now show that T (M’) = T (M). It will be done by showing first
that 7'(M’) 2D T(M) and second that T'(M') < T(M).

1 T(M') 2D T(M)

The mapping é’ is constructed so that @’ contains all possible states of M
at the next move. Therefore M’ simulates all possibilities that M could explore.
Also, M’ will reach an acceptance state whenever there exists at least one se-
quence of state transitions in M which leads to a final state in that machine.
Thus M’ will accept any sentence accepted by M.

2 T(M') < T(M)

The proof is left as an exercise. il

As an example, let M = ({a, b}, {go, g1, 2}, qo, 8, {g2} ) be a nondeterministic
finite-state acceptor, where § is given as follows:

3(qo, @) = {qo, q1} 8(qo, b) = {q:}

é(q1, @) = {aqu} 8(q1, b) = {qo}

5(qz, @) = {qo} 8(q2, ) = {qu, @2}
We shall construct an equivalent deterministic finite-state acceptor, M’ = ({a,b};
Q’, [go], &', F’), which accepts T(M) as follows: Q' contains all subsets of tqo

71, 92} (except the empty set) ; that is, @ = {[q], Car], Cg=1, [qo, a1 Lgo &
Lo, a2, [qo, 91, ¢= ]} . Since 8(qo, a) = {qo, 1}, then

5" ([go], @) = [g0, 21
Similarly,

Lol d) = [@]  &(Cala) = [a] & (Cad b = [9]
8" (L], @) = [go] 8 ([g21, ) = [qn, g
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Table 6-1.3 TRANSITION FUNCTION FOR AN

EQUIVALENT DETERMINISTIC

ACCEPTOR
Present state ‘Iznput symbol b
Eqﬂj [Q’o, 1]
Bl T b
Le2] Cq0] Cas, g2
Lo, ¢1] Cqo, 1] Lao, 221
Lqo, ¢2] Cqo, 1] Ca1, g2]
La1, g2] Cqo, o1 Lqo, g1, 2]
Eqﬂv q, qzj Eqﬂ’ ql] qur q1, qﬂ]

Let us now consider 8" ([qo, ¢ ], a). Since

8(1qo, q1},a) = 6(qo, @) Us(q1, @) = {qo, 1} U {q1}
= {qo, ¢1}

then " (Lago, @1, @) = [qo, ¢1]
Also, since

8({qo, q1},b) = 8(qo, b) Ud(q1, b) = {qo, ¢}
then 8" (Lo, 11, b) = [qo, 921

The remainder of the mapping is easily obtained in a similar fashion and is sum-
marized in Table 6-1.3. The set of final states for 47’ is given by

FI = {Eq2]: [qor Q'2:|; qu; q2]: Eqﬂ: qi, q2:|}

We are now able to obtain from a nondeterministic machine an equivalent
deterministic one. We now return to the relationship between the class of lan-
guages generated by 7’3 grammars and the class of languages accepted by finite

automata.

Theorem 6-1.2 Let G (Vw, V2, S, ®) be a 75 grammar which generates
the language L(G). Then there exists a finite-state acceptor M = (V7r, Q,
S, 8, F) such that T'(M) = L(G).

M that will be constructed is nondeterministic with

The initial state of the acceptor is S (the start
final state is X. For each production of the

in the following manner:

PrROOF The machine
Q = Vyu {X}, where X ¢ Vn.
symbol of the grammar), and its
grammar, construct the mapping 8

1 A, € 5(A;, a) if there is a pr
2 X ¢ 8(A;, a) if there is a pro

oduction 4; — a{l,- in G.
duction A; — a1n G.

i »rivation of z in the
The acceptor M, when processing a sentence ¥, su(r;ulaIt.ii a:;; d;r:lrz; 10 e
grammar (. We want to show that T (M) = L( 3 . _.,Qtion e
be in the language L(G). Then there exists some deriv

|S ] = s e = — . = - —> o "~ * a
a A 1 ala‘z aﬂl—-lA m—1 10602
1
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Table 6-1.4
Input symbol
Present state a b
Go {go, @1} {qs}
0 {qo} fq}
g {q} (g0, @1}
for a sequence of nonterminals A, A,, ..., Am-1. From the construction of 3,
it is clear that 8(S, a1) contains A;, 5§(A4,, a;) contains A,, ..., and that e(Ad,

a.,) contains X. Therefore, z € T'(M) since (S, z) contair.ls X anq X E it
Conversely, if z € T(M), then we can easily obtain a derivation in @

which simulates the acceptance of z in M, thereby concluding that z ¢ L(G).
/1]

It can be shown that finite-state acceptors can be designed to accept the
union, intersection, complementation, concatenation, ete., of sets. This property
carries over to the regular grammar as well. That is, if L; and L, are regular
languages, so are Ly U Ly, Ly N Ly, ~Ly, Ly Ly, L{, etc. In context-free languages,
the intersection or complementation of two context-free languages is not neces-
sarily context-free.

EXERCISES 6-1

1 Design a deterministic finite-state acceptor for sentences in {a, b} such that every
a has a b immediately to its right.
2 From the acceptor obtained in the previous problem, construct a type 3 grammar which

generates that language.
38 Find a deterministic finite-state acceptor equivalent to the nondeterministic one given

as
M= <{a, b}: {qoﬁ qu, Q2}, qo, 6: {q2}>

- where § is given by Table 6-1.4.
4 Complete the proof of part 2 of Theorem 6-1.1.



