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5-1 BASIC CONCEPTS OF GRAPH THEORY

The terminology used in graph theory is not standard. It is not uncommon to
find several different terms being used as synonyms. This situation, however,
beesomes more eomplicated when we find that a particular term is used by dif-
ferent authors to describe different concepts. This situation is natural because
of the diversity of the fieids in which graph theory is applied. Wherever possibie,
we shall indicate the alternative terms which are frequently used. We shall
generally select alternatives that are often used in the literature in computer
seience.

In this section we shall define a graph as an abstract mathematical system.
However, in order to provide some motivation for the terminology used and also
to dnvp!nn some intuitive fnﬂmn‘s& we ghall represent wnnh_g dmﬂ'm m_m_gt;ml_lu

Any such diagram will also be ua]led a graph. Our definitions and terms are not
restricted to those graphs which can be represented by means of diagrams, even
though this may appear to be the case because these terms have strong associ-
ations with such a representatiun We shall see later on that a diagrammatic
repf&ﬁ&ﬁmuun is muy suitable in some Very mmpi.t' cases. Alternative methods
of representing graphs will also be discussed. After introducing the terminology,

we shall also discuss some of the basic results and theorems of graph theory.

5-1.1 Basic Definitions

Recall that in Chap. 2 a binary relation in a set V was defined as a subset of
¥ x V. It was shown that such a relation could be represented at least in some
eases by a diagram which was called the graph of the relation. An alternative
method of representing a relation was given by means of a re!u.tion or an inei-
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eralize them.

We first consider several graphs which are represented by means of dia-
grams. Some of these graphs may be considered as graphs of certain relations,
but there are others which cannot be interpreted in this manner,

Consider the diagrams shown in Fig. 5-1.1. For our purpose here, these
diagrams represent graphs. Notiee that every diagram ecnsists of a set of points

which are shown by dots or eircles and are sometimes labeled vy, v, ..., or
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lines or arcs. The other details, such as the geometry of the arcs, their lengths,
the position of the points etc., are of no importance at present. Notice that every

are starts at one point and eud& at another point. A definition of the graph which

is essentially an a.bstra.ct mathematical system will now be given. Su(-.h a mathe-
matical system 1s an abstraction of the graphs given in I'ig. 5-1.1.

Definition 5-1.1 A greph G = (V, E, ¢) consists of a nonempty set V
called the set of nodes (points, vertices) of the graph, F is said to be the set
of edges of the graph, and ¢ is a mapping from the set of edges E te a set
of ordered or unordered pairs of elements of V

We shall assume throughout that both the sets V and E of a graph are
finite. It would be convenient to write a graph @ as (V, £), or simply as G. Notice
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that the definition of a graph implies that to every edge of the graph G we can
associate an ordered or unordered pair of nodes of the graph. If an edge z € E
is thus associated with an ordered pair (u, ») or an unordered pair (u, v) where
u, v € V, then we say that the edge « connects or joins the nodes » and v. Any
pair of nodes which are connected by an edge in a graph is called adjacent nodes.

Definition 5-1.2 In a graph G = (V, E), an edge which is associated with
an ordered pair of V X V is called a directed edge of @, while an edge which
is associated with an unordered pair of nodes is called an undirected edge-
A graph in which every edge is directed is called a digraph, or a directed
graph. A graph in which every edge is undirected is called an undirected

graph. If some edges are directed and some are undirected in a graph, the
graph is called mixed.

In the diagrams the directed edges are shown by means of arrows which
also show the directions. The graphs given in Fig. 5-1.1b, ¢, and g are dir?cted
graphs. Those given in ¢ and f are undirected, while the one given in d is mixed.
T.he graph given in Fig. 5-1.1a could be considered as either directed or uf”
directed. Notice that the edges z;, s, and x5 in Fig. 5-1.1e are associated with the
ordered pairs (1, 2), (2, 3), and (3, 1) respectively, while the edges %1, T2 S
In f are associated with the unordered pairs (1,2), (2,3),and (3,1) respectively:
In Fig. 571.1f the node 1 is adjacent to nodes 2 and 3. : ed

A city map showing only the one-way streets is an example of a direct
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that there are no multiple edges in the graph : f Fc e5 %ezs a;e i
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called T?h&mple graph. The graphs given in Fig. 5-1.1 are all simple graphs.
in Fig 531g;aphs in Flg. 5-_—1.2a. and b may be represented by the diagrams given
the ed. -1.3a and b in Whlc_h the number on any edge shows the multiplicity of
This g€, We may also consider the multiplicity as a weight assigned to an edge.
interpretation allows us to generalize the concept of weight to numbers
phs as shown in Fig.

whi o -
hich are not necessarily integers. We may thus have gra
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5-1.3¢ and d in which the numbers on the edges show the weights of the edges.
A graph in which weights are assigned to every edge is called a weighted graph.

A graph representing a system of pipelines in which the weights assigned
indicate the amount of some commodity transferred through the pipe is an
example of a weighted graph. Similarly, a 'graph of city streets may be assigned
weights according to the traffic density on each street.

In a graph a node which is not adjacent to any other node is called an so-
lated node. A graph containing only isolated nodes is called a null graph. In other
words, the set of edges in a null graph is empty. The graph in Fig. 5-1.1ais a null
graph, while that in Fig. 5-1.2¢ has an isolated node. In practice, an isolated node
in a graph has very little importance.

The definition of graph contains no reference to the length or the shape B:Ild
positioning of the arc joining any pair of nodes, nor does it preseribe any ox:dermg
of positions of the nodes. Therefore, for a given graph, there is no unique diagram
which represents the graph. We can obtain a variety of diagrams by l?catlﬁg
Zgg;oges n an arbitrary number of different positions and also by _Sh‘;‘s’milf :a.j
happen ihal;,ci oL }ilfles of dlffef'ent Shapes-- Because of this za.rb11:r.9)r1n(<)9th:er e
represent talle sW b A W-hl ch_ look entirely different from o ’ar’}‘he grap
in ¢ and ¢/ neezn}e gtli?ph’ m Fl'g. P dalabataBb A f .beled differ-
ently in these 1 urther explanation, because the nodes are also 12

wo graphs.
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Under this mapping, the edges (1, 3), (1, 2), (2, 4), and (3, 4) are mapped int
(us, us), (us, us), (us, uz), and (us, us) which are the only edges of the graph in 5
Note that it is essential that two graphs which are isomorphic have tﬁ'
same number of nodes and edges; however, this is not a sufficient condition for a::
isomorphism to exist, as can be seen from the graphs given in Fig. 5-1.1¢ and
which are not isomorphiec. !

Definition 5-1.4 In a directed graph, for any node » the number of edges
which have v as their initial node is called the outdegree of the node ». The
number of edges which have v as their terminal node is called the indegree
of v, and the sum of the outdegree and the indegree of a node v is called its
total degree. In case of an undirected graph, the total degree or the degree of
a node v is equal to the number of edges incident with v.

The total degree of an isolated node is O.

The concept of the degree of a node can be generalized to a set of nodes.
Let G = (V, E) be a directed graph and X & V be a subset of nodes. The number
of edges of G which have their initial node in X but their terminal node not in X
is called the outdegree of X. Similarly, the number of edges of ¢ which have their
terminal nodes in X but their initial nodes not in X is called the indegree of X.
The indegree and outdegree of a node are a special case of this definition.

A simple result involving the notion of the degree of nodes of a graph is that
the sum of the degrees (or total degrees in the case of a directed graph) of all the
nodes of a graph must be an even number which is equal to twice the number of
edges in the graph.

Let V(H) be the set of nodes of a graph H and V (G) be the set of nodes
of a graph G such that V(H) < V(G). If, in addition, every edge of H is also an
edge of G, then the graph H is called a subgraph of the graph G, which is ex-
pressed by writing H & G. Naturally, the graph G itself, as well as the null graph
obtained from G by deleting all the edges of G, is also a subgraph of G. Other sub-
graphs of G can be obtained by deleting certain modes and edges of G.

We shall end this section by showing how the theory of binary relations
given in Chap. 2 is closely linked to the theory of simple digraphs.

Let G = (V, E) be a simple digraph. Then every edge of £ can be expressed
by means of an ordered pair of elements of V. Such an ordered pair uniquely
defines the edge; hence £ — V X V. On the other hand, any subset of V' X V
defines a relation in V. Accordingly, E is a binary relation in V whose graph 18
the same as the simple digraph G. This observation permits us to carry over the
terminology and the results developed in Chap. 2 on binary relations.

A simple digraph G = (V, E) is called reflexive, transitive, symmetric, an
symmetric, etc., if the relation E is reflexive, transitive, symmetric, antisymlfletn(;;
etc. We can also define the converse of a digraph G = (V, E ) to be a d-lgrap
G = (V, E)in which the relation £ is the converse of the relation E. The dlagran;
of G is obtained from that of G by simply reversing the directions of the eﬁgg
in G. The converse @ is also called the reversal or directional dual of & (.hgrapther;

If a simple digraph G = (V, E) is reflexive, symmetric, and tra'nSIt{)ve’ arti-
the relation E must be an equivalence relation on V, and hence V can elps o
tioned into equivalence classes. If we consider any such equivalence ¢ as

anti-



EXERCISES 5-1.1

; Show that the sum of indegrees of all the nodes of a simple digraph is equal to the su'n
of outdegrees of all its nodes and that this sum

is equal to the number of edges of the
graph. ) . : .
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State the properties of these digraphs such as symmetry, transitivity, antisymmetry,

ete.

Show that the digraphs given in Fig. 51.5a and b are isomorphie.

Show that the digraphs given in Fig. 5-1.6a and b are isomorphie.

Show that the digraphs in Fig. 5-1.7 are not isomorphic.

A simple digraph G = (V, E) is said to be complete if every node is adjacent to all

other nodes of the graph. Show that a complete digraph with n nodes has the maximum

number of edges viz., n{n— 1) edees, assuming that there are no loops. _

7 The complement of a simple digraph G = {V, E) is the digraph @ = (V, E) where
E = V X V — E. Find the complements of the graphs given in Prob. 2.

™ B o Ro

5-1.2 FPaihs, Keachability, and Conneciedness
In this section we introduce some additional terminology associated with a simple
digraph. During the course of our discussion we shall also indicate how the same
terminology and concepts can be extended to simple undirected graphs as well as
to multigraphs.

Let ¢ = (V, E) be a simple digraph. Consider a sequence of edges of ¢
such that the terminal node of any edge in the sequence is the initial node of the
next edge, if any, in the sequence. An example of such a sequence is

({vil: Ui:)r {ﬂfﬂ Uiy ): =iy (ﬂh—!! Vigy )1 {vis-:u uim))

where it is assumed that all the nodes and edges appearing in the sequence are
in V¥ and E respectively. It i1s customary to write such a sequence as

(Peyy Bigy v« o3 Pip iy P, )

Note that not all edges and nodes appearing in a sequence need be distinet. Also,
for a given graph any arbitrary set of nodes written in any order do not give a
SeCNIenS a8 'lnrﬂr'Iran_ In fmt_ mh ngde 3!1“4:9_1';_‘1'10 iﬂ !'jhn gannenyse must ha ad-
el o e rr- o sl e e e R s
jacent to the nodes appearing just before and after it in the sequence, except
in the case of the first and last nodes.

Definition 5-1.5 Any sequence of edges of a digraph such that the ter-
minal node of any edge in the sequence is the initial node of the edge, if
any, appearing next in the sequence defines a path of the graph.

A path is said to (raverse through the nodes appearing in the sequence, orig-




5-1 BASIC CONCEPTS OF GRAPH THEORY 477

FIGURE 5-1.8

snating in the initial node of t fir
. St ¢ - - .
thellast ol in the samtis oo 1’5 edge and ending in the terminal node of

Definition 5-1.6 ‘The number
f : - - -
e - e fopd i of edges appearing in the sequence of a path

Consider the simple digra - : .
. ph given in Fig. 5- .
nating in node 1 and ending in node 3 are &2t 8 ABotnalof the patis orgl-

P = (1, 2), (2, 3))

Py = (1, 4), (4, 3))

Ps = ({1, 2), (2, 4), (4, 3))

Pa= (41, 2), (2,4), (4, 1), (1, 2), (2, 3))
Ps = ((1,2),(2,4), (4,1), (1, 4), (4, 3))
£o = (L 1), (1. 1), -, (1,25, 2.3

peﬁniﬁon 5'-1.7 A path in a digraph in which the edges are all distinct
18 c{alled a stmple path (edge stmple). A path in which all the nodes through
which it traverses are distinect is called an elementary path (node simple).

Naturally, every elementary path of a digraph is also simple. The paths
I_J 1, P, and P; of the digraph in Fig. 5-1.8 are elementary, while the path P; is
simple but not elementary. We shall show here that if there exists a path from
2 node say, u, to another node v, then there must also be an elementary path

from 4 to wv.

Definition 5-1.8 A path which originates and ends in the same node is
called a cycle (circuit). A cycle is called stmple if its path is simple, B,
no edge in the cycle appears more than once in the path. A cycle 1s called
¢lementary if it does not traverse through any node more than once.

Note that in & cycle the initial node appears at least twice even if it is an
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elementary cycle. The following are some of the ¢y cles in the graph of Tig. 5-1.8.
Cy = ((15 1))
C = ({1,2), 42, 13}
Cs = ({1, 2), {2,3), 3, 1))
C. = ({(1,4), 4, 3), 3,1))
Cs = (41,4), (4, 3), (3,2), (2, 1))

Observe that any path which is not elementary contains cycles traversing
through those nodes which appear more than once in the path. By deleting sucp
cycles one can obtain elementary paths. For example, in the path P, if we delete
the cycle (<1, 2), (2, 4), (4, 1)), we obtain the path P., which also originates at
1 and ends in 3 and is an elementary path. Similarly, if in the path P, we delete
the same cycle, we get the elementary path P;. Likewise, it is possible to obtain
elementary cycles at any node from a cycle at that node. Because of this property,
some authors use the term ‘““path’’ to mean only the elementary paths, and they
likeyyise apply the notion of the length of a path to only elementary paths.

A simple digraph which does not have any cyclesis called acyclic ?) Naturally,
such graphs cannot have any loops. We consider a class of digraphs which are

acyclic in Sec. 5-1.4.

Definition 5-1.9 A node » of a simple digraph is said to be reachable (ac-
cessible) from the node u of the same digraph, if there exists a path from

u to v.

Note that the concept of reachability is independent of the number of
alternate paths from » to » and also of their lengths. For the graph given in
Fig. 5-1.8, we have given paths P; to Ps from node 1 to node 3. Any one of these
paths is sufficient to establish the reachability of node 3 from node 1. For the
sake of completeness we shall assume that every node is reachable from itself.

If a node v is reachable from the node u, then a path of minimum length
from u to v is called a geodesic. The length of a geodesic from the node u to
the node v is called the distance and is denoted by d (u, v). It is assumed that
d {(u, w) = 0 for any node wu.

It is clear from the definition that reachability is a binary relation on the set
of nodes of a simple digraph. By our definition, reachability is reflexive. If there
exists a path from a node u to a node v, and a path from the node » to a node w;
then clearly there is a path from u to w. In other words, reachability is also 2
transitive relation. In general, it is not true that if there is a path from % tO_ Y
then there exists a path from v to w. Therefore, reachability is not necessarily
symmetric, nor is it antisymmetric. )

The distance from a node w to a node v, if v is reachable from %, js written
as d wu,v and satisfies the following properties :

d (u,v) >0
d(u:u>=0
d (u, v) + d (o, w) = d @ W)
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3;1::1 Iiisitslnequality is called the triangle ineguality. If v is n.ot r_eacha.ble from u,
ot e isC;JStomary to write d {(u, v) = o . Note also t}:_xat if v is reachable from
L fgi‘s;ch:sv:b]e from v, then d {u, v) is not necessarily equal to d (v, u).
two nodes of owing the(_)rem about the length of an elementary path between

a sumple digraph will be used in Sec. 5-1.3.

Theore 5 - -

is loss t}’:; n5 1.1 . In a simple digraph, the length of any elementary path

S t}(:r Tqual to n — 1, where n is the number of nodes in-the graph.
> vie length of any elementary cycle does not exceed n.

PROOF _The Proof is based
nodes appearing in the sequence
any elementary path of length & is
the graph, we cannot have an el
For an elementary cycle of le

ngth &k
hence the result. ¢

upon the fact that in any elementary path the
are distinct. The number of distinct nodes in
k + 1. Since there are only n distinct nodes in

Let us now briefly consider

; how the _
tended to undirected graphs. N concepts of path and cycle can be ex

1at the ed ‘ : otice that the definition of a path requires
a8 € edges appearing in the sequence must have a definite initial and ter-

minal node.. In the case of a simple undirected graph, an edge is given by an un-
Ol‘d(?re_d_ pair, and any one of the nodes in the ordered pair can be considered as
the initial or the ter'nnna,l node of the edge. In order to apply the same definition
of a path to an undirected graph, we consider every edge in an undirected graph
to be replaced by two directed edges in opposite directions. Once this is done,
we have a directed graph, and all the definitions of path, cycle, elementary path,
reachability, etc., are carried over to undirected graphs. In the case of an un-
directed graph, the reachability relation is symmetric and so also is the distance.
Theorem 5-1.1 holds for undirected graphs.

For a directed graph ¢ = (V, E) we shall now extend the concept of reach-
ability of a node. The set of nodes which are reachable from a given node v is
said to be the reachable set of v. The reachable set of v is written as R (v). For any
subset S € V, the reachable set of S is the set of nodes which are reachable from
any node of S, and this set is denoted by R(.S).

For the digraph given in Fig. 5-1.9, some of the reachable sets are as follows:

R(Ul) = {?)1, V2, V3, V4, Us, ?)e} = R(Ug) = R('Us) == R(U4) = R(Us)
B(vs) = {ve} R(v:) = {vs, 7)7} R(vs) = {vs, V7, Vs}
B(vs) = {v} R(vio) = {v10} R (vs, vs, vg, ¥10) = V = R(v1, v, 9, V10)

In a digraph G = (V, E), a subset X € V is called a node base if its reach-

able set is ¥ and if no proper subset of X has this property. .
In the digraph of Fig. 5-1.9, the set {v1, vs, vo, 10} is a node base and so is the
Set {05, v, 09, v10}. There are several interesting facts about a node base of a simple
digraph. We shall mention here a few of these facts, but we shall not prove these
Statements for the proofs are quite simple and straightforward.
W E_Vel‘y isolated point of a digraph must be present in a node base. Any %“.)de
98¢ Indegree is zero must be present in any node base. From the definition
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of a node base, it is clear that no node in the node base is reachable from another
node in the node base. From the nodes lying on an elementary cycle any one node
could be chosen as an element of a node base. Consequently, any node that does
not have indegree zero and that does not lie on a cycle cannot be present in g
node base. In a acyclic graph, a node base consists of only those nodes whose
indegree is zero.

For a given simple digraph, we may have more than one node base; how-
ever, every node base has the same number of nodes. This statement is proved
by showing that for any two node bases S; and 83, every node of S; is reachable
from exactly one node of S;, and conversely. Thus a one-to-one correspondence
is established between S; and S..

We shall now introduce an important concept, viz., that of the connected-
ness of nodes in a graph.

An undirected graph is said to be connected if for any pair of nodes of the
graph the two nodes are reachable from one another. This definition eannot be
applied to directed graphs without some further modifications, because in a di-
rected graph if a node u is reachable from another node », the node » may not be
reachable from . In order to overcome this difficulty, we call a digraph connected
(weakly connected) if it is connected as an undirected graph in which the direction
of the edges is neglected, i.e., if the graph when treated as an undirected graph
' is connected.

Definition 5-1.10 A simple digraph is said to be wunilaterally connected if
for any pair of nodes of the graph at least one of the nodes of the pair is
reachable from the other node. If for any pair of nodes of the graph b‘)t_h
the nodes of the pair are reachable from one another, then the graph 1s
called strongly connected.

Observe that a unilaterally connected digraph is weakly connected, but 2
weakly connected digraph is not necessarily unilaterally connected. In fact, 1
a weakly connected digraph we may find that for any pair of nodes, say % o
£y nelthE}‘ % is reachable from » nor v is reachable from u. A strongly connec
digraph is both. unilaterally and weakly connected. 1
connef(;:);'dth: .dlgraphs given in Fig. 5-1.10, the digraph in Fig. 5-1.10a I St?milgni}j
Tatanooted, 18 weakly connected but not unilaterally connected, while ¢ 15

Y connected but not, strongly connected.
Let ¢ = (v, ) be a simple digraph and X < V. A subgraph whose note

ted
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T 9

(a) o ‘{g CB

(b)

ﬁ)

- IB
()
FIGURE 5-1.10

are given by the set X 5, d
- - e W—h

have their initial and terminag] n(())sges d

A subgraph G is said to be m '

axim
subgraph has the property ang alsoa:

ges (?onsist of all those edges of G which
n X is called the subgraph generated by X.

with respect to some property if no other
ncludes G;.

Definition 5-1.11

or a si : .
subgraph is called a simple digraph, a maximal strongly connected

strong component. Simi ’ :
connected or maximal weakl g  mmbanyy, ool gl

Y connected sub i ;
or weak component respectively. LR T SR ]

For the digraph given in Fig. 5-1.11, {1, 2, 3}, {4}, {5}, {

6} are the stron
components. {1, 2, 3, 4, 5}, { } g

: 6} are the unilateral components, and {1, 2, 3, 4,
5, 6} is the weak component because the graph is weakly connected.

Theorem 5-1.2 In a simple digraph, ¢ = (V, E), every node of the di-
graph lies in exactly one strong component.

PROOF Let v € V and S be the set of all those nodes of ¢ which are mu-
tually reachable with v. The set S naturally contains » and is a strong component
of G. This shows that every node of ¢ is contained in a strong component.

Assume now that a node v is in two strong components. It would imply
that any node in one strong component which contains v is reachable from any
node in the other strong component which also contains v, because every such
path is easily established through ». This, however, is impossible. Hence every

node is contained in exactly one strong component. Thus the strong components
partition V. /117

5
2 1

FIGURE 5-1.11



482 GRAPH THEORY

Note that any edge r € E of a simple digraph may or may not,
in a strong component. If z = {(u, v) and both « and v are in a strong co
S, then z is in a strong component. If an edge z € £ is in a strong corﬁlponent
then z must be a part of a cycle because if (u, v) € S, then (v, w a.lsol?onent’
Similar results can be proved for weak and unilateral componenla:,l S.
shall simply state these results. The proof is similar to the one given for Thz. We

5-1.2.
Every node and edge of a simple digraph is contained in exactly one weak

component. .
Every node and edge of a simple digraph lies in at least one unilateral com

ponent.

We shall now show how a simple digraph can be used to represent the re-
source allocation status of an operating system.

In a multiprogrammed computer system, it appears that several programs
are executed at one time. In reality, the programs are sharing the resources of
the computer system, such as tape units, disc devices, the central processor, main
memory, and compilers. A special set of programs called an operating system
controls the allocation of these resources to the programs. When a program re-
quires the use of a certain resource, it issues a request for that resource, and the
operating system must ensure that the request is satisfied.

It may happen that requests for resources are in conflict. For example,
program A may have control of resource r; and require resource rz, but program
B has control of resource r» and requires resource r;. In such a case, the com-
puter system is said to be in a state known as deadlock, and the conflicting re-
quests must be resolved. A directed graph can be used to model resource re-
quests and assist in the detection and correction of deadlocks.

It is assumed that all resource requests of a program must be satisfied before
that program can complete execution. If any requested resources are unavailable
at the time of the request, the program will assume control of the resources
which are available, but must wait for the unavailable resources.

Let P, = {p1, P2 --., Pm} represent the set of programs in the computer
system at time ¢. Let A, & P, be the set of active programs, or programs that
have been allocated at least a portion of their resource requests at time . Finally,
let R, = {r1, 72, ..., s} represent the set of resources in the system at timt? t.
An allocation graph G, is a directed graph representing the resource allocation
status of the system at time ¢ and consisting of a set of nodes V = R:and a Sfft
of edges E. Each resource is represented by a node of the graph. There is a di-

rected edge from node r; to r; if and only if there is a program p; in A, that has
been allocated resource r; but is waiting for r;.

For example, let B, = {r1, rs, 75, 14}, A: = {Pp1, P2, Ps, P4}, and the resource
allocation status be

be containeq

OTem

P1 has resource 74+ and requires r,
P2 has resource r; and requires r, and 73
s has resource r, and requires 73
P4 has resource r; and requires r; and r4
Then the allocation graph at time ¢ is given in Fig. 5-1.12.



FIGURE 5-1.12 Allocation graph for
detecting deadlocks.

time t if and only if the allocation
graph G, contai
2 ¢ alns strongl
Ef geei: 55-11.13 WZ c(ﬁ';if:sour 1?1’: ample, the graph G, is strongll;gcirfr?erg’:eegtefl cfom-
;’ -8 we du methods which will identify the nodes i g com.
ponent an us detect the resources and programs which a,reuilna s;orogg. 00311-
vVolve in e

dea,dlock 2

EXERCISES 5-1.2

{ Give three different elementary paths f i i in Fi

Wha.t. is the shortfas.t distanceblrogtweenr::n a.;);cf (:J:f?a i:l‘tt}:li;i f;apf iizgn ﬁxFlg. e

the digraph transitive? In case it is not transitive, find 't,hey1|:ry feliee

Sec. 2-3.7) of the digraph. ) ansitive closure (see

Find all the indegrees and outdegrees of the nodes of the graph given in Fig. 5-1.14

Give all the elementary cycles of this graph. Obtain an acyclic digraph blg.delet:' ;
one edge of the given digraph. List all the nodes which are reachable frorjxa anoti::-i

node of the digraph.

Uy i‘r Vg

FIGURE 5-1.13 v20— - ’s
Vs
N Us

FIGURE 5-1.14
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8 Given a simple digraph G = (V, E), under what eondition is the equation
d(vy, vp) + dlvg, vs) = d(ny, 1)

satisfied for vy, vy, and v3 € V7
4 Find the reachable sets of [u, v}, {ry, v}, and |5} for the digraph given in Fig.
5-1.14.
5 Find a node base for each of the digraphs given in Figs. 5-1.13 and 5-1.14,
6 Explain why no node in a node base is reachable from another node in the node base.
7 Prove that in an acyelie simple digraph a node base consists of only those nodes whose
indegree is zero.
& For the digraphs given in Figs. 5-1.13 and 5-1.14, determine whether they are
strongly, weakly, or unilaterally connected.
9 Bhow that a simple digraph is strongly connected ifl there is a cyele in ¢ which in-
cludes each node at least onee and no isolated node.
10 The diameter of a simple digraph G = (V, E) is given by 8, where
& = max dn,v)

u, vl

Find the diameter of the digraphs given in Figs. 5-1.13 and 5-1.14.

11 Find the strong components of the digraph given in Fig. 5-1.14. Also find its unilateral
and weak components.

12 Bhow that every node and edge of a graph are contained in exaetly one weak com-
ponent.

5-1.3 Matrix Representation of Graphs

A diagrammatic representation of a graph has limited usefulness. I'urthermore,
such a representation is only possible when the number of nodes and edges is
reasonably small. In this subsection we shall present an alternative method of
representing graphs using matrices. Such a method of representation has several
advantages. It is easy to store and manipulate matrices and henee the graphs
represented by them in a computer. Well-known operations of matrix algebra
can be used to caleulate paths, eveles, and other characteristies of a graph.

Giiven a simple digraph ¢ = (V, &), it is necessary to assume some kind of
ardering of the nodes of the graph in the sense that a particular node is called a
first node, another a second node, and so on. Our matrix representation of (¢ de-
pends upon the ordering of the nodes.

Definition 5-1.12 lLet ¢ = (V, £) be a simple digraph in which V =
{2y, s, ..., 2.} and the nodes are assumed to be ordered from »; to v,. An
n X n matrix A whose elements a;; are given by

1 if {v;,v;)¢ E
Gjj =
0 otherwise

is called the adjacency matriz of the graph 6.
Reeall that the adjacency matrix is the same as the relation matrix or the

incideace matrix of the relation E in V. Any element of the adjacency matrix is
either 0 or 1. Any matrix whose elements are either 0 or 1 is called a bit matriz
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OT a Boolean matriz. Note that the 7th row i

by the edges which originate in the node »
row whose value is 1 is equal to

n the adj acency matrix is determined
«- The numbe

T of elements in the ith
_to the outdegree of the node v:. Similarly, the num-
ber of elements whose value is 1 in a column, say the it ,

indegree of the node v;. An adjacency matrix completelv}zleczgx:;;l,s;rsne?u?il' e

-For a given digraph ¢ = (V, E ?, an adjacency vma.trix de encIl) ° lgrapltl‘
order_lng of the elements of V. For different orderings of the elé)m iupfo ITl/’t _e
get different adj acency matrices of the same graph ¢. However arE:n one £ 1:.}‘1e
adjacency matrices of ¢ can be obtained from another adjacenc,:y n?a:;);il:: gf the
same graph by interchanging some of the rows and the corresponding columni

V and take any adjacency

matrix of the graph to be the adjacency matrix of the graph. In fact, if two di-

graphs are such that the adjacency matrix of one can be obtained from the ad-
jacency matrix of the other by interchanging some of the rows and the corre-
sponding columns, then the digraphs are isomorphie.

As an example, consider the digraph given in Fig. 5-1.15 in which first we
order the nodes as v, vs, v3, and vy and write its adjacency matrix. Next we re-
order the rows as vs, vz, v;, and v, and write its adjacency matrix. The two ad-
jacency matrices are A; and A, as shown. If we interchange the first row and
the first column with the third row and the third column of Az, and then we inter-

change the second row with the third row and similarly the second column with
the third column, we get A4;.

(0 1 0 O0) (0 1 0 1)
0 0 1 1 1 0 1 1
A= 1 1 0 1 4 1 0 0 O
1 0 0o 0O 0 0 1 0

Some of the properties of a simple.digraph are 1m'med1atie131r i?::tir(;?fi:
adjacency matrix. If a digraph is reﬂex.lve,. then the dlzgonance ema,t s of the
adjacency matrix are ls. For a symmetric (?.1gr-ap.h, tlhe ffmf ]afﬁ r;rph pri 1o also
symmetric: that is, a;; = a;; for all 7 and j. Slm11a1: Y, i :, thit phis antisym.
metric, thén a;; = 1 implies a;; = 0, and a;; = 0 implie -

e i entation to multigraphs _a.nd
e can extend the idea of matrix repres D e
Weigh?;d gcfaphs. For simple undirected graphs, such an exten

va

U3
Vg
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a symmetric adjacency matrix. In the case of a multigraph or a vwe;
we write a;; = w,; where w,; denotes either the multiplicity or th elgh.ted graph
edge (v, v;). If {v;, v;) § E, then we write w;; = 0. © weight of 1’
For a null graph which consists of only n nodes but no edges, th
matrix has all its elements zero; i.e., the adjacency Mt is o ,n uue a
there are loops at each node but no other edges in the graph, then th .
matrix is the identity or the unit matrix. If G = (V, E)ig g S;Jn o e ad]aeency
adjacency matrix is A, then the adjacency matrix of @, the e ff;) E;D(l;l vivslgie
ose of A, that is, AT. For an undirecte G, e
:“:aisi = ; d graph or for a Symmetric graph,
We shall now consider the matrices AAT, AT4, and A~ forn = 2,3 4
As an example, let us choose A = A,, the first adjacency matrix of tl;e ;ii, el
given in Fig. 5-1.15. Some of the matrices obtained from A are as follows '€Taph

Matrix, ¢

(0 0 1 1) (1 0 1 0)
1 01 0 0 2 1 0

AT = AAT =
01 0 o0 L
0 1 1 o 0 0 1 1
210 1 (0 0 1 1)
1 2 0 1 2 1 0 1

ATA = .
0 0 1 1 11 1 1
11 1 2] 0 1 0 o
(2 1 0 1) (1 2 1 1)
TN A ZRN0 NG

A® = Ad =
2R SIS 2 s
o o 1 1) 2 1 0 1}

Let us consider the elements of AAT. For the sake of simplicity, Wﬁt‘:
B = AAT and denote by b;; the element in the 7th row and jth column of 5B 0
AAT. In general, forz,5 = 1,2, ..., n

bij = D QikQijk

k=1 .
The value of auaj, = 1 iff both as and aj; are 1; otherwise Gadjx = 0,:, ?Ta,or‘;
a;x = 1 if (vi’ vk> € _E’ and a;rx = 11f (vj, vk) c E. If both (‘Ui; Uk) a.nd. (vjileksm.
the edges of the graph for some fixed k, then we get a contribution of 11n ;'ch are
mation expressing b;;. The value of b.; shows the number of nodes WL;—, 1chOO-‘Se
terminal nodes of edges from both », and v;. In the graph G of Fig. 5_1.:1'0,110 both

t* = 2andj = 3 and note that only the node v is such that the edges
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is 1 in the second row and third column.

—_—

and au? = lifq, —
k 1, that is, if G

how the : :
8 A si an “i‘lta('iregl_'ee of the nodeg » V) € E. The diagonal entries of A AT simply
£ 1Scussj .
of ATA shows the numr;;: }(l)t';ws ‘

initiating from these nodes te
show the indegrees of the no

n
b.’i = 2 a?
kw1l

h . .
at the element in the ith row and 7th column

nodes 3
o of the graph which are such that the edges

inate i
€ 1n both »; and v,. Also the diagonal entries

. des
Consider now the
. Owers .
the 7th row and jth colgmne:;; ?; a.}r: ad; acency matrix. Naturally an entry of 1in
a path of length 1 from o (o b Shows the existence of an edge (v, v;), that is,
J-

Let us denote the elements of A? by a.;®. Then

a:;® = 3 andu;
For any fixed k, axax; = 1 iff b =
! Ot!h a'k and ak_ e - [
_ i qual 1, that is, iff (v, d
(s, v;) are the edges of the graph. For each su(:h k we get a contrib év vk)f ?n
the sum. Now (v;, vx) and (v, v; g ribution of 1 in

) imply that there i
@ s a path from v; to v; of length
2. Therefore, a,; 1s equal to the number of different paths of exa.ctl; 1engtgth2

from v; to v;. Similarly, the diagonal elemen
t a;®
length 2 at the node v; forz = 1,2, ... n. a:;{® shows the number of cycles of

By a similar argument, one can show that the element in the ith row and

jth column of A? gives the number of paths of exactly length 3 from v; to v;. In
general, we have the following theorem.

Theorem 5-1.3 ILet A be the adjacency matrix of a digraph G. The ele-
ment in the 7th row and jth column of A" (n is a nonnegative integer) 1s
equal to the number of paths of length n from the 7th node to the jth node.

Theorem 5-1.3 can be proved for any positive integer n by using mathemati-
cal induction and an argument similar to the one given here.

For the graph given in Fig. 5-1.15 we see that there are two paths of length
2 from v, to v;, hence the entry 2 in the second row and first column of A% Simi-
larly, there are two paths of length 4 from v» to v1, hence the corresponding entry
in A4,

Given a simple digraph G = (V, E), let v; and v; be any two nodes of G.
From the adjacency matrix of A we can immediately determine w_het.her ther.e
exists an edge from v; to v; in G. Also from the matrix A7, where r 18 some POSE
tive integer, we can establish the number of paths of length r from v; to v;.
we add the matrices A, A2, A3, ..., A7 to get B-

B = A+A ;- A

then from the matrix B, we can determine the number ofh p:;llrs UOfiSle;ii;{ﬁ:
. 1 e ]
AN or equal to r from v; to v;. If we wish to determine W ts aJ» path of any

oM v;, it would be necessary to investigate whether there exis
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length from v; to v;. In order to decide this, with the help of the adjacency matrix
we would have to consider all possible A*forr = 1, 2, .. .. This method is neither
practical nor necossary, as we shall show.

Recall that in a simple digraph with 2 nodes, the length of an elementary
path or cycle does not exeeed n (see Theorem 3-1.1). Also for a path between
any two nodes one can obtain an elementary path by deleting certain parts of
the path which are eyeles. Similarly (for eyeles), we can always obtain an ele-
mentary cycle from a given evele. If we are interested in determining whether
there exists a path from »; to vy, all we need to examine are the elementary paths
of length less than or equal ta 2 — 1. In the ease of ¥, = v; and the path iz a
cycle, we need to examine all possible elementary eycles of length less than or
equal to n. Such cycles or paths are easily determined from the matrix B, where

Bo=A+ A4+ A%+ ... 4 4

The element in the ith row and jth column of B, shows the number of paths of
length n or less which exist from v, to v, If this element is nonzero, then it is clear
that v; is reachable from v, Of course, in order to determine reachability, we need
to know the existence of a path, and not the number of paths between any two
nodes. In any case, the matrix B, furnishes the required information about the
reachahility of any node of the graph from any other node.

Definition 5-1.12 Iet ¢ = (V, ) be asimple digraphin which |V | = »
and the nodes of {7 are assumed fo be ordered. An # X 7 matrix P whose
elements are given by !

1 if there exists a path from g, to
#ii =
{} utherwise

is valled the path matriz (reachability matrir) of the graph (7,

Note that the path matrix only shows the prosence or absence of at least
one path between a pair of points and also the presence or absence of a eyele at
any node. It does not, however, show all the paths that may exist, In this sense
a path matrix does not give complete information about a graph as does the ad-
jaceney matrix. The path matrix 1s important in its own right.

The path matrix can be caleulated from the matrix 8, by choosing py; = 1
if the element in the ¢th row and jth eolumn of B, is nonzero and p,; = 0 other-
wise. We shall apply this method of caleulating the path matrix to our sample
problem, whose graph is given in Fig. 5-1.13. The adjaconcy matrix .4 = 4, and
its powers A2, A% A4 have already been caleulated, We thus have #; and the
path matrix P given hy

'3 [ \

3 4 2 3 1 S Y S
|
b0 4 6 1 111
By = P =
T 7 4 7 3 X 1 X
3 2 1 2 1 1 1 1}
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It may be remarked that if we are interested in : o
of one node from another, it is sufficient to calculate k;f_‘:v,lnl)ge:;zsszeaac}):?}l:l?;
Jength » cannot be elementary. _T}_le only difference between P ca.lculat;)d from
B, and P calculated fl:om B, 1s in the diagonal elements. For the purpose of
reachability, every n(?de 1s assumed to be reachable from itself. Some authors cal-
culate the path matrx from B,_,, while others do it from B,.

The method of calculating the path matrix P of g graph by calculating
first A, A% .. -, A" anfl t}'len B, is cumbersome. We shall now describe another
method based upon a similar idea but which is more efficient in practice. Observe
that we are not interested in the number of paths of any particular length from
a node, say v;, to a node v;. This information is obtained during the course of our
calculation of the powers of A, and later it is suppressed because these actual
pumbers are not needed. To reduce the amount of calculation involved, this
unwanted information is not generated. This is achieved by using Boolean
matrix operations in our calculations, which will now be defined.

A matrix whose entries are the elements of a two-element Boolean algebra
(B, A\, V, 0, 1) where B = {0, 1} is called a Boolean matrix. The operations
A and V on B are given in Table 5-1.1. For any two n X n Boolean matrices
A and B, the Boolean sum and Boolean product of A and B are writtenas A V B
and A A B, which are also Boolean matrices, say C and D. The elements of C
and D are given by

cij = ai; V byj; and dii = V (@ N bij) forallz,7 =1,2, ..., n
k=1

Note that the element d,; is easily obtained by scanning the 7th row of A from
left to right and simultaneously the jth column of B from top to bottom. If, for
any k, the kth element in the row and kth element in the column are both 1, then
d;; = 1; otherwise d,; = O.

The adjacency matrix is a Boolean matrix, and so also is the path matrix.
Let us write A A A = A®, A AN AV = A®™ for any r = 2,3, .... The only
difference between A2 and 4@ is that A® is a Boolean matrix and the entry in
the 7th row and jth column of A ® is 1 if there is at least one path of length 2 from
v; to v;, while in A2 the entry in the ?th row and jth column shows the number
of paths of length 2 from v; to v,;. Similar remarks apply to A* and A® or in gen-
eral A» and A™ for any positive integer . From this description, it is clear that

the path matrix P is given by
P o AV AD NV A®D V eee VAW =V A®
k=1

E[f we take the sum from k = 1 to k = n — 1, we get a matrix which may differ
if at all from P in the diagonal terms only.

Table 5-1.1

N\ 0 1 vV 0 1
0 0 0 0 0 1
1 o 1 1 1




For our sample example of the graph given in Fig. 5-1.15,

0 0 1 1) (1 1 0 1) (IR
1 1 0 1 1 1 11 1 1 1 1
A® = A® = s
1 1 1 1 1 1 1 1 1 1 1 1
0o 1 0 O 0 0 1 1] 1 1 0 1
v o
R
AVA(Z)VA(3)= =AVA(2)VA(3)VA(4)=P
|
1 1 1 1

The matrices A, A®, A®, ... can be interpreted in a different way. In
a simple digraph, G = (V, E), E € V X V so that F can be interpreted as a rela-
tion in V. The adjacency matrix A is the relation matrix of the relation #. Recall
that the composite relation E - E = E? was defined in Sec. 2-3.7 as the relation
such that v; E? v; if there exists a v; such that v; £ vx and vx £ v;. In other words,
the relation matrix of E? has 1 in the 7th row and jth column if there is at least
a path of length 2 from v; to v;. This shows that A® is the relation matrix of the
relation Z2. Similarly, A®, A®, ... are the relation matrices of the relations
E-E-E=E3E ...inV.

Next, let E; and E» be two relations in V and A, and A- be the correspond-
ing relation matrices. For the relations E; U E; and E, N E., the relation matrices
are given by A; V A. and A1 A A; respectively.

For a given relation E in V, a relation E+, called the transitive closure of
E, was defined in Sec. 2-3.7 as

Et =FKEUE?U---
Clearly, the relation matrix of £+ is given by
At = AV A®@ vy A® / ...

where A is the relation matrix of Z. It has been shown that if the number of ele-
ments in V is n, then no path or cycle exceeds n in length; therefore A+ can be

obtained by simply considering the sum up to 4™, for powers higher than n will
not change A+. Therefore

AT = AV AD V A® \/ ... V AW = P

fhe matrix A+ is the same as the path matrix. This method of obtaining the
trafllr_-utlve closure of a relation as well as the path matrix of a simple digraph can
easily be programmed by using the following algorithm due to Warshall.
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Let v; be any node of a simple digraph G and P be its path matrix. If p’;
the transpose of the matrix P, then the ith row of the matrix P A\ P’ which .ls
obtained by the elementwise product of the elements gives the strong com e
containing v;. penent

Notice that if »; is reachable from v, then clearly p:; = 1; also, if v, is reach-
abl(i _from v;, then pj; = 1 or pi; = L. Therefore, the element in the ith row ang
jth column of P A P’ is 1 iff v; and v; are mutually reachable. This is true for
all 7. Hence the result.

We shall end this subsection by showing how the path matrix of a digraph
can be used in determining whether certain procedures in a program are recursive.

In some programming languages, a programmer must explicitly state
that a procedure is recursive. For example, in PL/I the RECURSIVE option
must be specified. In other languages which do not require any such specifica-
tion, it is possible to use concepts from graph theory to determine which pro-
cedures are recursive. A recursive procedure is not necessarily one which in-
vokes itself directly. If procedure p; invokes p., procedure p: invokes ps, ...,
procedure p.—1 invokes p,, and procedure p, invokes pi, then procedure p; is re-
cursive.

Let P = {ps;, P2, - - -, Pn} be the set of procedures in a program. In a di-
rected graph consisting of nodes representing elements of P, there is an edge

from p. to p; if procedure p; invokes p;. Figure 5-1.16 shows a directed graph
representing the calls made by the set of procedures P = {pi1, D2 ..., Ps}. The
adjacency matrix of the graph is

P1 Pz P3 P+ DPs
.

p. (0 1 0 0 O]
p:|0 O O 1 O
A=ps|1 0 O O O

ps {0 0O 0 O 1

|0 1 0 0 O

/

A procedure p; is recursive if there exists a cycle involving p; in the graph.
Such cycles can be detected from the diagonal elements of the path matrix

P2

FIGURE 5-1.16 Procedure calls
among pi, pa, Ps, Ps, and ps. Pa £



_ A+ of the graph. Thus p. is recursive j
3 Warshall’s algorithm Siveiff g;; = 1, Th .
by using - The matrix Q is gj € matrix Q ¢
1S give an be obtained

- n b
0 1 0 1 1) =
o1 0 1 1

o 1 g 1 1

o 1 0 1 1

7

which shows that the procedures p,, ps, and Ps are recursi
) rsive.

EXERCISES 5-1.3

7 Obtain the adjacency matrix 4 of the di i i i
graph given in Fig. 5-1.17. Find the el
paths of lengths 1 and 2 from v; to vs. Show that there is also a simple patieot? Iﬁintalﬁ

from v; to vs4. Verify the results by calculating A%, A3 and A4 &t

2 For the digraph of Fig. 5-1.17 determine L AA” , AL
. * ’ and A"A. 1 i

the matrix A A\ A’. (A’ is the transpose of A.) ’ REEE

3 For any n X n Boolean matrix A, show that

(I4+ A= I+ AANT+A=I+A+ A®

where I is the n X n identity matrix and A® = 4 A A. Show also that for any posi-
tive integer r

(I + AYD = I+ A+ A® 4 S O

4 TUsing the result obtained in Prob. 3, show that the path matrix of a simple digraph is
he adjacency matrix of the digraph which

given by P = (I + A)¢ where A ist

has n nodes.
6 Given the adjacency matrix A of the digraph in Fig. 5-1.16, obtain the path matrix
Q= At.
matrix is denoted by A, its distance

6 For a simple digraph G = (V, E) whose adjacency

Uy

Uy

U2

Us

FIGURE 5-1.17
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malriz is given by
dij=o if(v,)¢ E
de=0  foralli=1,2...,n

di;=k where &k is the smallest integer for which
a;/® = 0

Determine the distance matrix of the digraph given in Fig. 5-1.17. What doesd,; = 1
mean?

7 Bhow that a digraph G is strongly connected if all the entries of the distance matrix
except the diagonal entries are nonzero, How will you obtain the path matrix from &
distance matrix? How will you modify the diagonal entries?

8 Modify algorithm MINIM A so that all minimal paths are computed.

5-1.4 Trees

An important class of diagraphs called directed trees will be introduced in this
section along with the terminology associated with such trees. Trees are useful
in describing any structure which involves hierarchy. Familiar examples of such
gtruetures are family trees, the decimal classification of books in a library, the
hierarchy of positions in an organization, an algebraic expression involving opera-
tions for which certain rules of precedence are prescribed, etc. We shall deseribe
here how trees can be represented by diagrams and other means. Representation
of trees in & computer is discussed in Sec. 5-2.1. Applications of trees to grammars
is given in Sec. 5-3.1.

Definition 5-1.14 A direcied tree is an acyclie digraph which has one node
called its root with indegree 0, while all other nodes have indegree 1.

Note that every directed tree must have at least one node. An isolated
node is also a directed tree.

Definition 5-1.15 In a directed tree, any node which has outdegree 0 is
called a terminal node or a leaf; all other nodes are called branch nodes. The
level of any node is the length of its path from the root.

The level of the root of a directed tree is 0, while the level of any node is
equal to its distance from the root. Observe that all the paths in a directed tree
are elementary, and the length of a path from any node to another node, if such
a path exists, is the distance between the nodes, because a directed tree is acyclic.

Figure 5-1.18 shows three different diagrams of a directed tree. Several
other diagrams of the same tree can be drawn by choosing different relative posi-
tions of the nodes with respect to its root. The directed tree of our example has
two nodes at level 1, five nodes at level 2, and three nodes at level 3. Figure 5-1.18a
shows a natural way of representation, viz., the way a tree grows from it root
up and ending in leaves at different levels. Figure 5-1.18b shows the same tree
drawn upside down. This is a ronvenient way of drawing a directed tree and is
commonly used in the literature. Figure 5-1.18¢ differs from b in the order in
which the nodes appear at any level from left to right. According to our defini-
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FIGURE 5-1.18

tion of a directed tree, such an order is of no significance. We shall, however,
consider certain modifications so that an ordering of the nodes become relevant
to a tree. )

In many applications the relative order of the nosies at any particular 1ev<.a1
assumes some significance. In a computer representatlop such an order, even if
1t is arbitrary, is automatically implied. It is easy to impose an order on the
nodes at a level by referring to a particular node as the first node, to another node
38 the second, and so on. In the diagrams the ordering may be done from left to
Tight. Instead of ordering the nodes, we may prescribe an order on the edges.

»in a directed tree, an ordering of the nodes at each level_1§ prescnbe.d, then
Such a tree is called an ordered tree. According to this definition, the diagrams
Sven in Fig. 5-18b and ¢ represent the same directed tree but different ordered
rees. Note that ordered trees as such are no longer directed graphs because ghe
¢oncept of order does not exist in a directed graph. We are mostly c?,ncerned with
gr ered trees in this section, and therefore we use the term ‘‘tree’’ to mean or-
Osl‘ed tree unless stated otherwise. If we label the nodes as 1,2, ... o; il(;l :;)IE:

°r way from left to right in an ordered tree, then such a tree 1s s

canonically labeled.
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In both directed and ordered trees it is important to decide whether th,
root is shown on top or at the bottom, because certain other terminology useq to
describe the relative positions of the nodes as above or below may assume dif.
ferent meanings according to the choice made for locating the root. In our dis-
cussion we shall assume that the root is at the top and that all other nodes are
below the root.

From the structure of the directed tree it is clear that every node of a tree
is the root of some subtrees contained in the original tree. In fact, if we delete
the root and the edges connecting the root to the nodes at level 1, we get sub.
trees with roots which are the nodes at level 1. For the tree in Fig. 5-1.18, the
node v is the root of the subtree {ve, v7, Vs, v9, V10}, 2118 the root of {vs, vs, v3, vs, vs},
vs is the root of {vs, vs, v5}, v5 is the root of {vs}, and v; is the root of {v;, v5}, ete.
The nurnber of subtrees of a node is called the degree of the node. Naturally, the
degree of a terminal node is 0. The degree of v; is 2 because {vs} and {vs} are its
subtrees, while the degree of v, is also 2 because {v2} and {vs, vs, v5} are its subtrees.

If we delete the root and the edges connecting the nodes at level 1, we ob-
tain a set of disjoint trees. A set of disjoint trees is called a forest. We have also
seen that any node of a directed tree is a root of some subtree. Therefore, sub-
trees immediately below a node form a forest.

At this stage we shall give a recursive definition of directed trees. Accord-
ing to this definition, a tree contains one or more nodes such that one of the
nodes is called the root while all other nodes are partitioned into a finite number
of trees called subtrees.

Here a tree with 7 nodes has been defined in terms of trees with less than
n nodes. For the tree in Fig. 5-1.18, the tree {vo, ..., v} is defined in terms of
trees {v1, ..., vs} and {vs, ..., v}, while the tree {v1, ..., v3} can be defined in
terms of {v:} and {vs, va, v5}, and so on. Finally, we get trees with one node each,
which are its terminal nodes.

There are several other ways in which a directed tree can be represented
graphically. These methods of representation for the directed tree of Fig. 5-1.18
are given in Fig. 5-1.19a, b, and ¢. The first method uses the familiar technique
of Venn diagrams to show subtrees, the second uses the convention of nesting
parentheses, and the last method is the one used in the list of contents of books.

The method of representation given in Fig. 5-1.19b immediately shows how
any completely parenthesized algebraic expression or a well-formed formula in
statement logic can be represented by a tree structure. Naturally, it is not neces-
sary to have a completely parenthesized expression if we prescribe a set of prece-
dence rules as discussed in Sec. 1-3.6. As an example, consider the expression

Vs
v + | va + ;’)03
6

The tree corresponding to this expression is shown in Fig. 5-1.20.
In the diagrams representing trees we have chosen to show the roots on
top and the edges pointing downward. All the nodes at any particular level areé
shown on a horizontal line. In the case of an ordered tree, the nodes at any pat
ticular level are ordered from left to right. This ordering distinguishes an ordirer_
tree from other dirccted trees. It is sometimes convenient to borrow some ©
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FIGURE 5-1.19 Different representations of trees.

minology from a family tree. Accordingly, every node that is reachable from a
node, say wu, is called a descendent of u. Also the nodes which are reachable from
% through g single edge are called the sons of u. _
So far we have not placed any restriction on the outdegree of any node in
2 directed or an ordered tree. If, in a directed tree, the outdegree of every node
18 less than or equal to m, then the tree is called an m-ary tree. If the outdegree
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FIGURE 5-1.20

of every node is exactly equal to m or 0, then the tree is called a full or complete
m-ary tree. For m = 2, the trees are called binary and full binary trees. We
shall now consider m-ary trees in which the m (or fewer) sons of any node are
assumed to have m distinct positions. If such positions are taken into account,
then the tree is called a postttonal m-ary tree.

Figure 5-1.21a shows a binary tree, b shows a full binary tree, and ¢ shows
all four possible arrangements of sons of a node in a binary tree. The binary
trees shown in Fig. 5-1.21a and d are distinet positional trees although they are
not distinct ordered trees. In a positional binary tree, every node is uniquely

0 1 0 1
00 11
00 10 11 01 10
000 001 110 111
) (b)
O
| C/\) 0 |
Y 1 0 1
o1 10 11
(c) (d)

FIGURE 5-121
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represented by a string over the alphabet {0, 1}, the root being represented by
an empty string. Any son of a node u has a string which is prefixed by the string
of u. The string of any terminal node is not prefixed to the string of any other
node. The set of strings which correspond to terminal nodes form a prefix code.
Thus the prefix eode of the binary tree in Fig. 5-1.21b is |000, 001, 01, 10, 110,
111}. A similar representation of nodes of a positional m-ary tree by means of
strings over an alphabet {0, 1,..., m — 1} is possible.

The string representation of the nodes of a positional binary tree immedi-
ately suggests 8 natural method of representing a binary tree in a computer. It is
sufficient for our purpose at this stage simply to recognize that such a natural
representation exsts.

Binary trees are useful in seversl applications. We shall now show that
every tree can be uniquely represented by a binary tree, so that for the com-
puter representation of a tree it is possible to consider the representation of its

& ? B 9 10 11

o>
Q




500 GRrRAPH THEORY

corresponding binary tree. Furthermore a forest can also be represented by a
binary tree. |

In Fig. 5-1.22 we show in two stages how one can obtain a binary tree
which represents a given ordered tree. As a first step, we delete all the brancheg
originating in every node except the leftmost branch. Also, we draw edges from
a node to the node on the right, if any, which is situate.d at the same level. Once
this is done then for any particular node, we ChO?SG .1ts. left a,l_ld right sons inp
the following manner. The left son is the node Wh.l(Bh is {mmeczllately below. the
given node, and the right son is the node to the 1m}11ed1ate right _of the given
node on the same horizontal line. Such a binary tree will not have a ngh_t subtree.

The above method of representing any ordered tree by a unique binary tree
can be extended to an ordered forest as shown in Fig. 5-1.23. Both these repre-

1 7
2 3 8 9 10
4 5 6 11 12 S
1 7
9
2 3 8 O 10
&t 5 6 11 12 13

2 est.
FIGURE 5-1.23 Binary tree representation of a for
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sentations can be defined mathematically. This correspondence is called the

atural correspondence between ordf:red trees and positional binary trees and
also between ordered forests and positional binary trees.

EXERCISES 5-1.4

; Show by means of an example that a simple digraph in which exactly one node has
indegree 0 and every other node has indegree 1 is not necessarily a directed tree.

2 How many different directed trees are there with three nodes? How many different
ordered trees are there with three nodes?

3 Givea directed tree representation of the following formula:

(PV (TIPAQQ)A ((CTTPV Q) A TIR)

From this representation obtain the corresponding prefix formula.

4 Show that in a complete binary tree the total number of edges is given by 2(n, — 1),
where n, is the number of terminal nodes.

5 From the adjacency matrix of a simple digraph, how will you determine whether it

is a directed tree? If it is a directed tree, how will you determine its root and terminal
nodes?

¢ Obtain the binary tree corresponding to the tree given in Fig. 5-1.18.

5-2 STORAGE REPRESENTATION AND MANIPULATION OF GRAPHS

Recall that in Sec. 2-2 the computer representation of certain elementary dis-
crete structures such as sets and arrays was discussed. We now wish to extend
these concepts to more complex structures such as trees and graphs. Since trees
are probably the most important nonlinear structure, their representations and
manipulation will be emphasized in this section.

More particularly, our discussion will be limited to binary trees because
their representation and manipulation are relatively simple when compared to
those for general trees. Any general tree, as discussed at the end of Sec. 5-1.4,
can be conveniently transformed into an equivalent binary tree.

The tree structures will be represented by using linked allocation. There
are a number of storage methods that are based on sequential allocation, but
we will not be concerned with them here.

The remainder of this section defines a list structure and describes a storage
representation for it. These list structures are capable of representing certain
digraphs. Finally, a storage method for representing a general graph is given.

5-2.1 Trees: Their Representation and Operations

The advantages and disadvantages in the use of linked allocation as ?pposed to
Sequential allocation in the representation of simple structures were discussed in

€C. 2-2. Although there are ways of representing trees based on sequemelal
allocation techniques, we will not discuss them here. Computer representation
of trees based on linked allocation seems to be more popular because of the ease
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with which nodes can be inserted in and deleted from a tree, and beca
structures can grow to an arbitrary size, a size which is often unprte:dict:a;::lSe free
We will restrict our discussions to binary trees since they are easi] -

sented and manipulated. A general tree can be readily converted into any iy
lent binary tree by using the natural correspondence algorithm discussedeglmsva-
5-1.4. Therefore linked allocation techniques will be used to represent binary tr o
A number of possible traversals which can be performed on binary treeg ces.
described. The subsection ends with a symbol table algorithm based on g tare
structure. ree

) We now turn to the task of using linked allocation techniques to represent
binary trees. Recall that a binary tree has one root node with no descendants or
else a left, or a right, or a left and right subtree descendant(s). Each subtree
descendant is also a binary tree, and we do make the distinction between its
left and right branches. A convenient way of representing binary trees is to use
linked allocation techniques involving nodes with structure

[TLLINKE | DATA | RLINK ]

where LLINK or RLINK contain a pointer to the left subtree or right subtree
respectively of the node in question. DATA contains the information which is
to be associated with this particular node. Each pointer can have a value of
NULL.

An example of a binary tree as a graph and its corresponding linked repre-
sentation in memory are given in Fig. 5-2.1a and b respectively. Observe the very
close similarity between the figures as drawn. Such a similarity illustrates that
the linked storage representation of a tree is closer to the logical structuring of
the data involved. This property can be useful in designing algorithms which
process tree structures.

Let us now examine a number of operations which are performed on trees.
One of the most common operations performed on tree structures is that of tra-
versal. This is a procedure by which each node is processed exactly once in some
systematic manner. Using the terminology popularized by Knuth, we can tra-
verse a binary tree in three ways, namely, in preorder, in inorder, and in post-
order. The following are recursive definitions for these traversals.

Preorder traversal
Process the root node.
Traverse the left subtree in preorder.
Traverse the right subtree in preorder.

Inorder traversal
Traverse the left subtree in inorder.
Process the root node.
Traverse the right subtree in inorder.

Postorder traversal
Traverse the left subtree in postorder.
Traverse the right subtree in postorder.
Process the root node.
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FIGURE 5-2.2 The formula ©a + b >k ¢/d as a binary tree,

and right subtrees are the left and right operands of that operator. The leaves
of the tree will be the variables and constants in the expression. Let 0 represent
the unary minus. There are rules given in Exercises 3-4 that can distinguish a
unary minus from a binary minus and the negative sign of a constant. The
operand of 8 will be considered to be a right subtree. The binary tree in Fig. 5-2.2
represents the formula 6a + b %k ¢/d. If we traverse this tree in preorder, we
visit the nodes in the order +6a/>*bcd, and this is merely the prefix form of the
infix formula. On the other hand, if we traverse the tree in postorder, then we
visit the nodes in the order afbc>xkd/+, which is the formula written in suffix
notation. Observe that if we had represented the formula as a general tree and
then applied the natural correspondence algorithm of Sec. 5-1.4 to convert this
tree into an equivalent binary tree, we would have the structures shown in Fig.
5-2.3. The prefix form of the formula is obtained by traversing the binary tree

-1

/
2 AN
N
VANEERWAN

\

c

b
(a)

b K
_ FIGURE 5-2.3 The general and binary tree representations of ©a +
d. (@) ! ,D-ral@;s&, (b) binary tree.
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- reorder, while the suffix form is .

i;ling-l'y ffoe (0o t a postor FEoes e ég)e.nerated by an inorder traversal of the
As an application of binary trees, we will formulate an algorithm th :

maintain a tree-structurefi symbol table. (See Sec. 2-4.6.) OIgle ofihe a'FtWI_II

that & symbol_ table routine must meet is that table searching be er(f:cl;; :1“3

efficiently. This requirement originates in the compilation phase Wlf)ere mai

references to the entries of a symbol table are m Y

ade. The two required operations
that must be performed on a symbol table are insertion and ‘“look-up,” each of

which involves searching. A binary tree structure was chosen for two reasons.
The first reason is because if the symbol entries as encountered are randomly dis-
tributed according to lexicographic order, then table searching becomes approx-
imately equivalent to a binary search as long as the tree is maintained in lexico-
graphic order. Second, a binary tree structure is easily maintained in lexicographic
order (in the sense that only a few pointers need be changed).

For simplicity, we assume a relatively sophisticated system which allows
variable-length character strings to be used without much effort on the part of
the programmer to handle them. We further assume that the symbol table rou-
tine is used to create trees that are local to a block of program code. This implies
that an attempt to insert a duplicate entry is an error. In a global context,
duplicate entries would be permitted as long as they were at different block
levels. In a sense, the symbol table is a set of trees, one for each block level.

A binary tree will be constructed whose typical node is of the form

[LLINK | SYMBOLS | INFO | RLINK |

where LLINK and RLINK are pointer fields, SYMBOLS is the field for the
character string which is the identifier or variable name (note that string descrip-
tors might well be used here to allow fixed-length nodes, but it is assumed that this
use is clear to the user), and INFO is some set of fields containing additional
information about the identifier, such as its type. A node will be created by
the execution of the statement P «— NODE where the address of the new node
is stored in P.

Finally, it is assumed that prior to any use of the symbol table routine at
& particular block level, the appropriate tree head node is created with the
fSYM BOLS field set to a value that is greater lexicographically than any valid
(dentifier. EAD[n] will point to this node where n designates the nth block
level Hence, the existence of an appropriate main routine which at}rﬂn1sters
{Jl(;t e creation of tree heads as a new block is entered and to the deletion of tree

ads as a block is exited, is assumed.

sam €cause both the insertion and look-up operations involve .rnanon}l; Ltlgve
ande;ct'.lons (e.g., searching), we will actually produce only one routine, 71‘ 15 i
va.ria,tils tinguish between insertion and look-up by the va.lue. of a glc;lba- tI(iglca,
Quest, ctla » FLAG. On invoking algorithm TABLE, if FLAG 1s trzf,e, 1 %n e re-
ang a:;d.o_p eration is insertion; NAME and DATA contan the ldentll1 eanIizn;
Tetaing .“’10“{"1 information respectively. If the insertion is successful, t Zn Laa
Srrop (kl,ts original value; otherwise the value of FLAG is negated to in 1(1:;1, e; an
AN exit, ;’ cause the identifier is already present in the table at that .i;r;n T
Vokeg fom the algorithm is made. On the other hand, .1f tl}e algor is in-
With FLAG set to false, then the requested operation is look-up. In this

h
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5-2.2 List Structures and Graphs

This subsection will first be concerned with the representation of t t
which is more genferal than a tree. Such a structure is called a list str?lci o \1;3
geveral programming languages have been developed to allow easy roc:sr ?na f
gtructures sxmlla:r to those that will be described. The need for ligt ros i
arose from the high cost of rapid computer storage and the unpredictagle zf:f:::-ge
of the storage requirements of computer programs and data. There are man
symbol mafupulatlon applications in which this unpredictability is par'c,icul.*:«,rly
acute. It will be sho-wn :chat a list structure can be used to represent a directeﬁ
graph. Second, we will give a brief introduction to the representation of a general
graph structure. Such representations are based not only on the nature of the
data, but a,l_so on the operations which are to be performed on the data. A specific
representation for a particular application of graphs is given in Seec. 5-5.

In the context of list processing, we define a list to be any finite sequence
of zero or more atoms or lists, where an atom is taken to be any object (e.g., a
string of symbols) which is distinguishable from a list by treating the atom ,as
structurally indivisible. If we enclose lists within parentheses and separate ele-
ments of lists by commas, then the following can be considered lists:

(a, (b, c), d, (e f, g))
()
(((a)))

The first list contains four elements, namely, the atom a, the list (b, ¢) which
contains the atoms b and ¢, the atom d, and the list (e, f, g) whose elements are
the atoms e, f, and g. The second list has no elements, but the null list is still a
valid list according to our definition. The third list has one element—the list
((a)) which contains the single element (a), which in turn contains the atom a.
There is a distinct relationship between graphs and lists. A list is a directed
graph with one source node (a node whose indegree is 0) corresponding to the
entire list, and with every node immediately connected to the source node cor-
responding to an element of the list—either by being a node with outdegree O
(for atoms) or by being a node that has branches (for elements which are lists)
emanating from it. Every node except the source node has an indegree of 1. The
edges leaving a node are considered to be ordered lists. This means that we dis-
tinguish the first edge, second edge, etc., which corresponds to the ordering of
list elements by the first element, second element, etc. Furthermore, there are

no cycles in the graph. .
The preceding discussion could apply equally well to trees. However, lists

are, in fact, extensions of trees in that a list can contain itself as an element and

a tree cannot. Hence, there are some lists which cannot be represe?nted as tre.es,
but every tree can be represented as a list. Lists can have an essentially recursive
lists that have a

nesting structure that no tree can have. Thus there are some LS
finite representation in our parentheses-comma notation, but which correspond

to infinite graphs.
. The graphs of some examples of lists appear in Fig. 5-2.4. It howe}rer, M
18 the list (@, b, M), then we have an «jnfinite”’ graph for M, as shown 1n Fig.

5-2.5.
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FIGURE 5-2.4 Graph of list structures,

Linked allocation techniques can be used to represent lists in the memory
of a computer. In such a representation there are two types of nodes—one for
atoms and one for list elements. An atom node contains two fields: the first con-
tains the value of the atom (e.g., a string of symbols), and the second contains
a pointer to the next element in the list. A list node also contains two fields: the
first field points to the storage representation of the list, and the second points
to the element which follows this particular list element. It is assumed that an
atom node and a list node are distinguishable.

Observe that in addition to order, a list also has depth. The list

(a, (b, ¢), d)

FIGURE 5-2.5 A recursive list structure and its graph-
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FIGURE 5-2.6 Btorage representation of (g, (b, o), 4, (e, f, §)).

has a depth of 2. The depth of a list is the number of levels it contains. The ele-
ments a and d are at level 1, and b and ¢ are at level 2. The number of pairs of
parentheses surrounding an element indicates its level. The element d in the list
(a, (b, (¢, (d)))) has a level of 4.

Order and depth are more easily understood in terms of our storage repre
sentation, where order is indicated by horizontal arrows and depth by vertical
(downward-pointing) arrows. Thus, the list (a, (b, ¢), d, (e, f, g)) would be
represented by the storage structure in Fig. 5-2.6. In storage, several lists may
share common sublists. For example, the lists (a, (b, ¢), d) and (1, 5.2, (b, ¢))
could be represented as in Fig. 5-2.7.

The recursive list M, where M is (e, b, M), can be represented as shown
in Fig. 5-2.8. We would naturally use this storage representation where the
common structure is shared rather than generating an infinite number of nodes
to correspond to an infinite graph, but great care must be taken when manipu-
lating such recursive structures in order to avoid programming oneself into an
infinite loop.

A list structure occurs quite frequently in the processing of informa-
tion, although it is not always evident. Consider a simple English sentence
which consists of a subject, verb, and object. Any such sentence can be inter-,
preted as a three-element list, whose elements can be atoms (single words)
or lists (word phrases). The following sentences and their corresponding list
representations are examples:

Man bites dog. = (Man, bites, dog)
The man bites the dog. = ((The, mau), bites, (the, dog))

The big man is biting the small dog. = ((The, big, man), (is, biting), (the,
small, dog))

L/
FIGURE 5-2.7 Two lists sharing a
eommon sublist. [ T3—{52T3—

N
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FIGURE 5-2.8 The representation of
a recursive list M. £ b

The subject and object of the last example can be further separated intq Houn
and qualifiers as in

(((The, big), (man)), (s, biting), ((the, small), (dog)))

The storage representation of this sentence is given in Fig. 5-2.9.

Observe that both order and level are significant. In this list structure, it
is clear that the first node at level 1 either contains a noun which is the subject,
or points to a list which contains a noun phrase which is the subject. If the la.tte;-
is the case, we know that the first node (at level 2) of the list that is pointed tq
either contains a single qualifier or points to a list containing multiple qualifiers,
and that the second node points to the noun. Thus, it is a simple matter to locate
the noun subject of a sentence represented in this manner. Other elements of the
sentence may be as easily isolated. Most list processing systems have features
which facilitate such parsing operations.

List structures can therefore be used to represent digraphs, and a property
of such representations is that sublists can be shared. As an example, a digraph
and its list representation are given in Fig. 5-2.10.

As mentioned previously, several programming languages have been de-
veloped to allow easy processing of list structures. LISP 1.5 is one of the most
powerful of these.

We will now discuss another storage method for graphs. The best storage
representation for some general graph depends on the nature of the data and on
the operations which are to be performed on these data. F'urthermore, the choice
of a suitable representation is affected by other factors such as the number of
nodes, the average number of edges leaving a node, whether a graph is directed,
the frequency of insertions and/or deletions to be performed, etc.

Arrays can sometimes be used (when there is at most one edge between
any pair of nodes and there are no slings) to represent graphs. In this case the
nodes are numbered from 1 to n, and a two-dimensional array with n rows and

N, -~ 4 1, 1/

O3 G dmmmel] I3+

man "'
[ The | +—{ vie [ ] the | smatl/]

: iting)
FIGURE 5-2.9 Storage representation of (((The, big), (man)), (1S biting
((the, small), (dog))).
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FIGURE 5-2.10 A digraph and its list structure representation.
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6 f 0
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FIGURE 5-2.11 Storage representation of a weighted digraph.
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7 columns is used to represent the graph. Also, vectors could be required to st
data on nodes in such a representation. This approach is not very suitable fq e
graph that has a large number of nodes or many nodes which are connectedr *
only a few edges, nor when the graph must be continually altered. =
If there are a number of branches between a pair of nodes and 5 con-
siderable number of nodes that are connected to only a few other nodes, then
a storage structure representation for such a graph could be the one shown
in Fig. 5-2.11. Observe that the graph is weighted and that the storage repre-
sentation consists of a node table directory, and associated with each entry ip
this directory we can have an edge list. A typical node directory entry consists of
a node number, the data associated with it, the number of edges emanating from
it, and a pointer field which gives the address of the edge list associated with
this node. Each edge list, in this case, is stored as a sequential table whose typical
entry consists of the weight of an edge and the node number at which that par-
ticular edge terminates. For a graph which is continually being changed, a repre-
sentation which stores each edge list as a linked list is more desirable. In such a

case it is not necessary to have the field which denotes the number of edges in the
node table directory.

EXERCISES 5-2

Prove that a binary tree with n nodes has exactly n» + 1 null branches.

Trace through algorithm POSTORDER using the binary tree of Fig. 5-2.1, and con-
struct a table similar to Table 5-2.1. -

Formulate an algorithm for the inorder traversal of a binary tree.

Trace through algorithm T'ABLE using a suitable set of seven variable names.
Given the binary tree in Fig. 5-2.12, determine the order in which the nodes will be

visited if the tree is traversed in inorder, in postorder, and in preorder. Repeat this
exercise for the converse traversals.
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FIGURE 5-2.12 g22 848
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FIGURE 5-2.13 A forest of trees.

FIGURE 5-2.14

hm 1 i ] ding
to a single binary tree accordl
i hat converts a forest of treefs in : c
’ Devlflop 3ta:l.lrrillg((:);;:espc:;tn:;i'.'en(:e. Illustrate the working (?f yc;ur' :.lgonthm by conve g
:ﬁ: fer;:t in Fig. 5-2.13 to the binary tree c?rre;p:$d1ng o it.
7 Give a storage representation for the following lists:

(a, (b, (¢, @), &f)

(=), v, 4, 2) where A = (a, b, (¢, @) e reaton
s t th ph of Fig. 5-2 14 by a list structure. Praw i
Represent the gra . 5-2.



