Linear Programming Problem
— Simplex Method

\

“One step for better is good enough”

4:1. INTRODUCTION

As discussed earlier, the Simplex Method, also called the ‘Simplex Technique’ or the ‘Simplex
Algorithm’ is an iterative procedure for solving a linear programming problem in a finite number of
steps. The method provides an algorithm which consists in moving from one vertex of the region of
feasible solutions to another in such a manner that the value of the objective function at the
succeeding vertex is less (or more, as the case may be) than at the preceding vertex. This procedure
of jumping from one vertex to another is then repeated. Since the number of vertices is finite, the

method leads to an optimal vertex in a finite number of steps or indicates the existence of an
unbounded solution.

In the present chapter, we shall introduce and explain the computational procedure of the simplex
method. The theory behind the method will be first developed and then the computational techniques
explained and illustrated. The following important definitions are necessary for understanding and
developing the theory that follows :

EDeﬁnition (Basic solution). Given a system of m simultaneous linear equations in n unknowns
(m < n)
Ax=b, x"e R,

where A is an mxn matrix of rank m. Let B be any mXnisubmatrix, formed by m linearly
independent columns of A. Then, a solution obtained by setting n — m variables not associated with
the columns of B, equal to zero, and solving the resulting system, is called a basic solution to the
given system of equations. 7

The m variables, which may be all different from zero, are called basic variables. The m xm
non-singular submatrix B is called a basis matrix with the columns of B as basis vectors]

Remarks. The name basic solution, as used above, m.erits a word of caution. If B is the basis

sub-matrix chosen, then the basic solution to the system is

Xp = B-!b.

But x;5” € R™, and as such cannot be called a solution of the given system. Truly speaking, if xz is a

basic solution, then a solution to the given system is (x5, 0] where xz" € R™, and 0 € R"-".

However, we shall follow the current usage and call xg a basic solution of the given system,

remembering all the time that the actual solution is [x5", 0].

@eﬁnitiou (Degenerate solution). A basic solution to the system is called degenerate if one or
more of the basic variables vanishj

\
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SAMPLE PROBLEMS

401, Obtain all the basic solutions to the following system of linear equation -
XI+2.X2+X_?=4
2,\‘, + X) + 54\’] = 5. .
Solution. The given system of equations can be written in the matrix form as Ax = b, where

X 4
1 2 |
= . = | X and b:[ :l
A (2 ! 5] T >

X3

Since, rank of A is 2, the maximum number of linearly independent columns of A is 2. Thus, w,
can take any of the following, 2 x 2 sub-matrices as basis matrix B :

) 1 2 1 1 2 1
(2 1)’ (2 5) and (1 5)
The variables not associated with the columns of B are x5, x, and x| respectively, in the three
different cases.
I 2

2 1

Let us first take B=(
xy = 0, and solving the system

J. A basic solution to the given system is now obtained by setting

HHMEH

Thus, a basic (non-basic) solution to the given system is :

(Basic) x; =2, x, = 1; (Non-basic) x3 = 0

Similarly, the other two basic and non-basic solutions are : .
(Basic) x; =5, x3 = -1; (Non-basic) x, = 0
and (Basic) x, = 5/3, x3 = 2/3; (Non-basic) x; = 0

-We observe that all the above three basic solutions are non-degenerate.

~{ 402. Show that the following system of linear equations has a degenerate solution :
2x; + xp —x3 =2
3x; + 2x + x3 = 3.
Solution. The given system of equations can be written as Ax = b, where

Xl
2 1 -1 2
A = = —
(3 ’ IJ’ X Xy | and b-[J.
X3

Since rank of A is 2, the maximum number of linearly independent columns of A is 2. Thus, we
can take any of the following 2 x 2 sub-matrices of A, as basis matrix B : . ’

2 1 I -1) 2 -1
s 2) (3 7] wa (5 7).
The variables not associated with the columns of these submatrices are

» Tespectively, x;, x; and x,.
. 2 1
Considering B =

3 o] a basic solution to the given system is obtained by setting x; =0 and

2 1 [X] _ 2
3 2 X9 B 31

Thus, basic solution to the given problem is ,
(Basic) x; = 1, x, = 0;

solving the system

(Non-basic) x3 = 0.
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Similarly. the other two solutions are ;

(BaSIC) X3 =5/3, xy = - 1/3: (Non-basic) 0.
and h of the t basi | (BaSIC) o= 1 Xy =0, (Non-basic) v (),
In each of the two basic solutions, at |eg - i
; ’ st one of the basic variables is zer
ic solutions are degenerate solutions. ¢ basic variables is zero, Hence, two of th

bas

ELpeﬁniﬁon (Basic feasible solution

solution to the problem is called a basi
[llustrations

L [n sample problem 401 observe that [5, 0, =17 is not a feasible solution. Only basic feasible
solutions are :

). A feasible solution 1o an L.P.P., which is also a basi
¢ feasible solution 10 the .P.P. ]

() x2=5/3 and x3 = 2/3; (iiy x, =2 and x, = I,

2. In sample problem 402, the non-degenerate solution [0, 5/3, —1/3 ] is not feasible. Only
pasic feasible degenerate solutions are :

() xy=1and x, =0; (i) x; =1 and x3 = 0.

. Definition (Associated cost vector). Let Xy be a basic feasible solution to the L.P.P. :

Maximize 7 = ex subject to: Ax = b and x = 0.
Then, the vector

g = (cp1s Cpps -ov Cpp)s
where cg; are components of ¢ associated with the basic variables, is called the cost vector asso_ciale(l
with the basic feasible solution xg.

It is obvious that the value of the objective function for the basic feasible solution x, is given by
— Zo = CgXp.
' Definition (Improved basic feasible solution). Let x; and )?B be two feasible solutions to the
standard L.P.P. Then )’(\B is said to be an improved basic feasible solution, as compared to x,, if
GB )?B 2 CpXp
where é\B is constituted of cost components corresponding to 4(\37

' Definition (Optimum basic feasible solution). A basic feasible solution x4 to the L.P.P. :

- ' Maximize z = ¢x subject to: Ax = b and x2 0
is called an optimum basic feasible solution if z, = cgXp 2 2% where z* is the value of objective
function for any feasible solution.:;‘

PROBLEMS

403. Find all the basic feasible solutions of the equations
2 + 65 + 2x3 + Xy
6Xl + 4):2 + 4.\'3 + 6X4

3
2

404. Find all the basic feasible solutions of the following L.P.P. without using the simplex alogorithm :
Maximize z = 2x; + 3x; + 4x3 + Tx; subject to :
2% + 30y + x5 + dxy =8
X - 26+ 6xy — Txy = -3
x 20, i=1234

and choose that one which maximises z. ,
405. If X =0,x=02x3=00x= 7, x5 = 12, x4 = 10 is an extreme point solution of the set of cquations
3, — X+ 23+ xy =7
12
10

-2 + 45y + x5
_4X| + 3,(2 + 8):3 + X()

find two more extreme point solutions of the above problem.
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4:2. FUNDAMENTAL PROPERTIES OF SOLUTIONS

We' are now well set to discuss the theory behind the computa
optimum basic feasible solution to a given L.P.P. The fundamenta
L.P.P., that now follow, will allow us to arrive at the much awaite

tional procedure for obtaining an
| properties of the solutions to the
d simplex algorithm.

Theorem 4-1 (Reduction of a Feasible Solution to a Basic Feasible Solution). If an L.P.P. has
a feasible solution, then it also has a basic feasible solution.

Proof. Let the L.P.P. be to determine x so as to maximize
z=cx c¢x eR
subject to the constraints : Ax = b, x > 0; where A is an mXn real matrix and b, ¢ are mx | and
| x n real matrices respectively. Let p (A) = m.
Since there does exist a feasible solution, we must have
p(A, b) = p(A) and m < n.

..., X,) be a feasible solution s0 that x; > O for all j.
To be precise, let
components be zero.

Let x = (x;, x5,
us suppose that x has p positive components and let the remaining n - p

Let us so relabel components that the positive components are the first p components and assume
that the columns of A have been relabelled accordingly. Then

apx + X + ... + apxp = b.
.., a, are the first p columns of A.
Two cases now do arise :

where a,, a,, .

(i) The vectors a,, a,, ..., 4, form a linearly independent set. Then p < m.

If p = m, the given solution is a non-degenerate basic feasible solution, with x;, x,, ..., x, as the
basic variables.

If p < m, then the set { a;, a,, a,} can be extended to { a;, a,, ..., a,, a,,, ..., 3, } to form a
basis for the columns of A.

Then, we have

ajx; + ayx + ...+ a,x, =b,
where x; = 0forj=p+l,p+2, ..., m

Thus we have, in this case, a degenerate basic feasible solution with m — p of the basic variables
zero.
(ii) The set { a;, a,.

.., &, } is linearly dependent. Obviously p > m.
Let {OL,, 0y, .

, O } be a set of constants (not all zero) such that
o ay + Ohray + ...+ 0,a, = 0.

p 4p
. PO
Suppose that for any index r, &, # 0. Then a, = £ L ga
Jj#r (x, J
P PO
Y ax; + -y —'La‘ —
j#r et j#r O, J | *r b
P oL
or Tlx-x~Lla =
j¢r( J ’a,]af b.

ve a solution with not =
Thus, we N ith not more than p — 1 non-zero components. To ensure that these
are positive, we shall choose a, in such a way that

a.
e g .
xj Xp 0, >0 for all J#ET



> IR R eSS

Ll NEAR pﬂOGRAMMlNG PROBLEM—SIMPLEX METHOD 91

This requires that either a; = 0 or

DR
% a,
Thus, if We select a, such that

“ife>0 and Lg

L=

’ IfO(j<().

R|&

r

=

R

r . X;
=min{ L o >0
r J (Xj J ’

. . o
; ~1v T . , _ ,
then for each of the p —1 variables x; X, 5, is non-negative, and so we have a feasible solution with
.

qot more than p— I non-zero components.

Consider now this new feasible solution with not more than p— 1 non-zero components. If the
correspond{“g set of p —_1 columns of A is linearly independent, case (i) applies and we have arrived
at a basic teamble.solun-on. If this set is again linearly dependent, we may repeat the process to arrive
at a feasible solution with not more than p -2 non-zero components. The argument can be repeated.
Ultimately, we get a feasible solution with associated set of column vectors of A linearly independent.
The discussion of case (i) then applies and we do get a basic feasible solution.

This completes the proof.

@orollary. There exists only finite number of basic feasible solutions to an L.P.Iﬂ
Proof. Exercise for the reader.
Theorem 4-2 (Extreme Point Correspondence). A basic feasible solution to an L.P.P. must
correspond to an extreme point of the set of all feasible solutions and conversely.
Proof. Let the L.P.P. be :
Maximize z = ¢’x, x € R* subject to the constraints:
Ax=b x20
where A, b and c are real mxn, mx 1 and nX1 matrices respectively. Let p (A) = m.
Let S be the set of all feasible solutions to the L.P.P. Also suppose that x is a basic feasible

where x; is an m x 1 vector, such that for a non-singular sub-matrix B of A, Bxg = b.

If possible, let x be a point of S, such that there exist x,, X, € S such that x; # x, and
x=Ax; + (1 -Nx 0<A< L

uy Uy
Let X| = and x, =
vi V2

where u,, u, are mx 1 vectors and vy, Vv, are (n—m) x 1 vectors. Then

RS

Xg = klll + (1 - X)ul

and 0=)\.V1+(1—}\,)V2 0<h<l.
Since x,, x, are feasible solutions, therefore uy, Uy, vy, V5 2 0.

Now 0<i<l and 0=2Av + (1 =XV,

-~ We must have vp=vy =0

m HENH
= y Xy =
us X 0 2 0
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suppose that thete does exista hane fouible solution . that
() By, o, o '
o It DANI N TOE (e colimn veetor of A, Clearly. for any columm vector i € A, we
e

n '
R VL TR N [ T b, By,

i
whete b Boand v, are switable sealus,

s, we know that if the basis vee
NN o NS vector b for which the coelficient v, s non-zeto, s replaced by
pe A thon the W set ol veetor also forms o basis,
Now, 0y @ 00 we can winge

0 m \
/ .
b, yoou b, .
\ \H 1= | \”
ll\\‘ lh(‘l\‘l\\“‘ (H pives
m
2 ), ] mwooy
RN ‘
R b X i # |
N Yy 1=l Ny i
" |
) " :
\ ’ )
““ I \Ho Y ‘ll 1 I “" o
' ” . \“

Thus, the new basie solution is \H having as its components, the variables

A '
, : (I, . A ‘i
Wen e U L2 aomy e and oy, :
il AYY | |
, , ‘ , A A N
We shall now show  that \u is feasible also, that is, the new basic variables vy, are also 1|

pon-negative, Two cases do arise
Case (. xg, = 0. In this case the new set of basic variables is obviously non-negative, since we ;

T T oAy iQ \ ‘ W \ N 3 " i

have assumed the existence of a basic feasible solution X, (
Case (1. vy, # 0. In this case we must have y,; > 0. This requires that for the remaining il
v (i # ) either vy = 0 fori = r or “
1§

. ; Npio . Ry . . i
for v, >0 and i#» »r and BB or v, < 0 and i o# o i
\\ \\ U \“ N . i} i

Al Al My A
So, if we select the index r (v, # 0) in such a way that
Ny Min |
o

Wi o e

a0, i)
v l‘u‘ v\L\O' 11:‘

then, the new set of basic variables are non-negative; and hence the basic solution \B is feasible.
Remark. 11 after replacement of basis veetor, (hc m W hum matrix is
(h,. hw. l\,,,)
A A . : G
where by = by for i # rand b, = w5 then, the new basic feasible solution is

A A
x" = “ ! b

A AT AV e v hlec
where Ny = Ny o Wy \_’ vigroad vy, V are the basic variables,
) Ry

rﬁ-
)¢ ofinition (Net evaluation). Let Xp be a basic feasible solution to the L.P.P.
Maximize z = ¢x, where AX =b and x 2 0,

-

Let ¢ be the cost vector corresponding 1o Xy, For each column vector a; in A, which is not a

column vector of B, let
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Then the number
m

Z = .-§1 CBi Yij
. ) _ ; evaluatior
is called the evaluation corresponding to a; and the number z; — ¢ 1S called the net 2

corresponding 1o a\(
L_Z" heorem 4-5 (Improved Basic Feasibl

L.P.P.: Maximize z = cx subject to Ax =Db, X 2 > 0.
on-basis column vector 3, in

A
Let X be another basic feasible solution obtained by admztrmg an
_ ¢, is negative. Then xB is an improved basic feasible

the basis, for which the net evaluation z; =
solution to the problem, that is

feasible solution to the

e Solution). Let xz be a basic

A A 7
Cp Xp > CBXBJ
¢, x” € R" subject to the

Proof. The L.P.P. is to determine X, SO as to Maximize z = €X;
constraints : Ax = b and x 2 0, b” € R", where A is an m Xn real matrlx

We are given that x, is a basic feasible solution. Let zg = Cp Xp-

z.—c-<0.

Let a be the column vector introduced in the b331s such that
feasible solution, then

Let b, be vector removed from the basis and let xB be the new basic

Ao Vi B
Xpi = XBi = XBr’j and g, = }
Yrj Yij
Thus, the new value of the objective function is
| A moA A
z= X Cpi¥pi
=

m y X
— i A ABr
= 3 cpi| xgi —Xpr_ | t CBr

i=1 Yrj Yrj

m Vi X
U ZBr LA
z CB:(XBI Br rj) + ¢ (" cpr =€)

i=1 J Vrj
*B
=2 - -¢) —
Yrj
” 4 " [ xB,/y,j > 0].
Hence, the new basic feasible solution X gives an improved value of the objective function

(

i Remzlzrk.. If the given basic solution happens to be a non-degenerate one, then xg,./y,; > 0 and a
definite increase in the value of z, occurs. If the given feasible solution happens to be 2'1 dle,éenerate one

then an increase in the value of z, depends on /Y i ; o
te Tost th o dep xp; /Y- In any case, z; — ¢; < 0 implies that z can never
Corollary. If
i~ ry. If z; — ¢; = O for at least one j for which yi > 0,i=1,2, ..., m; then another basic
easible solution is obtamed which gives an unchanged value of the objective function

Proof. It follows from the above theorem that
AN, -
2=2 - (- ¢) y Yrj > 0
=75, since z; — ¢, = 0.
Theorem 4-6 (Unbounded Solution). Let there exist a basic feasible solution to a given L.P.P. If

for at least one j, for which y; <0 (i = 1, 2,
/ » 2y oy m), and z; — ¢ is ne
exist any optimum solution to this L.P.P. ’ gative, then there does not
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LINE -_T."‘(CD i
_ 7 @
pProof. Lzt the ziven LP.P. be 10 determine X - |
Mz e _ ST 2s0asto '
1 11Z¢ = CX C. X' = R~ subiect to the ~rmes i
% nd b d L | $4 "’1 .—C g é
X=band x 20 b = R~
_nere A is an m x n real matrix =
Le: a basic feasible solution to this problem be x.. <q thar
b z. YU uial
. L. Bx; =b and x;20
.ith the value of the objective function
G = ¢ Xp = ) cp. i
Now. we can write
b=Bx;~Za -Za a = A Zisascalar

|
INVE]

|
oy
AN

> 0. then (x5 — 23;) 2 0 since », < 0. This shows that there exists a feasible solution
whose (m = 1) components may be strictly positive. But. in general. it may not be a basic solution.

The value of the objective function for these (m + 1) variables is given by

< =_:4 ‘B ‘1‘XE.‘_E_ } v E_C =X Cgi Xp —E'( 3 Cgi¥i — €))
= i=1 i=1 . J
=3-3EG-¢
But 3 -¢<0and £>0

= -
I += a Z— + =

Hence. there is no limit to the optimum value of z and. hence there exists an unbounded solution
1o the given LPP.

Remarks 1. If for some a. for which z; — ¢; >0 and y; < 0. i = L 2. .... m, then there exists a

feasible solution to the LPP. such that the (m + 1) components of the solution may be strictly positive

and
’: — —== as i' — ==
2. If v.. < 0 for at least one j for which ; - ¢; = 0.then z = 5

-—

‘Theorem 4-7 (Conditions of Optimality). A sufficient condition for a basic feasible solution to
an LPP to be an optimum (maximum) is that Z; — ¢; > 0 for all j for which the column vector
T~

a. € A is not in the basis B.
‘ —
Proof. Let the L.P.P. be 10 determine X sO as 10
Maximize z = ¢x: ¢ X' € R”
Ax=b and x 20
real matrices respectively. Let p (A) = m so that we can choose

subject to the constraints :

where A and b are m xn and mX 1

an m ¥ m submatrix B of A as a2 basis matrix. ‘ _
" Let us assume that there exisis 2 basic feasible solution X, to this L.P.P. Let cg be the cost vector

corresponding to the basic variables.
Then BXB = b. Xp =20 and i Cz Xg.
Now. for all those j for which 2, €

Let a = b for all such j for which 3; € B. Then | |
“ J vV, = B-: b = e, the unit vector (since Y = B¢ aj)

B. we are given that g — € > 0.
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4 k
g CX=¢( I oyx)=% o
i=1 ) ,:|a’cxi_l_§la1:0::o
Hehwe. 1 convex combination of 4 differe . ) _
e the LPP. Of & different optimum solutions to an L.P.P. is also an optimum

4:3. THE COMPUTATIONAL PROCEDURE

»

s sy Poindamental condirione s .
The e U «.»imsm.l. conditions on which the simplex method is based are :

Condinion of feasibility 488 ‘o . . . . .
\:m.,.‘., ‘; . ¥ “_‘ bffff.‘-\ It assumes that if the initial (starting) solution is basic feasible, then
comng computation only basic feasible solutions will be obtaine ‘

R i)
P Lanaiiton

of oprimaliry. It guarantees that only better solutions will be encountered.

T ~Am ar - e . .
g t;-fﬁ;{‘;;ﬁ“‘}i‘i?’glépf}EdUl‘e of Slmplex. r_nethod requires the construction of the simplex table.
1he WU S ‘? . able 1s constructed by writing out the coefficients of the variables in the objective
wunction and constraints of LPP in a systematic tabular form.

Following is a specimen of the simplex table which conveniently displays the basic feasible

solunion Xs. the associated cost vector ¢, the basic variables, column vectors y;'s corresponding to
:5;{ \r_\‘»'»\e[i as non-basic variables. the corresponding cost coefficients and the net evaluations in a
B
) s Ci
o 2 ¥5 Xg g y2 Yn
Cz ¥m Xgi ¥n Yi2 “Lees Yin
s ¥a pY: 2 Y21 Y e Yan
€3 Yam XBmn Yml Yn2 e " Y
0 i1 - 4 2 -G - Zn — Cp

The optimal solution to a General L.P.P. (when it exists) is obtained in the following major steps :

Step I. Select an initial (starting) basic feasible solution to initiate the algorithm. (Use theorem
-] for the existence of a basic solution.)

Step 2. Check the objective function to see whether there is some non-basic variable that would
improve the objective function if brought in the basis. If such a variable exists, go to step 3, otherwise
<0p. (Use Theorems <4-5 and 4-6 for the check.)

Step 3. Determine how large the variable found in step 2 can be made until one of the basic

=< in the current solution becomes zero. Eliminate the later variable and let the next trial
stion contain the newly found variable instead. (Use Theorem 4-4.)
rep 4. Check for optimality the current solution. (Use Theorem 4-7.)

p 5. Continue the iterations until either an optimum solution is attained or there is an
‘ndication that an unbounded solution exists.

the computations. we usually consider the starting basis matrix B as an identity

1. Therefore y; = B7'a; = I"la; = Ia; = a;

[l 0“‘%1 _(aun)_ (¥ .y
l:a,—g‘o 1) a;p ap L-\'IZ oo

xy — B'[b = I—lb = Ib = b etc.

+

",

Ty v
J

Note. To simplify
B =

matrix L re..

“The Simplex Algorithm

For the solution of any L.P.P. by simplex algorithm, the existence of an initial basic feasible solution
a The steps for the computation of an optimum solution are as follows :

3 always assumed.



po e, e

OPERATIONS RESEARCH 1
100 e
maximized or minimized. If

Co g of P.P.is to be : .
Step 1. Check whether the objective function of the given L y using the result

" = " maximizing It
it is 10 be minimized then we convert 1t 1nto a Ploblcm.of n (=2)
Minimum z = — Maximun ?ve If any on
. e _negative.
Step 2. Cheek whether all b, (i = 1, 2, ..., m) are non-negt

. o)
” b(l = 1, 2y ey ”I)
X . anetraints by —1, so as to get all b
multiply the corresponding inequation of the constraints by

e of b, is negative then

-hegative. : ' i ucing slack and/or

. _SziJ“.;TL(‘onvcn all the inequations of the constraints Into lfl(i:a::lc;?asl l:g’ 112;;(.)(1 g

surplus variables in the constraints. Put the costs of these variables O s = B4 b anid gt
Step 4. Obtain an initial basic feasible solution to the problem 1n

in the first column of the simple table. . . » by using the .
Step 5. Compute the net evaluations Z; = c(j=12 -

3~ ¢ = ¢y — ¢ where y; = B'a;.

Examine the sign g; - ¢;.

initi ic feasi ' i i sic feasible solution.
(i) Ifall (z; = ¢;) 2 O then the initial basic feasible solution x, is an optimum basic

(i) 1f at least one (z; = ¢;) < 0, proceed on to the next step.

3 i ive of them. Let it
Step 6. 1f there are more than one negative z; — ¢;, then c"hgf)'se'the n]oslvm?ga-t ve of them. Let it

> ; “Thp “’\f.'ﬂ}“("\/Oz‘{'f"‘f“‘,‘ ?’. N e { 1 Vo)

be z, — ¢, forsome j =r. [ OLT0 patc &0 )

oAbt
»' \ o] [ IV . £ ¢ :
(i) 1f all &(z/ - &j) 2 0,/then the initial basic feambl‘ci solut\non Xp is an optimum basi¢, feasﬂi}e %olutlon.
\ \ \ ‘ ‘
(i) 1f at least one (z - ¢;) < 0, proceed on to next step. | \ \

'V, >0, i=1,2 .., m} and choosg the minimum of them. Let

TNEOAN
the minimum of these ratios be xp/y,. Then the vector y, will/level ‘the basis y;. The common
clement yy,, which is in the kth row and the rth column is known as the leading element (or pivotal
element) of the table.

_ Xy,
Step 7. Compute the ratios { y"

ir 4

Step 8. Convert the leading element to unity by dividing its row by the leading element itself and
all other elements in its column to zeroes by making use of the relations

A Yij
Vi = vij =

Yir | = .3 A
ykl‘ o l lv 2y ey M+ l, 1 ik

and Ao Yk
e j=0,1,2 .n

Step 9. Go 1o Step 5 and repeat the comput

. . ational procedure until ej
obtained or there is an indication of an unbound t

ed solution.]

her an optimum solution is

SAMPLE PROBLEMS
-1 411, YUse simplex method to solve the following L.P.p. .

Maximize 7 = 4x) + 10x,

subject to the constraints -
2.X/ + Xy < 50, 2XI + 5,!‘2 <

100, 2x, + 3 .
Solution. 17290 x

20 and x, > .

Step 1. By introducing slack variabl
lepnstraints of the given L,

€s 5 20; s

atl ‘ 220ands3
. are converted into the sy

20 respectively, the set of

stem of equations -
.\fl
2o o) n| s
> 20 o< g
<30 0 $a 90

5'3
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The modified objective function is to maximize

101

. o = 4xl + 10.1'2 + O.S] + O..S‘z + 0.5’1.
Srep 2. An obvious initial basic feasible solution js given by x, = B-'b.

{sq 1 0 0) 50} [50“
ie. LSZ | = 0 1 01/ 100|=1|100
s3] Lo o0 1 90J l_ 90
{ 1 0 0 50
since B=10 1 0|=B" andb=|100
kO 0 1 90
Siep 3. Compute y; and (F - c;) as follows :

1 0 0 2} (27
vi=Blay={0 1 0il2]=|2
0 0 1){2] [2]
L 0 0\ 1] [1]
v2=Bla, =10 1 0(5]|=|5
0 0 1)[3] |3]
¥3=Ble; = e, ys = Ble; = ¢, and ys = B-le; = e
51
G- =¢gy;-¢=0,0,0(2|-4=-4
2]
F 1]
- =¢gyr—¢=(0,0,0)5|-10=-10
L3 ]
F 1
3-c3=¢Cy3-¢c3=(0,0,0[0[-0=0
L.O._
o
u—cy=cgya—c=(0,00)]1[-0=0
L 0]
(0]
5 —¢cs=cgys —cs =(0,0,0)0 —QfO
L 1]
Step 4. The initial basic feasible solution is now represented in the simplex table below :
¢ 4 10 0 0 0
(9 A7 Xp Y1 Y2 ¥3 Ya Ys
0 ¥3 50 2 1 1 0 0
0 Va 100 2 ® 0 1 0
0 ¥s 90 2 3 0 0 1
3 0 0 0 0 0
Zj - ¢ (=0 4 -10 0 0 0

From the tableau, it is apparent that there are two z; — ¢; which are negative. We choose the most
negative of these, viz., — 10. The corresponding column vector y, enters the basis.

.. [ X .
Step 5. Since all the entries of y, are positive, we compute mm.{ﬂ- Vi, > 0}; ie.,
Jir
min, | 3. 100, 90} = 199 This occurs for the element y,, = (= 5). Thus the vector y, will leave the
' 3 5

basis ¥z and the common element y,, becomes the leading element for the first iteration.

_—

- ———

e ——
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( . . TOCS ll;ll\i”y
aoelements ol y, Lo zeroes hy I ¢
N"‘,, : (‘””V“” the Im"“”)'. clement Vi (O unity and all other clement A

use ol the followmg tanstormation

\“j { 1, 2, 3.4, ;)
) ) Viv o,
] Viy Vay N
) &
A \"J / “, l. ;, l '}
and v Vo
A ".‘l ') ) \"‘() l()() 1 )() ('l(‘-
‘)l Vo 5‘ \.‘“ Voo “
A V) 100 0
Vio Yoo v 50 5 X b=
A Vg ) 100 N
Vi Yo s Vi 0 5 '
A Vay X 2 ) |
Y 1 \n‘\"" - 5 %3 5
A V2 .9 2 , ) 8
Yo = b= v =2 5 x| 5
A Vg | | .
\ . 2y ' s ——and so on.
ANE| Vid \,”.‘l.‘ () 5 X | 5 ¢

Step 7. Using the above computations, the iterated simplex table is :

Cn Yn Xp Y \p) Y3 Ys Ys

0 Y1 30 8/5 0 | 175 0

10 va 20 25 1 0 /5 0
0 " 30 4/5 0 U - I

; T 2 0

G- z(=200) 0 0 0 2 0

The above simplex table yields a new basic feasible solution with increased value ol z. Morcover,
no further improvement in the value of = is possible, since all % = ¢; 2 0. Hence, we have attained
our desired optimum solution with basic variables Ay 8 and sy The maximal basic feasible solution
to the given L.P.P., therefore, is

=0, 09 = 20 with maximum z = 200,

Note. 1t is evident from the net evaluations of the optimum table that the net evaluation corresponding
to non-basic variable v, is zero.

This is an indication that an alternative basic solution exists. Thus, we
in place of yy or ys. the resulting new basic feasible solution will also be

Now, by introducing Y, into the basis in place of y,,

can bring y, into the basis
an optimum one.
the new optimun

1 simplex table is as follows :

L NN, I 1] ¥ oy, e
4 Yi 150/8 I 0 gn e
10 y2 2512 0 | a " .
0 Ys S0y in s |
) 4 10 0 T Ty
GG =200 oo 0 2 .
We observe from this table that the basic feasible solution has been chung‘c»(.j“ b[n”[h; (ryl;ﬁ.;]—]»['.'m
value of z remains the same.

If two basic (optimum) feasible solutions are known, an infinite number

; ; . of basic (optimum)
feasible solutions can be obtained by taking any weighted P

average of the two solutions. Thus, if

y =
T
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0 150/8
| 25/2
X = "8 and x, = g are two BFSs, then a new BFS is :
E 3()J 15
| A
| [ (1 - 2)150/8 (1 — %) 150/8
| o ) | 201 + (1 - 4)25/2 (25 - 1510)/2
| xe = Axp + (1 =A% = 300 = 300 ,0<AsS L
L s0n e ’
30n + (1 — M) 15 15 + 15A
3 It can be verified that the solution x* will always give the same value 200 of z, for all
l g<h <L
) _—

Remark._lntcrpretation of the final simplex table. The simplex table helps to predict the effect of
changes in the resources and the profit margin :
(a) Opportunity cost. The terms in z;-row indicate the opportunity cost. If we do not utilize one unit :

the loss of profit is 4 units and non-utilization of one unit of x; costs 10 units.
and s, are called ‘shadow costs’.
on resulting from a unit

S —

Of xlv
(b) Shadow cost. The coefficient of non-basic variables, iLe., of s
They represent the decrease in the optimum value of the objective functi
increase in a non-basic variable.

412. Use simplex method to
Minimize z = x, — 3x3 + 2x5 subject to the constraints : K

1

3X2 - x3 + ZX5 <7, —ZXZ + 4X3 < 12,

i —4XZ+3X3+815$10,' XZZO, X320 and X520.
[Garhwal M.Sc. (Math.) 2002]

Solution. Introducing slack variables s; 2 0,5, 2 0and s; 2 0in, the respective inequalities; and
ive function into that of maximization; the linear programming problem is :
—(xy = 3x3 + 2x5) + Oy + 0.5, + O.53 subject to the constraints :

converting the object
Maximize z* =

é 3x2—x3+2x5+s,=7
—2X2+4X3+0.X'?5+82= 12
= 10

—4xy + SX3 + 8X5 + 53
Xp, X3, X55 S1» 520 53 > 0.

The set of constraints can be written in matrix form as

-
X3
3 -1 2 1 0 0} 7
-2 4001();:12 or Ax = b,
4 38 00 1)|7 10
L 52
] s3
3 -1 2 1 00
“Where A=| .2 4 0 0 1 0, x=[xn % % S % s;] and b =1[7 12 10]
4 3 8 0 01

An obvious initial basic feasible solution is x; = B~'b, where B = 1, and

X, = basic variables corresponding t0 coloumns of basis matrix B (= I).

-1
5 I 0 0 7 1 0 off 7 7
ol=lo 1 o] f12{=|0 1 0f12)=}12
53 o o 1) L] Lo o 1]l10 10

) ,
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The iterative simplex tables are
Initial Iteration. Introduce y, and drop ys.

l , 5 0 0 0

' o) .y )

y ) Y3 4 4 (

n Yu X1 I £ 5 | 0 0

. 3 | f

) ¥4 / : | 0
) 0 0

0 Ys 12 & @ ¢ 0 0 [

0 Yo 10 4 :4 . 3 0 0 0

z 0 | .

e - - .‘ o N . notre Fese I,‘ ll S Iuti()n iS no
/\l ILZ.S[ once ‘f/ ('/’ Vi .y L7 P Ae ’ A . - "1)““““ \/(‘(~|1)| y LH[CI.i [Ilc l";lsls B

[ X | i 12 = 3), current basis vector
. . wurther. since mini vy, e 0 pis (= 3), ‘
(since at least one y;, > 0). Further, since minimum |y, 2" [ 4

ys leaves the basis. This gives y,, (= 4) as the leading clcmc':nt. Now 'u.s'ing E-Row opcrau(l)ns’, ‘we
convert the leading element into unity and all other elements of the 'cntcrmg column vector y, to zero.
We get the improved basic feasible solution as shown in the next simplex table.

First Iteration. Introduce y, and drop y,.

Cy Y X i ¥2 Y3 oY Y
. ,(;. S —y4 — 0 @ 0 2 | 1/4 0
3 Y2 3 12 | 0 0 /4 0

! : 0 Yo | -512 0 8 0 ——737/7477‘/“ _l_-,¥“
) ~1/2 0 2 0 3/4 0

Observe that z; - ¢, is negative and thus the current basic feasible solution i
column vector corresponding to 21 — ¢ enters the next basis y,

Yip > 0both y, < 0andy,,

S not optimum. The
(since y, > 0). Further, since only
< 0); current basis vector y, leaves the basis. This gives y,, [: %J as the
leading element. Using E-Row operations, we convert the leading element into unity and all other

entries in its column y, to zero. The improved basic feasible solution is obtained as shown in the next
simplex table,

Final Iteration. Optimum Solution.

—2 W % i Y2 ¥ ;; --~-—--~;5%—~—~~y6
- Yi 4 ' 0 4/5 R T —
! Y2 ’ ‘ : 215 /5 3/10 10
L Yo H 0 0 10 2/5 -1 !
: : ! i 0 12/5 IR I — 0
Since all z - - o

¢ = 0, an optimal basic fey
solution to the given L.P.P, is

Minimum ; - -Maximum 7% -
/ 4

sible solution has been attained. Thus, the optimum

=1 with x, = 4, A3 =5 and xq

of 7 = 107x, + X2+ 2xy subject 10 the
/4X/ Xy - /)X; + 3}(4 = 7 I()X/ f Xy -~ ()X" s, .‘f,\f/ T Xy = x50

= (),
13. Find the maximum value

constraints -

i X X4 x4 2 0),
Solution. By introducing slack variables 5, 2 () and 5,

_ , , , = O respectively, the sct of constraints of
the given linear programming problem is converted into the

system of equations -

e e ———
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0
(143 173 2 1 o o\™ 7 /3
16 1 6 0 | 0 X3 _ s
3 -1 -1 0 o 1™
Sl
L»\'z_

An obvious initial basic feasible solution is x, = B-'b, where B = I;, x5 = [x; 5 $al; and
b=1[7/3 5 O} : -

-1

X4 1 0 0 7/3 7/3
S1 | = 0 1 0 5 = 5
82 0 0 1 0 0

Using now simplex method, the iterative simplex tables are :
Initial Iteration. Introduce y, and drop y.

- 107 1 2 0 o 0
G Yp Xp ¥ y2 ¥3 Y4 ¥s Yo
0 Va 13 14/3 13 -2 | 0 0
0 ¥ 5 16 1 -6 0 l 0

0 Yo 0 ©) -1 -1 0 0 L
5 0 0 0 o 0 0

g - ¢ 2(=0) 107 - -2 0 0 v

It is apparent from the table that there are three z; — ¢; which are negative. We choose the most
negative of these, viz., — 107. The corresponding column vector y, therefore, enters the basis yj (since

. . & Xpi .0 .
all y,; > 0). Further, since minimum {% vy > 0} is 3 which occurs for the element y;; (= 3),
Jil

vector y, leaves the basis yp and the element y;, becomes the leading element. Reducing the leading
element into unity all other entries of y, to zero, we get

Final Iteration. Unbounded solution.

¢ Vg Xp Yi o Y3 Y4 Ys Yo
0 Y4 7/3 0 17/9 -4/9 1 0 _14/9
0 ¥s 5 0 19/3 -2/3 0 1 —16/3
07 v, 0 1 -113 -1/3 0 0 A
- 107 _1073  -107/3 0 0 107/3
B % _] ¢ Z(=_9)_/_9”___':_“0/3 -113/3 0 0 107/3

It is apparent from the table that the net evaluations z, — ¢, and z3 — c3 are negative, z3 — ¢;
being the most negative one. The column vector corresponding to z; — c5 is y3. Now y; will not enter
the basis yg, since ys (i = 1, 2, 3) are non-positive. Instead, this is an indication that there is an

) EAN

unbounded solution to the given L.P.P.

PROBLEMS

414. Use simplex method to solve the L.P.P. : ‘
(¢) Maximize z = 3x; + 202 subject to the constraints :
(i) xtx sS4 x-nsS2 20 xn20 [IAS 1992]
(ii) xl + x2 < 6, 2.Y| + .\‘2 < (). xl,-\'z > 0.
(b) Maximize z = 2x) + 3%2 subject to the constraints :

x| +x, 4 X +x, <1 and x, + 2, €5, x; 20, x, 0.

L —
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: . ; bi the constraints :
415. Use simplex method to maximise z = 5x; + 3x, subject 10 €3 5 420518
: <4 <3 x5+ 2212
(@  x +x,S2 5+ 25510 % : p
X L+, 29 x.x 2
3x, + 8x, <12, xp,xp 2 0. Xy Z !

[Purvanchal M.CA. 1996]

416. Use simplex method to maximize z = x; -
X+ 2+ 3, 210, 5 0 S 5, xp.2p7 2 0.

+ 2x, + 3x3 subject 10 the constraints :

417. Use simplex method to .
Maximize z = 2x; — x, + x3 subject to the constraints :
I +x v 2 SO0, X -0+ 25 2 10,
X, +x-x <20 and x,. x. 2 2 0.
418. Use simplex method to ‘
Maximize z = 3x; + 2x, + 5x; subject to the constraints :
X, 42+ xy S 430, 3xy + 253 S 460, x; ¢+ Axy S A0 x5 2 0
419. Use simplex method to solve the L.P.P. :
Maximize z = 2x; + 4x, + x3 + x4 subject to the constraints :

[Nagarjuna M.Com. 1992,

X #3 +x, S 4, 2+, S3. xy+h4r + 5,23, 2. 5.2 2, 2 0. [Madras M.BA. 2610]

420. Use simplex method to
Maximize z = 4x; + 3x, + 4x3 + 6x; subject to the constraints :
X+ 20 + 2x; + 4x, <80, 2x) + 21 + 2, S 60
3x; +3x, + x3 + x4 £ 80, x;, %, x5, x5 2 0.
421. Using simplex method solve the L.P.P. :
Maximize z = 4x; + 5x + 9x3 + 11lx; subject to the constraints :

X+ X+ x5+ x <15 Tx; + 5x) + 32, + 2x, £ 120

3x, + 5x, + 105 + 15, < 100, X, x5, x5 1, 2 0. [Delki B.Sc. (Stat; 1999]

422. Solve the following problem by the Simplex Method :
Maximize 15x; + 6x, + 9x3 + 2x, subject to the constraints :

2 + x + 5x3 + 0.6x,<10, 3x, + x, + 3r; + 0252, <12
Txy +x, <35 x20 for j=1,2 3, 4.
423. Show that the L.P. P.
Maximize z = 4x; + x, + 3x3 + 5x, subject to the constraints :
4x; — bxy — 5x3 — 4x, > - 20, 3 - 25 + 4x + 1, <10

8x; = 3x) + 3x3 + 2x, < 20, X5 X X3 2 2 00
has an unbounded solution. —

[Purvanchal M.CA. 1996]

4:4. USE OF ARTIFICIAL VARIABLES

longer have a ready starting basic feasible solution.
In order to obtain an initial basic feasible solution, we fi

form and then a non-negative variable is added to the left side of each of
needed starting basic variables. The so-added variable is called an «
same role as a slack variable in providing the initial basic feasible
artificial variables have no physical meaning from the standpoint of the
will be valid only if we are able to force these variables to be out or at

T i . I e e ee———

rst put the given L.P.P. into its standard
equation that lacks the much
rtificial variable and plays the
solution. However, since such
original problem, the method
zero level when the optimum
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Final lieration, Optimum Solution.

‘s A Xp Y ¥2 ¥a ¥4 y 5 ¥ o
0 Vi 0/7 0 1 ~30/7 0 - i B ’ 4/
0 u 52/7 0 0 25677 1 27 -iwv
0 ¥, 55/7 I 0 —6r7 0 114 314

2 (= 0) 0 0 0 0 0 l

Since. all 7, - ¢, 2 0 an optimum solution to the auxiliary L.P.P. hn:\‘ been reached. Furthermore
it is apparent from the table that no artificial variable appears in the basis. \

Phase 2. Now. we consider the actual costs associated with the original varables. So. the
objective function is

2= 5x - 4+ 3+ O+ Oy

The iterative simplex table for this phase is :

5 -4 3 0 0

Cp Yi Xp Al A AR! AK] Ys
— V- 307 0 I 3077 0 17
0 v 5277 0 256/7 1 27
5 v 5577 I 0 _6/7 0 /14
= (= 155/7) 0 0 6977 0 13/4

Since. all z, — ¢; 2 0 an optimum basic feasible solution has been reached. Hence. an optimum
basic feasible solution to the given L.P.P. is
A= 55770 % = 30/7. x3 = 0:; maximum
\/ 426. Use penalty (or Big M) method 1o

Maximize : = 6x; + 4x, subject to the constraints :
2.\'/ + ‘?'\.2 < .'T(). Sy, + _’.\'3 < 24, A+ x> >3

<y
i

= 155/7.

:‘J|

~

20 and x>0
Is the solution unique? If nor, give two different solutions.
Solution. Introducing slack variables s 20,
constraints, the standard form of L.P.P. is :
Maximize : = 6y, + A2+ 05 + 0xn + Oy
2vp + 36, + 4 = 30,

$32 0 and surplus variable 5320 in the

subject to the constraints :

3+ 2y + 2= 24 0 4+ xy - sy = 3.

V|- .\':. M. 3. .VB = 0.
Clearly. we do not have a initial (st

) arting) basic feasible solution. So.
variable A; > 0 in the third constraint.

Then, an obvious initjal basic feasib
0. s =24 and 4, =3,

Now. corresponding (o the basic variables
identity  matrix) and the net evaluations
ey = (0, 0. =M).

The iterative simplex tables are -

Initial Iteration. Introduce ¥, and drop y,.

we troduce an artificial
le solution is

[9%]

S =

S $2 and A the matrix Y = B-'a (where B =1 the

-7 0U=12234,5 6) are computed. where

6 4 0 0 0 -M
cp Ya X ¥ Yo AK] Yy ¥s Yo
0 ¥3 30 2 3 l 0 0 0
0 ¥i 24 3 2 0 1 0 0

o Ve 3 ® ! 0 0 -1 x
(=-3M)  -M-6  _M_4 0 0 M 0
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-

e tha abve table - ¢, and L -¢ Aty : i

In the abxX < ¢ ANd Iy - ¢, are negative. Among these two 3, — ¢, gives the most negative
. ance M is veny large). therefore v B} : U, R
. (since M 1s very large). therefore ¥, enters the basis. Further, min. | - ~ v, > Uy = -
y i |

1
Saveas ASNIS I » t ™ N 1 S .

N s Vo leaves the basis and y;; becomes the leading element. Since ¥, corresponds 10
«hicial variable A, we drop it from the objecn\e function.

First Ireranion. Introduce ¥y and drop y,.
e ¥s X5 A ¥a ¥3 ¥i ¥s
- 0 ¥ 24 0 | 1 0 2
Q y: 13 0 -1 0 1 @
S Yi 3 1 l 0 0 -1
A
1(=18) 0 2 0 0 -6
P
~- . | Xy, I S
Since s — ¢s < 0. ¥s enters the basis. Further. min. y = v5 >0 t = l}
| Vs S R
- ¥, leaves the basis and y,5 becomes the leading element.
Final Iteration. Optimum Solution.
€3 ¥s X5 Y1 ¥2 ¥3 ¥4 ¥s
0 ¥2 14 0 573 1 -2/3 0
0 ¥s 5 0 -1/3 0 173 1
o y N 1 23 0 1/3 0
(=49 0 0 0 2 0
Since all 5, — ¢, 2 0. an optimum solution has been reached. Thus. an optimum basic feasible
solution to the 01\ en LP.P.is )
x, =8 and x, =0 with max. 2= 48.

Alternative Solution. It is evident from the net evaluations of the optimum table that the net
evaluation corresponding to non- -basic variable x, is zero. This is an indication that the current

solution is not unique and an alternative solution exists. Thus we can bring ¥, into the basis in place
of y; or ys. The resulting new basic feasible solution will also be an optimum one.

Therefore, by introducing ¥, into the basis in place of y;. the new optimum simplex table is

3 Ys Xp ¥ ¥ Y3 ¥4 Ys
1 ¥ 1255 0 1 3/5 =2/5 0
0 ¥s 39/5 0 0 1/5 1/5 1
6 ¥ 12/5 1 0 =2/3 3/5 0

- (=498 0 0 0 2 0

We observe from this table that a different basic feasible solution results, but the optimum value
of - remains the same. Hence. the two basic (optimum) feasible solutions to the given L.P.P. are :
= (8. 0] and x; = [12/5. 42/5].

/ 427. Maximize z = 3x; + lrz subject to the constraints :
2x; + xS 2 3 + 40 2 120 0 20
Solution. Introducing slack variable s, 2 0. surplus variable s, 2 0 and an artificial variable
> 0. the reformulated L.P.P. can be written as :
Maximize = = 3x; + 22 + 05 + 052
2y +xp s =203 T 4, -+ A =120 Yo s 20 and A, 2 0.
An obvious starting basic feasible solutionis : s, = 2 and A, = 12.

|

MA, subject to the constraints :

IEEmpe——

|
%
]

e —————— A
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T nerative simolex 121:3—5 ar= ;.
The tive simpl ex tabl re -
Ininial Ireration. Introduce ¥- and drop Y- ) , Y
- 9] 7 g
- - — . I
¥- ¥4
v ¥- - _ -
Cxz \ ¥ X- ). S R —— b

- - 0
-t D i2 3 e -
' . o M o o '
= —::_’:!—-‘ —_‘"l-’— - 9 N
1 s the curreni D4sis. Fu
- s reoative and hence V- entzrs the C
Clearlv. - — ¢- is the most negative and Ence §o
i, R 2 - Toene tha ~ t basis
min. —-3.>0 =7. So.y¥; leaves the current basis.

.-‘ = - - 1 {}- i j
i ¥- 2 2 i 1
—A < £ -3 0 - o 7" -
> 4 i /£ y ) {
z —AM —L LY 0 M-z M0
Here. the coefiicient of M i each ; — ¢, is non-s egative and an artificial vector appears in te

basis. not a1 the zero level. Thus the given L.P.P. does not possess any feasible solution.
428, Use penaitv {or Big M) method 1o

) Maximize = x. ~ 2v- = 3x: — z, subject to the constraints :
™, ;=2 = 3x:= 15 25 = x5 = 313 =20, x5 — 215 = x: = x4 = 10, x5 x5 %y x5 = U

[I.A.S. 1995; Garhwal M.Sc. (Math.) 2002]
~ Solution. From the constraints of the problem. we observe that we do not have requisite identit;
he starting B as an identity matrix. So. we introduce artificial variables A, = 0 and

and second constraints respectively. An initial basic feasible solution. then. is

LIXA3, D

: 3M-10 3M-2  3M-2  gy_2 — =

Since. the most neeative - — ¢ /= - Y o R
- L 12 e L AL - .,:_ - _,-_l‘: ‘_me>p‘)nds m V. ;’ . - s ettt
I, a1 . . s3I "n!‘er} ihﬁ bf&l’]:. F':’»""
mm.” — ;>0 =——- e current basis vector ¥ leaves the basis

1 and ¥z becomes the leading «)

t\‘
R
?“
\

B . ‘ e A,. we drop the ¥: column from subsequent simplex tabic
First Irerarion. Introduce v. and df"-v V..

- 53 V. ¥

M e = -3 IET5 i == A
3 ‘ - = J 0 1
: ¥: 2 25 1/5

- 3M-5 u_3 =TT : ol
5 5 - 5% 0 0 0
S S p
S
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Clearly. 22 = €215 the only negative z. — ¢ (s .
‘ ) J since AM 1S venr, lv 3y P .
X, ~ y large) and hence y, enters the basis.

in. > —/ ¥ 0O ¢ corr .
grther. min. & o > esponds to y , .
F i Ye- S0, ¥¢ leaves the basis and y,, becomes the leading

clement. Again, ¥ corresponds to artificial variable A

and . artificial ¢
~in the cubsequent tables. ] therefore we drop the artificial column
6

Second Iteration. Introduce y, and drop y

c hJ:] X , —
— T _‘,],7 2 R
3 ¥3 2517 317 : ’ ’

-1 Ys4 15/7 ’ : °
—— 0 0 1
I : 90/7 —6/7 0 o 0

Clearly, z; — ¢; < 0 and, therefore, y, enters the basis. Further, min. j!{’i’ Yo > O'r corresponds
10 yi. So. ¥, leaves the basis and y;, becomes the leading element. ' )
Final Iteration. Optimum Solution.
Cp ¥ X Y1 ¥2 ¥3 —‘YJ
2 Y2 15/6 0 I o 6
3 Y3 15/6 0 0 I _3/6
_ L ¥ 15/6 1 0 0 716
B z 15 0 0 0 !
Since, all z; — ¢; are positive, therefore, an optimum basic feasible solution has been attained.

Thus, an optimum solution to the given L.P.P. is
Maximum z = 15; x =X = %3 = 5/2 and x4 = 0.

PROBLEMS

429. Use two-phase simplex method to . .
(a) Maximize z = 10x1 + 20x, subject to the constraints :

2w+ =1 oA + 2, =5 %2 0, x,20. [Madurai M.Com. 2002]

wr Minimize z = 20 + 4x, subject t0 the constraints :
le +X2Z 14, Xy +312Z 18, xl+X2_>_ 12', Il x’lZO-
[Panjab Tech. Univ. M.B.A. (Dec.) 2010]

(4}0.' Use two-phase simplex method to
Maximize z = 3% — *2 subject to the constraints :

2 X220t 3, €2, 24 X 0 2 0. [Meerut M.Sc. (Math.) 1998]

131. Use two-phase simplex method to

Maximize z = 5% 8x, subject to the constraints :

311 + 2, 2 3, x 4.\'2 >4, X+ X <5, Xy, X P4 0

132. Use two-phase simplex method to
Minimize z = X3 + ¥ 1t %3
Xy =307 4xy; = 5. X

subject to the constraints :
- 2x, £ 3 20, X3 24

X 200X > 0 and, x5 iS unrestricted.

433. Use two-phase simplex method 0
Maximize 2z = X| 4+ 2xp T 9%3

2 0.

X, - Xt 0 >4, x t X +,20, £ 8, 5 — X3 > 2, X, X X3 2

~ subject to the constraints :

e e TR
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Duality in Linear Programming

“Man s simnly to rec 1
g 4 ognise th i, - . S
s at there are different approaches for solving problems

5.1, INTRODUCTION

Assocmted. with every lmee?r programming problem (maximization or minimization) there always exist
anolher Linear _Pr.ogrammmg problem which is based upon the same data and having the same
colution. The onglpal_ problem is called the primal problem while the associated one is called its
dual problem. It is important to note that either of the two linear programming problems can be
rreated as primal and the other as its dual. The two probléms, thus. constitute a prhimal-dual pair.

The concept of duality is based on the fact that any linear programming problem must be first put
in its stgndard form before solving the problem by simplex method. Since, all the primal-dual
computations are obtained directly from the simplex table. it is logical that we define the dual that
may be constituent with the standard form of the primal.

5:2. GENERAL PRIMAL-DUAL PAIR

Based on the standard form of primal. there are two important primal-dual pairs :
1" Definition 1. (Standard primal problem)

S

i Maximize z = ¢;X; + C:X; + ... + C,X, subject to the constraints :
aX; + apxa + ... F upXy = b;: i=1.2. ....m
.20 j=1.2 ...n
Dual Problem
Minimize % = byw; + bywy, + ... % b,w,, subject to the constraints :
ap;wy + a:i‘ﬁ': + ... + amj\s'm > Cj: J = 1. 2. .n
w, (i=12.....m) unrestricted.

Note that x;'s are the primal variables. w,’s the dual variables and the other constants have their

usual meanings.
Definition 2. (Standard primal problem)

Minimize = = ¢;x; + C2X2 + o F Gy subject to the constraints :
1 -~ -~ 1 - -

a;x + apXy + .o T din¥p = b;: i=12 ...m
X2 0: j=1L2 n
Dual Problem ; .
Maximize z# = b, +-baw2 T - + b,w,, subject to the constraints :
’ h e d @yiWa F e T AW S €5 =1 2
ajjwy T GjW2 T Omj¥m A j=1 n
w: (i =-1, 2, ....m) unrestricted.” /
i i
/
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Remark. From the above definitions one may easily observe the following:

(@) For every primal constraint, there is a dual variable.

(b) For every primal variable, there is a dual constraint. L

(¢) The coefficients of the dual variables in the constraints are the same as 'the coeffments of the
primal variables except that they are transposed, i.c., columns in primal coefficient matrix become the
rows in the dual coefficient matrix.

(d) The number of dual constraints js exactly equal to the qumber of p_rilnﬂl variables, whereag the
number of dual variables is exactly equal to the number of primal constraints.

(e) The objective coefficients of the primal variables become the right-hgnd side constants qf dyal
constraints, whereas the right-hand side constants of the dual constraints become the objective
coefficients of the primal problem.

The information regarding the primal-dual objective, type of constraints and the signs of the dug|

variables may be summarized in the following table :
- .
Standard primal Dual

objective Objective Constraints Variables

Maximization Minimization Unrestricted
Minimization Maximization Unrestricted

/ 5:3. FORMULATING A DUAL PROBLEM

IA IV

. nstraints become the r ici ]
constraints, - OW coefficients of the dua

(c) The coefficients
dual constraints.

Note : The dua] constraint corresp
always redundant, heyce it is ne

onding to ap artific
vay. ‘ Ver necessary to
artificial variable,

ial variable in the Standard form of the primal is
onsider the dual constraint associated with an

Remarks. 1. If the g
“said to be symmerric.

2. If the given linear progrémming problem is in it stan
unsymmetric. !

iven lj - : s .
linear Programming problem s jp jts canonical form, the primal-dual pair is
!

dard form, the primal-dyg] pair is said to be

e —
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pUAL T

/. 4. PRIMAL-DUAL PAIR IN MATRIX FORM

d Primal Problem

gtandar

o0 1. (Standard primal probl . " o
Definit® -( straints : problem). Find x" e R" so as to maximize z = cx, ¢ € R”
bject 10 the constraints .
AL

AX=b and x>0, b ¢ R"

where A is an m X n real matrix.
]

aX r m . '

a] Problem. Find w' € R" 5o as imize % — hT . .

pual Prc S0 as to minimize 7+ = b'w, b € R" subject to the constraints :
ATw 2 ¢’ ¢ e R

where Al s the transpose of an mxn real matrix A and w is unrestricted in sign.

Definition 2. (S.tgn(lard primal problem). Find x” € R” so as to minimize z = ¢x, ¢ € R”
subject 10 the constraints :
Ax =b and x >0, bT € R™
where A is an mxn real matrix.
Dual Problem. Find w" € R’ so as to maximize 7+ = b’™w, b € R™ subject to the constraints

Alw < ¢l ce R
where Al is the transpose of an mxn real matrix A and w is unrestricted in sign.

SAMPLE PROBLEMS

:_,’1501. Formulate the dual of the following linear programming problem :
Maximize z = 5x; + 3x, subject to the constraints :

3x; + Sxy <15, 5x; + 2x, £ 10, x; 20 and x; 2 0.

Solution. Standard Primal. Introducing slack variables s, = 0 and s, 2 0, the standard linear

programming problem is :
Maximize z = 5x; + 3x, + O:s; + 0-s, subject to the constraints :

3x; + Sxp + 8y F 0-s9 = 15, Sxp + 2xp + 05 + 57 = 10, xy, xp. 51, 32 2 0

Dual. Let w, and w, be the dual variables corresponding to the primal constraints. Then, the dual

problem will be :
Minimize z* = 15w, + 10w, subject to the constraints :

3w, + Swy 25, Swy + 2wy 23
Wy 2 0
wy + 0w } = w; 20 and wy 20
Ow, + wy 20
wy and wy unrestricted (redundant).
and w- unrestricted” are dominated by w,
> 0and w, 2 0.

The dual variables “w, > 0 and w, 2 0. Eliminating

redundancy, the restricted variables are w,

/502 Write the dual of the L.P.P.
Minimize z 4\1 + 6x, + 18x; subject to the constraints :

¥ + 3o 23 xp+ 2525 and xp, xp X520 [Delhi B.Sc. (Stat.) 2006]

Solution. Standard Primal. Introducing surplus variables s,
the LPP, js: '

Minimize z = 4x, + 6xy + 183 + O:5, + O-s, subject to the constraints :

— §h = >
X+ 36 -5 =3 0x1+ra+i_u §2 =5, X, X2, X3, 5|, S")_.O

> 0 and s, > 0, the standard form of

———
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Dual. 1f w, and w, be the dual variables corresponding to each primal constraint, the duy

problem will be ‘ o
‘ Maximize z* = 3w, + Sw, subject to the constraints :

wy + 0wy, < 4, 3w, + wy <6, 0w + 2wy < 18,
-w; + 0w, <0, and Ow; — wy 0,
w, and w, unrestricted (redundant).

Eliminating redundancy, the dual problem is : _ -
Maximize z* = 3w, + Sw, subject to the constraints :
w < 4, 3W| + wy <6, 2W7 < 18; wy 2 0 and wy 2 0.

] ] ] oblem :
503. Write the dual of the following linear programming pr o
' Minimize z = 3x; — 2x, + 4x; subject to the constrainis .

3%+ Sxy + dx3 27, 6x) + xp + 3x32 4
7x; — 2xp — x3 < 10, x; — 2x + 5x3 2 3
4x; + 7xy — 2x3 2 2,
X120, xp20, and x3 2 0. [Visvesvaraya M.B.A. (Dec.) 201])
Solution. Standard Primal. Introducing surplus variables s, = 0, s, 2 0, 54 2 0, 55 > 0 and 4
slack variable s; > 0, the standard form of L.P.P. is :
Minimize z = 3x; - 2x, + 4x3 + O-s; + O-s, + O-s, + O-s5 subject to the constraints :
3xp + 5xp +4x3 —5; =7
6x; + xp +3x3 — 50 = 4
Tx; = 2% — x3 + s3 = 10
X] — 2xp + 5x3 — 54 =3
dx; + Txy — 2x3 — 55 = 2
>

Xl» X3 X3, S|, S9, 53, S4, Ss
Dual. 1f w;(j = 1, 2, 3, 4, 5) are the dual variables corresponding to the five primal constraints
in the given order, the dual of the standard primal L.P.P. is :
Maximize z* = 7w, + 4w, + 10ws + 3w, + 2ws subject to the constraints
3w|+6w2+7w3+w4+4w553
Swi + wy - 2ws — 2w, + Tws < =2
4w1+3w2—w3+5w4—2w554
-w; 20, -wy <0, wy <0, w3 20, —ws <0
wi(j =1,2,3,4,5) are unrestricted in sign.
- Eliminating redundancy, the dual variables are - wi20,w, 20, w; <0, w, > 0 and wg 2 0.

Note. In the primal, if we multiply the third constraint throughout by —1, the dual variable w; will be > 0

instead-of < 0.
\[ 504. Obtain the dual of the following L.P.P. :
Maximize z = 2x; + 3%, + x; subject to the constraints :
49x; + 3x, + x3 = 6, X+ 2x) + 5x; = 4; X X3 x3 20 [Madras B.E. 1999]
Solution. Clearly, the given linear programming problem is in standard form. Considering it as
standard primal, its dual is :

Minimize z* = 6w, + 4w, subject to the constraints :
dwy + wy 2 2, 3w + 2wy 2 3, Wi+ 5wy 2 1
where w, and w, are dual variables.

wi and w, are unrestricted,

i e i i e e N A R e e
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505. Obtain the dual problem of the following primal problem :
Minimize 2 = x; = 3xy — 2x; subject 1o the .“(-'n.m.u'm.\- :
3yp —xp 2 S 7 2y - 4y, > 12, TR R T
XXy 2 0 and xy is unrestricted. [Delhi B.Se. (Sat.) 1995]

:on. Standard Primal. Introducing a slack vari
Solution. St oducing a slack variable 5, > 0 and a surplus varable s, = O, the
imal problem is restated as ,
.Ml.mm-l’ze ‘ ,z, = ¢x subject to the constraints : Ax = b and x > O
here X = (v X2 X3 X575 Sy, s, e =1[1,-3-2,2 0,0, b =7 12, 10] and
3 -1 2 2 1 0
A= 2 -4 0 0 0 -1}, whenay=uxy -3
-4 3 8 -8 0 0
Dual. 1f w = (w), wy, ws) are the dual variables, the dual problem of the primal s

Maximize z* = 7w, + 12w, + 10w; subject to the constraints :

P

3W| + 2\\‘3 - 4\1'3 <1 \

—wp = 4wy 4 3wy £ =3 =+ ey RITRR]
2wy + 8wy < —2‘[ o 2 . s
= =2w; — 8wy =2
-2w; - 8wy < 2 ! !
wy 0]
= w; £0 and wy 20
- Wy <0 l ' e 12

wy, wp, and wj unrestricted.
Eliminating redundancy, dual variables are wy < 0, w, = 0 and w; unrestricted. This is re-written
as follows :
Maximize z* = 7w, + 12w, + 10w, subject to the constraints :
3wy + 2wy — dwy S L owp dwy = 3wy 2 3, 2wy - Swy = 213
w; <0 and wy 2 0, w3 unrestricted.

Note. In the primal, if we multiply the first inequation by —1; the dual variable w; will be > Q instead
of £ 0.

PROBLEMS

506. Formulate dual of the following L.P.P. :
(@) Maximize z = 4x; + 2xp subject to the constraints :

3 +x23 n-X >2; x, 20 and x; 20.  [Annamalai M.B.A. (Nov,) 2009]

(b) Maximize z = 2000x + 3000y subject 0 the constraints :
6x + 9y < 100, 2x + ¥ <20; x20 and y 20, [Osmania M.B.A. (Sept.) 2001]

507. Formulate the dual of the following L.P.P.:
Maximize z = 10x; + 8x subject to the constraints :

~

X + 2.\'2 > 5, 2\'] - Xy 2 12, Xy + 3\\‘: >4

%, 20 and x is unrestricted. [Osmania M.B.A. 1999]

508. Obtain the dual problem of the following LP.P.:
Maximize f(x) = 2x; + X2 + 6xy subject to the constraints :

Sp o+ 6xy -y 3, - ad 4y 4 4 = Sy g s L

__Jxl - 3,\‘2 + 7\3 < (), .\'l. .\'2. .\'.‘ 2 0.

e
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Hi”“l;”'\\ the second set of conditons s t‘(||ll\‘.‘l|(‘lll (0
m . \
VX w o) o . Lo ]
[
' , e svsrems, whenevey
solutions of the primal and dual svste Cnever fhe it

Corollary 2. For oprimal feasible ‘ | N
Jarion of ity dual is an equaliry,

variable iy strictly positive i either system, the ith re

Proof. 1t follows from corollary /7, that

n ) . , . \
I L L N h, (th primal “‘Iillloll\
o
n ,
0y N (I”\l"“ ¢ (/”l dual l‘(‘lilli“n)
|

and
’

Corollary 3. For optimal feasible solutions of the primal and dual systems. whenever ith relatioy
of either svastem 18 satisfied as a strict inequality, then the ith variable of its dual vanishes.

Proof. If follows rom corollary /7 that

n
\' ) O
Xyt < b= oy 0
jol
m \
and LI aiw® > = a0 =0,
1

Remarks. 'The conditions of corollary 7 can also be written as
U -
“r‘ g 0

0 J= L

1o

' [\l '
and vy,

where v,y is the dth slack variable in the primal problem and w,,,; is the jth surplus variable in the
dual.

Thus, the theorem relates the variables of one problem to the slack or surplus variables of the
other. The above relations are called ‘complementary slackness’ because they imply that whenever a
constraint in onc¢ of the problems holds with strict inequality (so that there is slack in the constraint),
the complementary dual variable vanishes.

5:7. DUALITY AND SIMPLEX METHOD

Since any L.P.P. can be solved by using simplex method, the method is applicable to both the primal
as well as to its dual. The fundamental theorem of duality suggests that an optimum solution to the
associated dual can be obtained from that of its primal and vice versa.
If primal is a maximization problem, then following are the set of rules that govern the derivation
of the optimum solution :
Rule 1. Corresponding net evaluations of the starting primal variables
= Difference between the left and right sides of the dual constraints associated with
the starting primal variables,
Rule 2. Negative of the corresponding net evaluations of the starting dual varviables
= Dilference between the left and right sides of the primal constraints associated
with dual starting variables.
Rule 3. If the primal (dual) problem is unbounded, then the dual (primal) problem docs not have
any feasible solution.
Note. In rule 2. dual problem is o be solved by changing the objective from minimization to the
maximization.
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0 Vi 32 75) | 0 12 12 1A 12 N
o 10 ) 0 0 | | 2 V- 2
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Wy 0, wy
| variables Ay and Ay are v Moand vy s M

Also, the primal constraints associated with the dw

" . A N ' TETITS) ‘o
Fhus, using duality rules, the optimim wlution o the primal i obtained below
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associated with starting dual varables




e e B B §

OPERATIONS RESEARCH

140

Making use of Rule 2, we get
xx-M=-M+4and x, -M=-M=+2

o xy=4 and x, =2
Hence Maximum : = Minimum z* = 10. |
516. Consider the L.P.P. : Maximize z = 2x; + 4x, + 4x; - 3xy subject to the constraints -
Xp+ X +a3;=4 x;p +4+x0=8 x;, X X3 x‘., 2 0.
By using x; and x, as the starting variables, the optimum table is given by

: X
Basis Solution X X2 "13 -1 /-21
X3 2 3/4 0
X5 2 1/4 1 0 u
2 0 0 3

Z 16 2

Write Il;e dual problem and find its solution from the optimum primal table.
[Delhi B.Sc. (Stat.) 2002

Solution. Since, the primal problem is in standard form with non-negative variables, the dual

problem is : _
* = 4w, + 8w; subject to the constraints :

Minimize z°
Wi+ wy 22w + 4wy, 24, w24 and wy, 2 -3
w; and w, unrestricted (redundant).
Now, x; and x, are the starting variables in the primal, and their respective net evaluations are ()

and 3 in the optimum primal table. The dual constraints associated with x; and x, are w, > 4 and

w, = — 3. Therefore, we write this information as below :

Starting primal variables X3 X4
Corresponding net evaluations 0 3
Left minus right sides of the dual constraint

associated with primal starting variables w; — 4 wy — (= 3)

Making use of Rule 1, we get
wp-4=0 and wy, - (-3) =3, ie., wy =4 and w, =0

The optimum value of the dual objective is Min. z* = 16 = max. z.
517. Consider the following LP problem :
Maximize z = 3x; + 2x, + 5x; subject to :
X+ 2%+ x3<a;, 3x + 23 < a, x5 + 4x; < a3
"“re a,, a, and ay are constants. For specific values of a,, a, and az the optimal solution is

x| X X3 X4 X5 Xg Solution
4 0 0 C ¢y 0 1.350
b 1 0 172 -1/4 0 100
b, 0 1 0 172 0 c3
by 0 0 2 ! 1 20

1d C; S are constants. Determine -

values of a,, a, and a that yield the given optimal solution.

1-'alz.¢es of b, by, b; and ¢ b €2 C3 In the optimal tableay
optimal dual solution,

amm———

i Delhi B.Sc. (Stat.) 1996
T indi . i
he optimal table Indicates that slack variables X4 X5 and Xg are introduced in the thre¢

aints. Th . : .
en 'l B_ely_happen t0 be the starting prim| basic variables also. Thus the optimal basts
y =Ds ¥y from the optimal table.
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Linear Programming Problem
__Mathematical Formulation
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OPERATIONS RESEAS. .
40
. 4 < . & hat - "
“ved / tion means that zff
decision variable must be known and fixed. .In other worids,‘ Ehlsci?:;]fzilt{' known with Certar
coefficients in the objective function as well ag in the constraints are 3
and do not change during the period of study.

i ecision variables ar
(b)LDivisibility (or continuity). This implies that 'solutlon'va]uesr]of thsf (ghe]z;:jajgn o
resources-can take on any non-negative values, including fractional vahues' ; kﬂ()m&[érz, § iriables
For instance, it is possible to produce 4.35 quintals of whe‘at' or 17.35't ousan %ib]: m_, %- 5
6.52 thousand kilolitres of milk, so these variables are divisible. But .1t 1s nqt p((’) -%"vlum P;w::_d_”,
refrigerators. Such variables are not divisible and hence are to be as.sxgneq mtecf:'rd /: dv; l/, .
necessary to have integer variables, the integer programming problem is considered to atizi
desired values. - ' N
( (¢) Proportionality. This requires the contribution of each decision vanable‘ in both the— object
function and the constraints to be directly proportional to the value of the variable, For example, ¢

: - ° . her the
production of one unit of a particular product uses 3 hours of a particular resource, then the
production of 6 units of that product uses 3 x 6, i.e., 18 hours of that resource.

\(d) Additivity. The value of the objective function for the given values of decision variables
the total sum of resources used, must be equal to the sum of the contributions (profit or cost) ear

from each decision variable and the sum of the resources used by each decision variable respe::ti'.-:?;_f
For example, the total profit earned by the sale of two products A and B must be equal to the sum of
the profits earned separately from A

and B. Similarly, the amount of a resource consumed by A and
B must be equal to the sum of resources used for A and B individually.

el
allG

ned

\}({ MATHEMATICAL FORMULATION OF T HE PROBLEM

The procedure for mathematical formulation of a linear programming problem consists of the
following major steps :

Step 1. Study the given situation to find the key decisions to be made.

Step 2. Identify the variables involved and designate them by symbols x, (j = I,

2 ou)s
Step 3. State the feasible alternatives which generally are

cx; 2 0, for all j.
Step 4. Identify the constraints in the problem and expr

ess them as linear inequalities or
equations, LHS of which are linear functions of the decision variables.

Step 5. Identify the objective function and express it as a linear function of the decision
variables.

2:4. ILLUSTRATIONS ON MATHEMATICAL FORMULATION OF LPPs

Here are some problems from real life, which have been put in the mathematical format.

m). A company has three operational departments (weaving,
1y 10 produce three different types of clothes namely suitings.
suiting requires 3 minufl?lc-lmg a p.mﬁ[ of ?Qs. 2, RS 4 and R 5. . per mqre rc?specli{e v Q"C" 7""’.”' O[
metre of chiere " 'es' in we.(zvmg, .2 Minutes in processing and 1 minute in packing. .Sl{fll[llr/,‘ alad

INg requires 4 minutes I weaving, 1 minute in processing and 3 minutes in packing.
One metre f’f woollen requires 3 minutes in each department. In a week, total run time of each
department is 60, 40 ang

80 hours for weaving, processing and packing respecti vely.
Formulate the lineqr programming p

roblem to find the product mix to maximize the profit.



LINEAR PROGRAMMING PROBLEM~MA‘THEMATICAL FORMULATION 4

Muthcmutical Formulation

The data of the problem is summarized below :

—— _\Dcpartmems Profit
(i’?/ef{"’ ”&2 ‘ (’rocgssing _Packing (Rs. per metre)
. (mmminutes) (in minutes) (in minutes)
Suililﬁlgs 34 2 | 2
Shirtings 4 1 3 ‘ 4
Woollens 3 3 3 3
_Availability (minutes) 60 x 60 40 x 60 80 x 60

}Srep I. The key decision is to determine the weekly rate of production for the three types of
clothes.

Step 2. Let us designate the weekly production of suitings, shirtings and woollens by x, metres,
x, meters and x; metres respectively.

Step 3. Since it is not possible to produce negative quantities, feasible alternatives are sets of
values of x;, x, and x; satisfying x; 2 0, x, > 0 and x, > 0.

Step 4. The constraints are the limited availability of three operational departments. One metre of
suiting requires 3 minutes of weaving. The quantity being x, metres, the requirement for suiting alone

will be 3x; units. Similarly, x, metres of shirting and x; metres of woollen will require 4x, and 3x;
minutes respectively. Thus, the total requirement of weaving will be 3x; + 4x, + 3x;, which should
not exceed the available 3600 minutes. So, the labour constraint becomes 3x, + 4x, + 3x; < 3600.

Similarly, the constraints for the processing department and packing departments are
2 + x, + 3x3 < 2400 and x; + 3x, + 3x3 < 4800 respectively.

Step 5. The objective is to maximize the total profit from sales. Assuming that whatever is
produced is sold in the market, the total profit is given by the linear relation z = 2x; + 4x, + 3x;.

The linear programming problem can thus be put in the following mathematical format :

Find x,, x, and x; so as to maximize
Z=2x; + 4xy + 3x5
subject to the constraints :

3x; + 4xy + 3x3 < 3600

2, + xp + 3y < 2400 |

x; + 3x + 3x3 < 4800 P
x; 20, x>0 and x;3 > 0. v

g

202. (Product Mix Problem). Consider the following problem faced by a production planner in
a soft drink plant. He has two bottling machines A and B. A is designed/for 8founce bottles and B for

16-ounce bottles. However, each can be used on both types with some loss of ﬁfﬁciency. The following
data is available -

: C
- Machine 8-ounce bottles 16-ounce bottles
o A 100/minute 40/minute
~ B 60/minute 75/minute

Each machine can be run 8-hours per day, 5 days per week. Profit on a 8-ounce bottle is 25 paise
and on a 16-ounce bottle is 35 paise. Weekly production of the drink cannot exceed 3,00,000 ounces
and the market can absorb 25,000 8-ounce bottles and 7,000 16-ounce bottles per week. The planner
Wishes to mavimize his profit subject, of course, to all the production and marketing restrictions.
Formulate this as a linear programming problent. ' [Meerut M.Sc. (Math.) 1998]
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parts of each vpe it should produce per
Formulare this problem as an Lineqy
[Delhi M.B.A. (Nov.), 2003)

The management of the shop wanis 10 Rrow how many
hows o onder fo mavimize profit for an hewr's ran.
Programeing model so @ o maximize otal profit to the company.

Mathematical Formulation ‘ .
N T The ey decision s to produce the three tyvpe of parts for the automatic washing machine,
Ser  Dectsion variables Lot vy, vyoand 1y - number of type A, B and € parts to be produced
e hour, reapectivedy.
Stepr 3 Feamble altemanves : yy = 0, > Oand vy 2 0.
All the three parts are to be processed on each of the
/25th of the available hour, a
Thus the drilling-machine

Nrep 40 The constrannts are on the time.

dree machines. On the drilling-machine, one type A part consumes l
npe 8 part consumes 40th, and type ¢ part consumes 1725th of an hour.

constramnt s
\y Y A\ R N
<t \ L oden 004y + 00250 + 004y s |

~ v - N
AT (LR

Similarly, the other two constramts are

3_ O 4 \10 - \‘0 s Loden 004y + 0030 + 0.0 s (Shaping-machine)
237 207 2 . ;

and L o 4 ‘i X ‘ NS L fe. 0025y + 0033w + 0.025w s | (Pelishing-machine)
FTURLE Y\ BT 2 :

Nrep 5. Profit must allow not only for the cost of the casting but for the cost of drilling. shaping.
and polishing. Since, 23 type A parts per hour can be run on the drilling machine at a cost of Rs. 20,
then Re. 20 X [ = Re. 080 ix the drilling cost per type A part. Similar reasoning for shaping and

polishing gives

- . 200 30 30

Proft perype A part= 8 - - | -+ 50+ = (=3 -
feper iype A part= & - 8 - | 0 5 ‘vl =3
[0 300 30)

Tl40 T 20 7 0
20 30 30) 3 nE )

B *otwl T 4 - 305 =095

0.25

5 -

‘N
1]

=4 - 300 = 1.00

Profit for type 8 part = (10 - 0)

Profit for type C patt = (14 - 10) -

The objective is 0 maximize the total profit from sales. viz., 0250 + x, + 0.95x;.

The lincar programming problem. therefore, can be put in the following mathematical format:

Maximize : = 0235y + 1 + 093 |

subject to the constraints : .
004y, + 00230 + 004y s 1L ’

Ay, + 0.0%: + 0.05;: <

Q025 + 0033 + 0025 < 1.

I
—
.

and 20 20 X200

M"is N S, -~ e = . . Iy
-0:- ‘(Bl(‘ll‘dlng Pl‘l)blt‘ll‘l\. :'.r.‘(’ "fu‘.’!.)_‘;‘:‘!‘ J“' an o _.r(:[iv‘u“r.\‘ ST ({t-t-i‘—i‘e on t(’xt‘ L’lg‘t}]}l.’l’" min ;!

'wo DOossifNe D "T.SI’Z’ D ~oRSeS OF which > Tana N o . N ¥ g
oSy Dl L processes of which the inpur and ourpur production runs are as follows .

E— . — e ——
Process _apat Qutpur
i ) o Crude B Gasoline X Gasoline ¥ S
6 4 6 Q
2 s 6 5 -"




LINEAR PROGRAMMING PROBLEM—MATHEMATICAL FORMULATION 4°
maximum amoun ]
The ts available of crudes A and B are 250 units and 200 units respectively.

nd shc :
Mazceéezem;h e ;r:ft:)ti th:: at l;ast.JSO units of gasoline X and 130 units of gasoline Y must be
proGRL=< per production run from process 1 and process 2 are Rs. 4 and Rs. 3
respectlvel)'- Formulate the problem for maximising the profit. ~

Ve [Madras B.Com. 2005]
Mathematical Formulation -

Step 1. ”ghe key decision is to determine the number of units of gasoline produced from process [ and
process 2.

2 181 i . L . - . .
Step % Decision variables: Let x,, x, = number of units of gasoline produced from process / and
2 respectively.

Step 3. Feasible alternatives: x, > 0 and x, > 0.

Step 4. The constraints are on the availability of crude oil and demand of crude oil. viz..

6x; + Sx, <250 (Availabilitv of crude A)

4x; + 6xp < 200 (Availability of crude B)

6x; + 5x, 2 150 (Demand of gasoline X)

and 9x; + 5xp 2 130 (Demand of gasoline )

Step 5. The objective is to maximize the total profit from the production of gasoline. vic..
4x, + 5x
2.

The required linear programming problem, therefore, is

Maximize z = 4x; + 5%,

subject to the constraints :
6x, + 5xp < 250, 4x; + 6%, < 200,
6x; + Sxp 2 150, 9x; + Sy, 2 130,

x; 20 and x; 2 0.

206. (Production Problem). A complete unit of a certain product consists of four units of
component A and three units of component B. The two components (A and B) are manufactured from
two different raw materials of which 100 units and 200 units, respectively, are available. Three
departments are engaged in the production process with each department using a different method for
manufacturing the components per production run and the recoulting units of each component are
8ven below :

Input per run (units) Output per run (units)
Departmient Raw material Raw material Component __”("dnrx['nn‘z;‘/;i
I 11 A B
1 7 5 6 .
2 4 8 5 g

Formulate this problem as a linear programming model so as to determine the number of
I{’Oduction runs for each department which will maximize the total number of complete units of the
final product, [Himachal B.Tech. (Mech.) June 2007]
Mathematical Formulation

Decision variables : Let x,

. = number of production runs for department 2, and
" — number of production runs for department 3.

I

number of production runs for department 1.

il

X3
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The objective, therefore. is to maximize - =

1.600x, + 3.000x, + 5.600x, subject to the constraints :

15x) + 12y, + l4xy < 3,000 (Machine time restriction)

X+ 3+ Sx; < 1,200
From the balance-sheet, we observe that the cash availability
= Cash B.alance *+ Receivables — Co-operative bank loan paid off — Top management salary
plus fixed overheads — Interes

ton long-term loan — Interest on short-term loan.
1.40,000 + 50,000 - 40.000 — 10,000 - 2,000 - 1,200

(Assembly time restriction)

1.36,800 (Interest on long-term loan is 24% p.a. paid every month, viz., Rs. 2,000 p.m.)
Thus, 2.500x) + 4.500x, + 9.000x3 < 1,36,800

Xy 22, X 20 and X3 2 8.
All x;(j = 1, 2, 3) are also integral valued.

(Cash Requirement Restriction)
Also,

) PROBLEMS
\/’221. A firm manufactures headache pills in two sizes A and B. Size A contains 2 grains of aspirin, 5 grains
of bicarbonate and 1 grain of codeine. Si

ze B contains 1 grain of aspirin, 8 grains of bicarbonate and 6 grains of
codeine. It is found by users that it requires at least 12

grains of aspirin, 74 grains of bicarbonate and 24 grains of
codeine for providing immediate effect. It is required t

o determine the least number of pills a patient should take
ymmediatc relief. Formulate the problem as a standard LPP.
2

22. Old hens can be bought for Rs. 2.00 each and young ones cost Rs. 5.00 each. The old hens lay 3 eggs
per week and the young ones, 5 eggs per week, each being worth 30 paise. A hen costs Re. 1.00 per week to feed.
If T have only Rs. 80.00 to spend for hens, how many of each kind should I buy to give a profit of more than
Rs. 6.00 per week, assuming that I cannot house more than 20 hens? Write a mathematical model of the problem.

(Pune M.B.A. 1999; Delhi B.F.I.A. 2008)
\,/{23. An animal feed company must produce 200 Ibs of a mixture containing the ingredients X; and X,. X

costs Rs. 3 per Ib. and X, costs Rs. 8 per lb. Not more than 80 Ibs. of X, can be used and minimum quantity to

be used for X, is 60 1bs. Find how much of each ingredient should be used if the company wants to minimise the
cost. Eermulate.

W 224. A factory engaged in the manufacturing of pistons, rings and valves for which the profits per unit are
Rs. 10, 6 and 4 respectively wants to decide the most profitable mix. It takes one hour of preparatory work, ten
hours of machining and two hours of packing and allied formalities for a piston. Corresponding time requirements
for rings and valves are 1, 4 and 2 and 1, 5 and 6 hours respectively. The total number of hours available for
preparatory work, machining and packing and allied formalities are 100, 600 and 300 respectively. Determine the
most profitable mix, assuming that what all produced can be sold. Formulate the LPP.

225. A ship is to carry 3 types of liquid cargo—X, Y and Z. There are 3,000 litres of X available, 2,000 litres
of ¥ available and 1.500 litres of Z available. Each litre of X, Y and Z sold fetches a profit of Rs. 20, Rs. 35 and
Rs. 40 respectively. The ship has 3 cargo holds—A, B and C, of capacitic?s 2,000, 2,500 and 3,000 litres
respectively. From stability considerations, it is required that each hold be filled in tiiz same proportion. Formulate

the problem of loading the ship as a linear programming problem. State clearly all decision variables and
constraints.

226. A firm produces three products A, B and C. It uses two types of raw materials / and I/ of which 5,000
and 7,500 units respectively are available. The raw material requirements per unit of the products are given below

Requirement per unit of product
Raw marerial A B C
;
/ : ; ;
I 3 - -

The labour time for each unit of product A is twice that of product B and three times that of product C. The
entire labour force of the firm can produce the equivalent of 3,000 units. The minimum demand of the three
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2 -1 0 2 3 -1 4 2 0 4 2
32 2 4l s s o 4
1 305 4 1

3 7 3 4 6
2 1 3 4 _3 5 -1 3 3 4 3
B e T O R () A I R N -
3 4 4 0 8 9 1 -3 7 5 10 -5
(-1 4 o 2 2 o 11 -2 _i5
W=7 1w |2 18 3@ |1 17 |.
2 6 2) a0 g 11 0 -12 -2
003, 0 o
0 o
004,

B =C; therefore, the matrix factors cannot be cancelled as is done in ordinary algebra.

2 0 .
00S. A_l= 5 1 0]'

0 3
006. (a) x = L.y =2, and z = 3, (b) equations are inconsistent.
007. k = 4.
008. Consistent; x = _ 16k + 5,y =k, z = 11k - 3, where k is an arbitrary constant.
009. &k = +2, 011.  Any one of e;,e, or e;.
012. (a) Yes, (b) Yes, (©) Yes. 013.  Open half space.
015. (i) Convex, (ii) Convex, (iii) Convex. ’
018.  Extreme points : x, = (% g), X3 = (=11, 8), x3 = (12, 8); (2, 1) = X+ =X + o X,
019. (i) <A> = {(x}, %) |x? + x? < 1}. (i) <A> = {x|x=2x; + (1 —=A)x; 0 < A < 1}.
020. (1, 1) is the interior point of convex hull; (1, 1) = (0, O)Xl—lﬁ- + (0, l)x% + (1, 2)x;l + (4, O)x]—:;.
1 4 0 2 -3 0
023. ()| 4 16 01, @ | -3 2 3
0 0 -3 1 3 -5
024,

() 22,2 + 4x,% — 6032 — 63137 + 2 %3 + dxpxs. (if) x2 + 612 + 14x32 + dxyx, + 8xpx3 — 4xpx5.
025. Yes.

026. (a) Positive definite (b) Negative definite.
Chapter 2

221 Minimize z = X + Xy subject to : 2xl + xy 2 12, S5x; + 8X2 2 74, X + 6x2 2 24; X1, X9 2 0.

222. Maximize z = 0.5x, — 0.1x; subject to : x| + X £20, 05x; - 0.1x; 2 6, 2x; + 5x, £ 80 and

= ber of young hens.
x; 2 0, x, 2 0 where x; = number of old hens and x; = number of young
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223.

224.

225.

226.

227.

228.

229.

230.

OPFERATIONS 1EsE ARG

Minimize z = 3x; + 8xp subject to : x; + xp = 200, x; < 80, xy = 60, v}, vy <0,
Maximize z = 10x; + 6xy + 4x3 subject to the constraints ;

X, + X+ x3 S 100, 10x; + 4xy + Sx3 S 600, 2x; + 2xy + 6xy < 300, xp, ¥y, ¥y 0,

Maximize z = 300x)4 +Xo4 + X34) + 3501+ Xap + x3p) + A0(x ¢+ Ny xye) wubject to the conntrality
Txy < 2,000, Lxpg S 2,500, XLxic < 3,000 (F = 1,2, 3)5 Xy S 3,000, 2y, = 2,000,

Zx < 1,5005 (j = A, B, C) xy20(@=123undj=A B C)

Maximize z = 50x, + 50x, + 80x; subject to the constraints

3x; + 4xy + 5x3 < 5,000, 5x; + 3x + 5xy < 7,500, 6x; + 3xy + 2y S 18,000, 3x; = 2x,

4xy = 3x3, x) 2 600, x, 2 650 and x3 & 500.

Maximize z = 10x; + 15x; + 12x3 + 20x; subject to the constraints ;
1.5x, + X, + 2x3 + 1.5x4 < 150, 3x + 3xy + 4xy + Iy S 400, Oxy F S5xy 4 Gy + Ty 5750,
3x; + 4xy + 4xy + 3x4 S 500, x;, X3 X3 X4 2 0.

Maximize z = 2.75x + 4.15y subject to the constraints :

50x + 30y < 1,500, 45x + 30y S 1,350, 30x + 45y < 1,350 x, y &

where z = Total Profit = Sale Price - Purchase cost - - Running cosl
228 , 2258

- [8 (3 * %g * 23205 2:35)] * [IO ”(4 g sl:: TR )|-"
Maximize z = 0.14x, + 0.19x, + 0.23x3 + 0. 12x, subject to the constrainty
X+ X%+ x3 + xS 20,00,000, x4 2 2,00,000, ~30x; ~ 18xy + 6xy ~ 30xg % 0,
~0.2t) - 0.2xy + 0.8x3 — 0264 S 0, Xy, X3 X3 % 2 0. |
Maximize z = 4,00,000x, + 9,00,000x; + 5, 00,000x3 + 2,00,000x4 subject o the constraints :
40,000, + 75,000x, + 30,000x3 + 15,000x4 < 8,00,000,
3,00,000x; + 4,00,000x, + 2,00,000x3 + 1,00,000x4 2 20,00,000,
40,000, + 75,000x, S 5,00,000, x; 23, xy22, 5503510, 55x
Maximize z = 22.50x, + 40x, + 15x3 subject t0 the constraints :
0.0 + 0.03x, + 0.02% < 120, 02 + 051 + 0.3x3 < 3000,
S ka2 5000, x € 3,000, x € 2000, xy S 60005 X2

0,

<10 Xy Ap Xy M (.

X" P (.

Maximize 7 = 1,00,000x, + 80,000x, + 50,000x3 subject to the constraints : o
7500 + 6250x, + 5,000 S 2,50000, x; € 12, xp 25, 6542 105 e e
Minimize 7 = X| 4 Xy + Xy o+ xg + Xg ¥ Xg F X7 subject to the constraints | 0
Qg+ xg 4 xg + xg 235, xy + x5+ X6t X7 X > 55, xy 4 Xg t X1 P Y < 50,
4 + X9 + Xy + Xy + X3 2 50, xs + X + X + x3 + x4 > 60, xo + X2 F Xy b 4 Ny o
| Fay b xg +oxg +xg 2455 05 x5 <40 (= e 1) St
Vaximize 7 = 4000x, + 3500x, + (3500 - ”)OO)X! } ?()0()1‘ subject 10 the constti

< 100, ', vy = A0 4

LAlr, 0.15x, + 0.15 ‘ < L
' A5x5 + 015x3 + 0.75x4 < 600, " xp + X 5
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Linear Programming Problem
— Graphical Solution and Extension

“Graph is the best tool to visualise any concept”

3:1. INTRODUCTION

_mear programming problems involving two decision variables can easily be solved by graphical
T'*e method also provides an insight into the concepts of Simplex Method—a powerful

rachniaue to

zchnique 10 solve the linear programming problems involving three or more decision variables.

3:2. GRAPHICAL SOLUTION METHOD

The major steps in the solution of a linear programming problem by graphical method are summarised

as follows :
Step 1. Identify the problem — the decision variables, the objective and the restrictions.
S rep 2. Set up the mathematical formulation of the problem.

Step 3. Plot a graph represennno all the constraints of the problem and identify the feasible region
solution space). The feasible region is the intersection of all the regions represented by the constraints
27 the problem and is restricted to the first quadrant only.

Step 4. The feasible region obtained in step 3 may be bounded or unbounded. Compute the

sordinates of all the comer points of the feasible region.

5 ep 5. Find out the value of the objective function at each corner (solution) point determined in

p 6. Select the corner point that optimizes (maximizes or minimizes) the value of the objective
t gives the optimum feasible solution.

Remarks. . The above method is known as Search Appmach Method.
2. Another method known as Iso-Profit or Iso-cost approach, involves the following steps :

First four steps are same as in the Search Approach. In the fifth step we choose a convenient profit
(or cost) and draw iso-profit (iso-cost) line so that it falls within the feasible region.

51 Move this iso-profit (or iso-cost) line parallel to itself farther (closer) from (to) the origin.

¢! ldentify the optimum solution as the coordinates of that point on the feasible region touched by the
highest possible iso-profit line (or lower-possible iso-cost line).

(d@v Compute the oprimum feasible solution.

SAMPLE PROBLEMS

301, A companv makes two kinds of leather belts. Belt A is q high quality belt, and belt B is of
vwer qualire. The respective profits are Rs. 4.00 and Rs. 3.00 per belt. Each belt of type A requtires
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nwice as much time as a belt of type B, and if all belts were of type B, the company COlfld make 1000 belts per
day. The supply of leather is sufficient for only 800 belts per day (Both A and B combined). Belt A requires q
fancy buckie and only 400 buckles per day are available. There are only 700 buckles a day available for |
belt B. Determine the optimal product mix.  [Madras M.BA. 2006; Delhi M.Com. 2005; M.B.A. (Nov.) 2009]

Solution.
Step 1. The appropriate mathematical formulation of the given linear programming problem is :

\ /Maximize z = 4x; + 3x, subject to the constraints :
2, + x, < 1,000
x; + x <800
x; <400 and x; < 700
x,20 and x, 20,

(Time constraint)
(Availability of Leather)
(Availability of Buckles)

where x, = number of belts of type A, and x, = number of belts of type B.
Step 2. Next we construct the graph by considering the cartesian rectangular axis OX,
plane. As each point has the coordinates of the type (x;, x,); any point satisfying the conditions

x; 2 0 and x, 2 O lies in the first quadrant.

Now, the inequalities are graphed taking them as equations, e.g., the first constraint
X X

2x, + x, < 1000 will be graphed as 2x; +x, = 1000. The equation is re-written as 500 + 1000 = L.

X, in the

This equation indicates that when it is plotted on the graph, it cuts an x,-intercept of 500 and
x,-intercept of 1000. These two points are then connected by a straight line which is shown in
Fig. 3.1(a) as line AB. Any point (representing a combination of x, and x,) that falls on this line or in
the area below it, is acceptable in so far as this constraint is concerned. The region OAB formed by
two axes and the line representing the equation 2x; + x, = 1000 is the region containing acceptable
values of x; and x, in respect of this constraint.

Similarly, the constraint x, + x, < 800 can be plotted. The line CD in Fig. 3.1(b) represents the
equation x; + x, = 800. The region OCD, formed by the two axes and this line represents the area in
which any point would satisfy this constraint of leather availability. Further, the constraints x; < 400
and x, < 700 are also plotted on the graph which represents the area between the two axes and the

lines x; = 400 and x, = 700 as shown in Fig. 3.1()).

Xi A XA
00 5 1000 B Xy = 400
800 2x, + X, = 1000 X. = 700
=
600
7
460 % X, + X, = 800
200 Z Q
Al | | \
- P\A | c_ 1 5
0 200 4 X,
400 600 800 1000 X2 O 200 400 600 800 1000 X,
Fig. 3.1(a) Fig. 3.1(b)

N )
feasib?ewr;zi'o;hzrcm}str?mts have.been graphed. The area bounded by all these constraints, called
Siep 3. Th sq ution space, is as shown in Fig. 3.1(b) by the shaded area OPQRST.
the feasible € optimum value of objective function occurs at one of the extreme (corner) points of
o {)eg(;pn. The coordlnqtes of the extreme points are :
B ’ P = (400, 0), Q = (400, 200), R = (200, 600), S = (100, 700), and 7 = (0, 700).
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Step 4. We now compute the z-values corresponding to the extreme points :
Extreme point

(x, x) 7 = dx; + 3x,
0 0, 0) 0
P (400, 0) 1600
Q (400, 200) 2200
R (200, 600) 2600 «——— maximum
S (100, 700) 2500
T (0, 700) 2100

Step 5. The optimum solution is that extreme point for which the objective function has the
largest value. Thus, the optimum solution occurs at the point R, i.e., x; = 200 and x, = 600 with the
objective function value of Rs. 2600.

Hence, to maximize profit, the company should produce 200 belts of type A and 600 belts of
type B per day. '

Alternative Method (Iso-profit approach)

The feasible region (solution space) obtained in step 2 is as shown in Fig. 3.1(c) by the shaded area
OPQRST.

Let the profit to the company (arbitrary) is Rs. 1200. The objective function then becomes :
4x, + 3xp = 1200.

We draw this equation as a straight line in the feasible region shown in Fig. 3.1(c). This line is
known as iso-profit line.

X A 2x, + X, = 1000 pirection of

1000 / X, = 400 maximum Zz
800 \ x, = 700 /
Th
600 R

%
400 //é{ \

7
- /%//f
7/, / Y .

7 e\

O 200 400 600 800 1000 )22

J >

Fig. 3.1(c)
It may be noted that the iso-profit function (objective value function) is a straight line on which
every point has the same total profit. 4
Now, we move the iso-profit line parallel to itself farther from the origin. We ‘obt%erve tl:”'at lqne Of
the iso-profit line touches only point R before leaving the feasible region. 'l:hlS iso-pro it line is
termed as highest possible iso-profit line and point R gives the extreme point of the solution space.

Hence, the optimum feasible solution is :
x; = 200 and X = 600 with Maximum z = Rs. 2600.

“7 ] Y plid
302. Let us assume that you have inherited Rs. 1,00,000 from your father-in-law thar. cm'rll,(,.
invested in a cambination of only two stock portfolios, with the maximwm investment allowed in either

YR T - r 8 - : 97 hereas 4
portfolio set at Rs. 75.000. The first portfolio has an average rate of return of 10%. v jl('f‘{‘ fh“
L i h T 1 vk tinNe OF
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cepr an average rare of return below 12% or a risk factor above 6. Hence,
tmportant question.

you then fu., he
How much should you inve (

st in each portfolio?
Formulate thiy qy a Linear Programming Problem and solve it by Graphic Method.
[C.A Final (May) 1999,
N s ' :
Solution,
Step 1. The appropriate m

athematical formul

ation of the linear programming problem i :
Maximize -

= 0.10x; + 0.20x; subject to the constraints :
Nt S 1000000 x; < 75,000, v, < 75,000

0.10x, + 0.20x, 2 0.12(x; + x) or =0.02x; + 0.08x, > 0
A1+ 9% <60y + xp) or -2 + 3% < 0

Y20 and x, >0

amount invested in portfolio /, and 42 = amount invested in portfolio 2.

. The first constraint x, + X, < 1,00,000 can be graphed by plotting the straight Jipe

X,

Where x, =
Step 2
X : . .

TOB—(R + IQ(W(SO() = 1. This cuts a Y-intercept and x,-intercept of 1,00,000 each. The area below

this line represents the feasible area in respect of this constraint. Similarly, the other constraints are

depicted by plotting the straight lines corresponding to the equations X = 75,000, x, = 75,000,

- 2% + 3x, = 0, and =0.02¢; + 0.08x, = 0. Here, the area below the first three lines and beyond the

fourth line gives the feasible region in respect of these four constraints.

Thus, the feasible region in respect of the given problem is as shown in Fig. 3.2.

X\ A

100 h— X,= 75,000
\ X,.= 75,000
75

50

25

Fig. 3.2
Step 3. The coordinates of the extreme points are : O = 0,0), A = (75,000, 18,750),
B = (75,000, 25,000) and C = (60,000, 40,000).
Stey

» 4. The z-values corresponding to the

extreme points are -
Extreme poing

(x) x5) z = 0.10x; + 0.20x,
0 (0. 0) 0
A (75,000, 18,750) 11,250
B (75,000, 25,000) 12,500
C

(60,000, 40,000) 14,000 «—— maximum

ifence, the optimum solution is :
v = 60,000, x, = 40,000 and

303. A farm is engaged in breeding
farm. In view of the need to ensure certain

maximum return = Rs. 14,000.

4 . . . . ZLD
Pigs. The pigs are fed on various products grown on 1l

) ¢ . — . . AAS(I,-\'
nutrient constituents (call them X, Y and Z), it is necessar
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o buy twgoaddl_tlonalzp Igducts,. say, A and B. One unit of product A contains 36 units of X, 3 units
of Y and 20 units O_f . One unit of product B contains 6 units of X, 12 units of Y and 10 units of Z.

The minimum requn.‘ement of X, Y and Z is 108 units, 36 units and 100 units respectively. Product A
costs Rs. 20 per unit and product B Rs. 40 per unit. '

Formulate the above as a linear programming problem to minimize the total cost, and solve the

problem by using graphic method. [C.A. Final (May) 2002]
Solution. Step 1. The data of the given problem can be summarised as follows :
Nutl'ient Nutrient content in product Minimum amount -
C()llstllue'nts A B Of "“frie”f

X 36 06 108

Y 03 12 36

4 20 10 100

Cost of Product Rs. 20 Rs. 40

Making use of above information, the appropriate mathematical formulation of the linear
programming problem is :
Minimize z = 20x, + 40x, subject to the constraints :
36x, + 61y 2 108, 3x; + 12xp 2 36, 20x, + 10x, > 100, and x, xp 2 0.
where x, = number of units of product A, and x; = number of units of product
Step 2. Consider now a set of cartesian rectangular axis OX,X, in the plane. As each point has the
coordinates of the type (x1, Xp), any point satisfying the conditions x; = 0 and x, 2 0 lies in the first

quadrant only.

The constraints of the given problem are plotted as described earlier by treating them as

equations :
36)(] + 6X2 = 108, 3.»\'] + 12x2 = 36 and 20)61 + lez = 100
g mo_ o R g 2o
N et 12+3a"d5 10

s the feasible region in respect of these constraints; any

T ines represent : . :
he area beyond these un o bove these lines would satisfy the constraints. The feasible

point on the straight lines or in the .regi('m a
region of the problem is as shown in Fig. 3.3.

=36

X4 {\ a4 x 12X

12 2 _A®

. ,//// zoﬁ«*\m

8 36x, + 6%, = 108

Ml .
i 5 3 l <

2

Ay
18 X,

(0] 2 4 6
Fig. 3.3
eme points of the feasible region are :

Step 3. The coordinates of the extr
(2, 6), C= 4, 2) and D = (12, 0).

A = (0, 18), B =
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X5 A
15
Xy =8
‘/
12 |-
B X2=10
4 e
6 — 2OOx1 +120x, = 1,800
3
A
| | | -
0 3 6 N 12 x
Fig. 3.4

Step 3. The coordinates of the extreme points are: A = (8, 5/3), B = (8, 10), and C = (3, 10).
Step 4. The z-value corresponding to the extreme points are :

Extreme point (x1, x2) z = 400x; + 360x;
A (8, 5/3) 3,800 «——minimum
B (8, 10) 6,800
C (3, 10) 4,800

Hence, the optimum solution is:
x; = 8 and x, = 1.7 or 2 (approximately), minimum z = 3,800

Thus, 8 grade I inspectors and 2 grade 2 inspectors should be assigned to have Rs. 3,800 as the
total minimum inspection cost.

305. Use the graphical method to solve the following LPP :
Minimize z = —x; + 2x,; subject to the constraints :
—x; +3x <10, x; +x =6,
x;—x£2 and x; 20, x 20.
Solution. The constraints are re-written in the intercept form. Thus, we write
X X X X2 X1 X2
_—16+10/35 , 6+651, and 2+_251
First, we treat these inequalities as equations and graph them as straight lines. Now, considering
the inequalities, shade the feasible region for each constraint. The common region OABCD gives the
solution space of the LPP. It may be noted that we have considered the feasible region only in the
first quadrant of the cartesian axis, as x > 0and x, 2 0.

X21\
-0
N Xo =
6 X+ X;=6 ,)(\'\'fz
5.—
C
4

| -
o 1 /2 3 4 5 6 X
Fig. 3.5
The coordinates of the extreme points are :
0=(00, A= 0, B=412, C=(24) and D = (0. ‘3")

71
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The :-value corresponding to extreme points are :

Extreme point

(X1, x) I=-ap o+ 2

0 0. 0) 0

A 2. 0) -2 ¢———minimum

B 4. 2) 0

C Q2. 4) 6
20

D (0, ﬁ) 3

The minimum value of 2 occurs at the extreme point A (2, 0). Hence, the optimum solution of the
LPP is: o
' Y =2, x =0 and minimum : = -2.

306. Use the graphical method to solve the following LPP :

Maximize = 2x; + 3x,: subject to the constraints :

X+ x> < 30, X=X > 0, X> > 3,

0<x; <20 and 0 < x, < ]2,

Solution. To graph the given inequalities, we first treat them as equations X+ Xy = 30,

=% =0,x =3 x =20and x, = 12 and plot each of these equations as straight lines. We use

the inequality condition of each constraint to plot the corresponding feasible region. The common
region ABCDE satisfying all the inequalities (feasible region) is shown in shaded Fig. 3.6.

X)

xzﬂ\
40 |— Xy= 20
\{ il
X, + X,=30
30T 2 X=X, =0
/
20 |—
E Xy =12
0
10 |— 7 \C
Y/ / /'/,'// 75
Yy ™
| B\ L o
70 10 20 30\ 40 Z
Fig. 3.6

The coordinates of the extreme points of the feasible region are :
A=(@,3), B=(0,3), C-= (20, 10), D = (18, 12), and E

= (12, 12).
The z-values corresponding to extreme points are ;
Extreme point (x1. x9) 2= 2Y + 3
A (3, 3) 15
B (20, 3) 49
C (20, 10) 70
D (18. 12) 72 «——maximum
E (12, 12) 60
The maximum value of z occurs at the extreme point D (18, 12). Hence, the optimum solution is :
X = 18,

Y2 = 12 and maximum ; = 72,
307. The advertising agency wishes to reach tw
incomes greater than Rs. 40,000 (target audience A) o
Rs. 40,000 (target audience B). The total advertising
advertising costs Rs. 50,000; one programme of rq

0 1ypes of audiences, customers with annual
nd customers with annual incomes of less than
budget is Rs. 2,00,000. One programme of TV
dio advertising costs Rs. 20,000. For contract
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than 4 kg. of B, and minimum of 2 kg. of B,. Since the demand for the product is likely to be related to (he Price
of the brick. find out graphically minimum cost of the brick satisfying the above conditions.

[Bangalore M.B. 4, 1997

322. Find the maximum value of z = 50x; + 60x, subject to the constraints §:
2x, + 3x, < 1500, 3x; + 2x, < 1500, 0 < x; <400, 0 <x; = 400.

323. Maximize z = 1.75x; + 1.50x, subject to the constraints :
8y, + Sy, € 320, 4x; + 5x, €200, 0 < x; 2 15, 0 <2 2 10

324. Find the maximum value of z = 7x; + 3x, subject to the constraints :
Xyt 223, 3, +x, <4 0Sx,<5/2, 0< .y, <372

325. Show graphically that the ;maximum or minimum values of the objective functions for the following
problem are same :
Maximize (or Minimize) z = 5x; + 3x, subject to the constraints :

X+ x <6 26 +35%,23, 0<y, 23, 0<x, 23 [Purvanchal M.C.A. 1996)
326. Find the maximum value of z = 5x; + 3x, subject to the constraints :
X +x<6 2 +3x%26, 0<x <4, 0<x,=<3.  [Madurai M.B.A. (DPL) 2009]

327. Solve graphically the following L.P.P. :
Maximize z = 3x; + 2x, subject to the constraints :

2+t = L X <2, x4+ %<3y, x 20
328. Find the minimum or/and maximum value of z = 3x, + 5x, subject to the constraints :

(a) =3x) + 4x, <12, 2 - x, 2 -2 (b) X <4, 26 <6, 34 + 2v, < 18

2¢; + 3xp 212, 4 > X 20225 20. Y+ =9 X, X 20

3:3. SOME EXCEPTIONAL CASES

In the preceding sections, we discussed some linear programming problems which may be called
‘well-behaved’ problems. In each case, a solution was obtained, in some cases it took less effort
while in some others it took less effort while in some others it took a little more. But a solution was
finally obtained. It should not be taken as a rule. There may be an L.P.P. for which no solution exists
or for which the only solution obtained is an unbounded one. Though such probler'hs seldom occur in
real situations, it will be an omission, if at this stage, the reader is not exposed to such exceptional
cases.

This section considers the following three special cases that arise in the application of the
graphical method :

(i) Alternative optima, (ii) Unbounded solution, (iii) Infeasible (or non-existing) solution.

I. Alternative optima. When the objective function is parallel to a binding constraint (i.e.. a
constraint that is staisfied as an equation by the optimal solution), the objective function will assume
the same optimum value at more than one solution point. For this reason they are called alternative
optima. The problem given below shows that there is an infinity number of such solutions.

/ SAMPLE PROBLEMS

/329. Use graphical method to solve the L.P.P. :
‘ Maximize z

2x; + 4x; subject to the constraints -
xp+2x325 x;+x24; and x;, x, 2 0.
Solution. The problem is depicted graphically in Fig. 3.8. The extreme points of' the feasible
region are O, A, B and C. ‘ o :
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| ‘ XI," X;;"4

Fig. 3.8

We observe that our objective function (iso-profit line) is parallel to the line BC (or the first
constraint). which forms the boundary of the feasible region. Thus as we move the iso-profit linc away
from the origin, it coincides with the portion BC of the constraint line which forms the boundary of
the feasible region. This implies that any point including extreme points B and C on the same linc
between B and C is an optimal solution. Therefore, in fact an infinite number of values of x,, x, give

the same value of objective function.

Now, (he value of objective function at each of the extreme points is evaluated as follows :

Lxtreme point (xp, X2) 2= 24+ 4x
0 0, 0) 0
A 4, 0) 8
B 3. 10 &—— maximum
C 0, 2.5) 10 ——— maximum
Since, any point on the line scgment BC gives the maximum value (z = 10) of the objective
function, there exists an alternative optima.
ion variables may be increased indefinitely

When the values of the decis
without violating any of the constraints, the solution space (fcusib‘lc region)
of objective function, in such cases, may increasc (for maximization) or decreasc

d the objective function value are unbounded.

indefinifely. Thus, both the solution spacc an
3 ethod to solve the following LP.P. :

X 0. Use graphical m )
Maximize z = 0v) + 32 subject 1o the constrainis .

2,\'/ + Xy > 3 Xy = A
ted graphically

is unbounded. The value

2. Unbounded solution.
(for minimization)

>0 and x;, X 2 0.
Solution. The problem is depic in Fig. 3.9. The two extreme points of the feasible

region are A and B.
X, 4

B

Fig. 3.9
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We observe, that the. feasible region (solution space) is unlmundC,fI. The value of the objeciive
function at the extreme points A (I, 1) and B (0, 3) arec 7 and 3 respectively. . o
But there exist number of points in the feasible region for whic-h the v_uluc of thq olz!cct!ve
function is more than 7. For example, the point (3, 6) lies in the feasible region and the objective
function value at this point is 24 which is more than 7. Thus both the variables x; and x, can b%‘ made
arbitrarily large and the value of z also increased. Hence, the problem has an unbounded solution.

Remark. An unbounded solution means that there exist an infinite number of solutions to the given

problem and the optimal value of : lies at infinity.

3. Infeasible solution. When the constraints are not satisfied simultaneously, the lincar
programming problem has no feasible solution. This situation can never occur if all the constraints are
of the ‘<’ type.

331. Solve the following L.P.P. :

Maximixe : = x; + x, subject to the constraints :
Xp+ x2S 1, =3x; +x23
X 20 x20. [Guru Nanak Dev Univ. B.Com. 2006]

Solution. The problem is depicted graphically in Fig. 3.10. As shown in the figure, there is no
point (x;, x;) which can lie in both the regions (satisfy both the constraints), there exists no solution
to the given problem. Hence, there is infeasible solution.

X, A,

—

-3X; + X, =3

Xy

Fig. 3.10

PROBLEMS

332. Find the maximum value of z = 10x; + 6x, subject to the constraints ;

Sy + 3x, < 30, X+ 2y, < 18 and XXy 20,

333. Find the maximum value of z = x| + 2ux, subject to the constraints -
GomEhytn23andy 20y, 20

334. Find the maximum value of z = 2x; + x, subject to the constraints :
Y= s 100X €20 and x>0, x, > 0,

335. Find the maximum value of z = 3x; + 2x, subject to the constraints -

2xp 4y 22, 3x) 4 4oy 2 125 x, x, 2 0,
336. Find the maximum value of z = 3x; + 2x, subject to the constraints :
=20+ 30 <9, x ~ 5y 2 20 and Xy 2 0.

. . (Panjab Tech. Uniy. M.B.A. (Dec.) 2009)
337. Consider the following LPP :
Maximize 7 = 3x; + 7xy subject to the constraints :
dap + 56y 5200 20+ 5 56, 200 27, 26 575 k) 20 and X, =0,

Demonstrate whether it is possible 1o get a solution (o the above 1.pp, [Delhi M.B.A. (11CA) 2015]
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338. A company b“)“"g'hcmp' metal has two types of scrap available to them. The first type of scrap metal
has 20% of mcta! A, 10% of impurity and 20% of metal B by weight. The second type of scrap has 30% of metal
A, I()‘f/o.()i impurity and 15% of metal B by weight. The company requires at least 120 kg. of metal A. at most 40
kg. of .nmpunly and at least 90‘ kg. of metal B. The prices for the two scraps are Rs. 200 and Rs. 300 per kg.
respectively. Determine the optimum quantities of the two scraps to be purchased so that the requirements of the

tisfied at minimum cost. [Nagpur. M.B.A. 1997)
\ g history of production troubles. It produces two products A and B, which
are equally profitable. Recently,

the company has entered into contract to supply 40 units of A and 20 units of B
per week to another company.

The technology of the chemical process implies that production of A must always
be at least as large as of B. There are two raw material constraints to be satisfied:

5A + 8B < 400 and 55A + 50B < 2,750.
Solve the problem graphically and comment on the solution obtained.

two metals and the restriction on impurity are sa
339. A manufacturing firm has a lon

3:4. CENERAL LINEAR PROGRAMMING PROBLEM

We shall now consider the L.P.P. in the general context, that is, when the number of variables is more
than two.
Definition 1 (General Linear Programming Problem). Let 7 be a linear function on R" defined by
(a) 2= ClX + Xy + .+ (X,
where ¢;'s are constants. Let (ajj) be an m X n real matrix and {b,. b,,

, b, } be a set of constants
such that

ap Xy + apxs + o+ apx, 2 or < or = b
2

(b) ay1X) + anpxy + ... + as,x, 2 or < or = by

1 X) + AypXy + ...+ a,,,,;x,, 2or <or=b,
and finally let

(c) x 20 j=1 2. ..., n.

The problem of determining an n-tuple (x,, Xy, ..., x,) which makes z a minimum (or maximum)
and satisfies (b) and (c) is called the general linear programming problem.

Objective function. The linear function

z=cpx + exp o X,

which is to be minimized (or maximized) is called the objective function of the General L.P.P.

Constraints. The inequations (b) are called the constraints of the General L.P.P.

Non-negative restrictions. The set of inequations (c) is usually known as the set of non-negative
restrictions of the General L.P.P.

Definition 2 (Solution). An n-tuple (X, X35 .. X,) of real numbers which satisfies the constraints
of a General L.P.P. is called a solution to the General L.P.P.

Definition 3 (Feasible solution). Any solution to a General L.P.P. which also satisfies the
non-negative restrictions of the problem. is called a feasible solution 1o the General L.P.P.

Definition 4 (Optimum solution). Any feasible solution which optimizes (minimizes or maximizes)
the  bjective function of a General L.P.P. is called an optimum solution to the General L.P.P.

Note. The term optimal solution is also used for optimum solution.

Example of a general L.P.P. (Diet problem). Given the nutrient contents of a number of
differen; foodstuffs and the daily minimum requirement of each nutrient for a diet, determine the

alanced diet which staisfied the minimum daily requirements and at the same time has the minimum
cost, '
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Mathematical Formulation

Let there be n different types of foodstuffs availa
a; denote the number of units of nutrient i
j=1,2, ... n Lety be the number of units of food j in the

units of nutrient 7 in the desired diet is
a; Xy + dpXo + ...t 4uXx,

Let b, be the number of units of the minimum daily requirement of nutrient i. Then, we must have
= 1.2
aj Xy + apxy + ot digky 2 b; i=1 2, ...m

Also, each x; must be either positive or zero. Thus, we also have

ents required. Let

ble and m different types of nutri
i=1,2 ..., m;

in one unit of foodswff J,
desired diet. Then, the total number of

x, 2 0, j=L2 «.n
Finally, consider the cost. Let ¢; be the cost per unit of food j. Thus, the total cost of the diet 1s
given by =X tant ..ot aN
Thus, the problem of selecting the best diet reduces to the following mathematical form :
Find an n-tuple (x, Y, ..., x,) of real numbers. such that ]
(a) 4 X + ApXy + oo+ A%y 2 D) i=1,2, n
(b) x 20 j=1,2 .0
and for which the expression (objective function)
I= X ot TG
may be a minimum (least). ]

This is a General L.P.P. It is general in the sense that the data b, a, and ¢, are parameters, which

for different sets of values will give rise to different problems.

Slack and Surplus Variables
Definition 1 (Slaek variables). Let the constraints of a General L.P.P. be

n
]El aij < b,' i=1 2 .. k
Then, the non-negative variables x,,; which satisfy
n
j:Zl (l,‘j.X:j + "/H-l' = b,‘ l = 1, 2. . /‘
are called slack variables.
Definition 2 (Surplus variables). Let the constraints of a General L.P.P. be
n
J2 2k = By i=k+ Lk+2 ]
Then, the non-negative variables x,.,; which satisfy
n
L4 = Xy = b; i=k+ 1L k+2 .1

j=1
are called surplus (or negative slack) variables.

3:5. CANONICAL AND STANDARD FORMS OF L.P.P.

After the formulation of linear programming problem (L.P.P.), the next step is to obtain its solution.
But for the solution of any linear programming problem, the problem must be available in a particular
form. Two forms are dealt with here, the canonical form and the standard form :
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The Canonical Form

| The general formula.tion of linear programming problem discussed in the previous section can always
\’bg..put in the following form :

Maximize z = c;x; + c3xp + ... + c,x, subject to the constraints :
anXxy + apxy + ...+ ayx, < b;; i=1,2 .., m
Xy X9y vy X, 2 0
by making use of some elementary transformations. This form of L.P.P. is called the canonical form
of L.P.P. The characteristics of this form are :
(i) The objective function is of the maximization type.
The minimization of a function, f(x), is equivalent to the maximization of the negative expression
of this function, —f(x), i.e.,
Minimize f(x) = — Maximize { - f(x) }
For example, the linear objective function
Minimize z = cjx; + cpxy + ... + ¢,x,
is equivalent to
Maximize h = -z = —cjx; = ¢3%3 — ... = ¢,X,
with 4 = — h.
(i) All the constraints are of the “<’ type, except for the non-negative restrictions.
An inequality of “>” type can be changed to an inequality of the “<” type by multiplying both
sides of the inequality by —1.

For example, the linear constraint

Lajpx; + apxy + oo g X, b;

v

is equivalent to

IA

‘ —aX] = Xy — .. = UipXy S = b;
An equation may be replaced by two weak inequalities in opposite directions. For example,
aj x| + apx, + ...+ apx, = b;
is equivalent to
ajx; + apxy + ... + Qppx, < b;
and ajx) + apxy + ..+ Gk, 2 by
(iii) All the variables are non-negative.

A variable which is unrestricted in sign (i.e., positive, negative or zero) is equivalent (o the

ifference between two non-negative variables. Thus, if x; is unrestricted in sign, it can be replaced by

’ . .
"~ x/), where x/ and x/” are both non-negative, i.e.,

r”

X = xj’ - x where .\'j’ > 0 and X2 0.
The Standard Form

T . . .
he general linear programming problem in the form
Maximize or Minimize z = Xy + Xy + .+ oCpxy subject to the constraints :
ap Xy + Qjn X7 + ... + aAinX, = b,‘. [ = l, 2, L N
, » Xy Xy oy X, 2 0
is . o .
known g in standard form. The characteristics of this form are :
. ] A N .
() All the 'Constraints-afe cxpressed in the form of equations, except for the non-negative
Testrictions,

(il) The right hand side of each constraint equation is non-negative.
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troducing a non-negative variable on

The inequality constraint can be changed into equation by in
ble) if the constraint is of "< type

the left hand side of such constraint. It is to be added (slack varia
and subtracted (surplus varisble) if the constraint is of “2” type.
In matriz notation the standard form of L.P.P. can be expressed as :
Maximize or Minimize z = ¢x
subject to the constraints :

(objective function)

Ax = h. (constraints)
x 20 (non-negative restrictions)
where X = (x;. x5 ... %), € = (€p, €5 oons Cp)- b’ = (b, by .... b,) ~and A =(a):

i=1,2, ...m;j=1272, ... n
Remarks 1. The coefficients of slack and/or surplus
assumed to be zero, so that the conversion of the constraints to a system
equations doss not change the objective function under consideration.

2. The linear programming form :
Muximize z = ox subject to the constraints : Ax = b, x 20

variables in the objective function are always
of simultaneous linear

is known as the canonical form of the [.PP.
Theorem 2-1. The set of feasible solutions to an L.P.P. is a convex sel.
Proof. [t the L.P.P. be to determine x s0 as 10 maximize the linear function z = c’x

the constraints © Ax = b, x 2 0.

Let ¥V, %7 be two feasible solutions to this problem, so that
Ax'/ = bh; AX? = b; xV z0 and x? 2 0.

subject to

?' Now. consider convex combination of x' and x?, namely,
x = 2xY + (1 - p)x%, 02 <1

|

Clearly
ALY + (1 = 2)xX?] = . AXY + (1 - 2) Ax'?

b+ (1 —7)b=Dh
Again, since X =z 0, X7 2 0, and 7, 1 — 2. 20, 5. x 2 0.
Hence, x is also feasible solution to the problem. Thus, the set
S = Ix|x is a feasible solution to an L.P.P.}

AX

i

15 a convex set.
Remark. In general z conver set 5 is either empty or unbounded or closed.
The empty set occurs when the constraint, are not satisfied simultaneously. In this case the system
yields no solution. An unbounded set implies that the region of feasible solution is not constrained in

at least one direction,
A closed set implies that the region of feasible solution is a convex polyhedron, since it is defined by
the intersections of a finite number of linear constraints. .

2
rd SAMPLE PROBLEMS

341). Rewrite in standard form the following linear programming problem :
Minimize 7 = 2x; + x; + 4x; subject 1o the constraints :
2k 4 Ay T4, xy + 2x5 ¢ x; 25, 2xy + 357 2 2,
%, x, = O and x3 unrestricted in sign.
Splution. A5 the constraints are in the form of inequalities, we introduce slack variables x; 2 0

and «, 2 O in the first und third inequalities and a surplus variable x, 2 0 in the second inequality of
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Further since x, is unrestricted in sign, we write x, = x.’ ” wh / ,
‘ ’ 3 = - X, . ” > ’ -
the constraints of the problem become : 3 = %3~ 1", where x;" 2 0 and x,” 2 0. Ths

=2x; +4x) + x4 = 4
X1 + 2x2 + ()‘-:"_x:;//)_'x()=5
2

| 2x; + 3(xy" = x3"”) + x5
The non-negative restrictions are :

1}

X 2> 0, X2 > O, X3’ 2 0, X3” 2 0, X4

\"

T . . . O,X520andx620.
| 26 Objectlvg function of the problem is converted into that of maximization by multiplying it by
(-1). Also we assign a cost zero to each slack/surplus variable. Thus, the revised objective function is :

Maximize 7% = —2xy — x; — 4(x3’ - x3”) + Ox4 + O.x5 + 0% )
where 7 = -z
Thus, the given LPP in standard form is :
Maximize z¥ = —2x; — Xp — 4x3’ + 4x3” + 0.x4 + 0x5 + 0% subject to the constraints :

—2 + 4xy + x4 = 4, X + 2 +x3 —x - xg =5
| 2x + 3y -3  +xs=2 5205j=1233,456
\/ﬁl. Reduce the following LPP to its standard form :
Maximize z* = 3x; + 4xp + 6x3 subject to the constraints :
26 + xp + 2x3 26 3x ¥ 2xy = 8,
7x; - 3xp + Sx3 297 X >0 x,20 and x; unrestricted in sign.

Solution. Since, the first and third constraints are inequalities with 2 sign, we introduce surplus
variables x, > 0 and x5 = O in the respective inequalities. ‘

Further since x, is unrestricted in sign, we write x3 = xy — x3", where x3’ 2 0 and x;” 2 0.
Thus, the constraints of the given LPP are :
2+ Xt 200y - x3) + X = 6,
3){| + 2«(2 =8,
Tx; = 3 + 3 (3 = x37) + x5 = 9
The objective function will be : N
Maximize z = 3%t dx, + 6 (x3" = x37).

= The given LPP in its standard form is : .
Maximize z = 3x; + 402 + 6x3" — 6x3” + 0-x4 0-xs subject to the constraints :
2 + Xt 2xy - 23" + X4 = 6, 3x; + 2x, = 8
Tx, — 3%+ Sxy - Sxy X5 F 9
20 x20 xy 20, 13" 2 0, x4 20 and x5 2 0.
PROBLE MS

342. Reduce the following L.P.P. 10 its standard form - .
Maximize Z = X1 = 3x, subject to the constraints :

—x + 2% < 15 x; + 30 = 10

x, and X unrestricted in sign. .

343, Write : . oandard form :
- Write vo LPP in stan a . i
down the ;:1)2,?1\::11:7%3 .= 3x + 207 5xy subject to the constraints :
2; -3x s 3 ;1 4 2 4+ 3 25 3y + 252
1 - i
X Z 0, v =20 and xy z 0.



