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+
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e m
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In

 particular, 
p2 

=0#. m
+(3/2) 

TIm
+ (3/2)} r(1/2) 

2
m

 +
3

 
Exam

ple 16-1. Express the constants yo, a and m
 of the distribution 

a2 
=

 (2m
 +3)42 

3
)
 

dFt)=yol1- 
, -aSxsa 

H
4 

a4 
/
2

 
m

+
(3

/2
) 

m
+

 (7/2)} 
3a 

(21+5) (2m +3) 
A

lso 
r(1/2) 

(O
n sim

plification) 
in term

s of its 4h and Bz2 
Show

 that ifx is related to a variable t by the equation: 
m

 -
5

8
B

 

2(P
-3) 

Equations (2), (3) an
d

 (4) express th
e co

n
stan

ts yo, a an
d

 m
 

in term
s of l2

 a
n

d
 B2. 

3(2m +3) 
(2

m
+

5
 

(O
n sim

plification)..(4) 
H

2 

x(2(m
 +7)+ P 

a
t
 

then t has Student's distribution
with 2{(m+1) degrees of freedom. 

U
se the transfor 

calculate the probability that t 2
2

 w
hen the degrees offreedom are 2 and also w

hen * 
Solution. 

First of all, 
w

e
 shall determine the constant va from

 the co 
that total probability is unity. 

2(m
+1) 

+
 P]/2 

2
m

 +1+P 
z
tio

n
 

2(11+ 1) 
1-20m+1)+ 

i.e., 
(n

 =
 2

m
 +

2
) 

o
n

s
i
d

e
r
a
t
i
o

n
 

A
lso 

d
t
 

=
 

1 

( Integran 
is a

n
 
e
v

e
n

 

f
u

n
c
t
i
o

n
 ot 
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16-8 
U

sing Legender's duplication form
ula, viz., 

H
e
n

c
e
 th

e
 p.df. o

f X
 tr

a
n

s
f
o

r
m

s
 to

 

M
=2- on/2)r( )W

T
 

Tn/2) =
- 
2

r
)
)
 

w
e
 g

e
t 

(1 
d

t 

2a- Ton /2) Ten/2) Nn =
 

Ta 
r(3

) Vn =
 2 Tn Nn B

 ( 
)
V

-
(
)
]
 

a
m

1
)
 

(
1

9
 

(
3

/
2

)
 

d
t 

-
o

o
t

<
o

o

1 
V

(9
) (

1
*

 

w
hich is

 th
e
 p

ro
b

a
b

ility
 d

if
f
e
r
e
n

tia
l of S

tudene's +
d

i
s
t
r
i
b

u
t
i
o

n
 w

ith
 

n 
=

 
2

(
1

 

H
e
n

c
e
 th

e
 resu

lt. 

O
<

u
 <

 
o

,
 

-
o

o
 <

 
u 

<
 
o

.
 

or m
 

g
(u

, v
) 

=
 8

i(u
) 82(®

), 
. (i) 

F
o

r 2 d.f., ie
, n 

=
 

2, we get 2(m
 +

1
)=

2
 

m
=

 . 
H

e
n

c
e
 f

r
o

m
 (**), 

w
e
 g

e
t (for 

w
h

ere 
.(

ii)
 

81(4) VnB( 
) ( 

1
2

 (
1

)
/
2

 

2 
*

,
 when t =

 2
. 

dx 

Pe 22-P
x V

7
-
d

F
)
 av(2/3) 

a B
(1, 

an
d

 
iit) 

aN
(2/3) 

) 
u 

=
V

n
 (X

1
- X

2)/2N
 X

, X
2 an

d
 

V
=

 X
1+

 X
z a

re
 in

d
ep

en
d

en
tly

 d
istrib

u
ted

. 

(
i
)
»

 
u =

 Vn (X
1-X

2)/2N
K

,X
2- t, and 

(Gii) 
V

 
=

X
+

 X
2

n
a
 =

 á*
n

) 

From
 (), since m

 = 

) 
) riri/2)/

2
 /2

 
(/2

) T
/2 

r(3
/2

) 

F
o

r 4 d.f., ie., n 
=

 
4, w

e
 get m

 
=

 
1. Proceeding exactly sim

ilarly 
w

e
 sh

a
ll obtain 

E
x

am
p

le 6:3. If1, (p, q) represents the incom
plete B

eta fu
n

ctio
n

 defined b
y

: 

Pt22)- 
L

 (p, 9) B/p, 
(1

-) 
d

t;p
>

 0, q
>

0
 

) 

sh
o

w
 th

at th
e distribution function F(.) of Student's t-distribution is given by: 

E
xam

lpe 16-2 fthe randornm variables X
, and Kg are independent and follorv clhi-squan 

distribution w
ith

 n df., sh
o

w
 thatn (X -Xz)/2N X

X
2 is distributed a

s
 S

tu
d

en
t's t with 

df, independently of X1 +X
 

S
o

lu
tio

n
. Since X

1 and X
2 are independent ch

i-sq
u

are v
ariates each

 w
ith

 1 
their joint p.d.f. is given by: 

Pl 
=Pilz) x pal*2) 

F
)=

1
-i). where r= (1

) 
S

o
lu

tio
n

. 
If f) is p.d.f. o

f S
tu

d
en

t's t-d
istrib

u
tio

n
 w

ith
 n df., th

en
 

F
O

-
)
 du

=
1

-|, R
u) du =

 1
-
 

(
1

+
 

n
+

1
)/2

 du 
*

*
)
 

.e*)/x/21x/2,0Sx<o,0 Sx2<° 
2 

[r(n/2)]P
 

=
 

14= V
(
)
 

du 
=

-N
 

2uz d
z
 

P
u

t 
1 

P
ut 

21 du 
u 

2
N

2
 

and 
v=

X
1tX

2 
A

lso 
n 

S
u

b
stitu

tin
g

 in (*
), w

e g
et: 

1+
 

) 
F

(
)
 

=
 
1

-
 

Jacobian of transform
ation is : 

J
-3

)-
2 

(1
+

/2
 

T
he joint p.df. of U

 an
d

 V
 becom

es 
otu,D)= plz, 2) 

2a- Tn/2) T(R/2) n 
(1 

1/2 

=
 1+

 
zn/2)-1 (1-z)-1/2 dz 

(
1

+
n

 1
2

-
o

<
u

 <
o, 0SD

 



1
6

-1
0

 

EXACT SAM
PLI G

 DISTRIBUTIONS 
(t. F A

N
D

 z DISTRIBUTIONS 
where x =1 

z/)-1(1-z)a/)-1 dz 
1

6
.1

1
 

=
 1 

ence torn>2, 2 >
 1i.e., 

the variance of t-distribution 
is greater th

an
 that or 

standard normal distribution and for 
n >

4, B, >
3

 and thus t-distribution 
is m

o
re

 
t
a
e
 

o
n

 the top than the norm
al cu

rv
e. In fact, for sm

all n
, w

e
 have 

2
4

 
-
1

-
(
-
)
 

P(1E12)2 P(1 Z
 I 2 t0), Z~ N(0, 1) 

w
here 

(p, q) is defined in (). 

E
xam

ple 1
6

-4
. S

how
 that for t-distribution w

vith 
n a

f, 
m

e
a
n

 d
ev

iatio
n

 about 

given by: 

L
e, the tails of the t-distribution have 

a greater probability (area) 
than 

th
e tails 

o
r
 

standard norm
al distribution. M

oreover we have also s
e
e
n

 [S 16-2-5], that for largen 
df.), tdistribution tends to standard norm

al distribution. 
nis 

Vn r[(a-1)/2]/V
z T(m/2) 

f(0 
S

olution. 
E

()
=

0
.

I
t
1

d
t
 

N
orm

al curve 

M
.D. (about mean) =

 
1

tlf() dt= 
n

=
7

 

n 
3 

d
y

 
td

t 
(+1)/2 

V
i()(1

 
3

1
)
.
n

e
-
/
2

 
(1+y 

-1
 

t
0

 
+1 

+
2

 
+

3
 

Fig. 16-1 :G
raph of t-distribution 

16-2-7. C
ritical V

alues of t. T
he critical (or significant)

values of 
t 

a
t level o

f 
T

 r(n/2) 

16-25. U
m

iting Form
 of t-distribution. A

s n
-~

, the p.df. of t-distribution w
it 

df. viz., 

significance a and d.f. 
v for tw

o-tailed test 
a
re

 given by the equation: 
P

[Itl>
t,()] =

 a 
P

[Itls»
 (o)] =

 1-o 
...(165) 

.(1
6

-5
a) 

ft) 
=

 
-

(
7

 +
1

/2
 ex

p
(-P

).-- 
Rejection 
region (a/2) 

Rejection 
reglon (u/2) 

1 +
 

1)/2 
1 

A
cceptance 

region (1-a) 
Proof. 

lim
 

=
 

lim
 

n 
n

E
 

n 
n (1

/2
) T

(n/2) 

i=
 0 

a 
:ra

/2
)=

 VT and 
lim

 
=

n
,(cf. R

em
ark to § 16-8) 

F
ig. 1

6
2

: C
ritical valbues o

f t-d
istrib

u
tio

n
 

n 
(
7

)
 

T
h

e values ty(a) have been tabulated in F
isher an

d
 Y

ates' T
ables, for d

ifferen
t 

v
alu

es o
f a an

d
 v an

d
 are given in

 T
able I at the en

d
 of the chapter. 

S
in

c
e
 t-d

is
trib

u
tio

n
 is

 s
y

m
m

e
tric

 a
b

o
u

t t =
 0

, w
e
 g

e
t fro

m
 (1

6
5

) 

P (t>t, ()]+P[t<-t, (a)) =
 a 

» 
2

P
[t>

 t,(o)] =
a
 

P[t>t, (o)] 
=

 
a
/2

 

t, (2a) (from
 the T

ables a
t the end of the chapter) gives the significant v

alu
e o

f t 
for a single-tail test [R

ight-tail o
r L

eft-tail-since the distribution is sy
m

m
etricall, at 

lev
el o

f sig
n

ifican
ce a 

a
n

d
 v d

f. 

H
ence the significant alu

es of t a
t level of sigmificance 'a' for a single-tailed test c

a
n

 be 

obtained from those of rw
o-tailed test by looking the values a

t level of significance 
2

a
 

F
or exam

ple, 

is (0-05) fo
r single-tail test 

=
 

ta (0-10) for tw
o

-tail test 
=

 
1-86 

is(0-01) fo
r single-tail te

s
t 

=
 

#1s (0-02) fo
r tw

o
-tail te

s
t 

=
 

2
6

0
. 

am
(9

 
im (1 

lim
 
¬

)
 

=
 

lim
 

n 
VnB( 

n 

x
p

-
/
2

)
,
 -

<
t
<

k
 

H
ence for large d.f. t-distribution tends to

 standard norm
al distribution. 

16-26. G
raph of t-distribution. T

he p.df. of t-distribution w
ith n df. is : 

P
t>

 t,(20)) =
 « 

(1
6

-5
b

) 

O
-c(1 

+
1)/2 t 

Since f(-
) =f¬), 

th
e probability c

u
rv

e
 is sym

m
etrical about th

e line t
.
 

increases, f(t) decreases 
rapidly an

d
 tends to

 
z
e
ro

 
a
s
 t

-
 
o

,
 s

o
 that f-a

x
 

a
sy

m
p

to
te

 to
th

e
 cu

rv
e. W

e
 h

av
e sh

o
w

n
 th

at 
is a 

7
2

:
 h 

n>
4 



S
t 

o
n

je
A

 p
a
e
jn

q
e
j 

ay
p

 u
e
q

j 
1o

je
al

3 
q

p
n

u
 s

. 
an

je
a 

pa
je

jn
»r

es
 a

d
u

is
 L

L
 S

{ 
J$

3}
 p

aj
!D

} 
j
o

u
s

o
J
 o

ue
D

iy
[u

ai
s 

jo
 P

A
a[

%
S

 J
e
 
fp

 1
z 

io
J

} 
Jo

 a
n

je
a
 p

aj
ej

nq
P

L
 

u
O

!S
n

/o
u

o
s 

9.
9t

 3
ui

sn
 u

o
 (9

.9t
) ou

sy
ejs

 1s
31

 a
ug

 'su
ajq

oid
 ses

ua
un

u 
10

J 
aD

uO
H

 
E

0
6

 
LI

_ 
=

 
1

/:
{

T
L

)N
 

IZ
A

x
tZ

E
9

I-
2

E
S

T
 

S 
(
I
-
 u

)=
s
u

 
=

-
z
z
 

/E
N

 
-

=
s 

iau
eu

ea
 ajd

ure
s a

ya
 'm

ou
 a

M
z 

H
 

=
}

 : 
S[

 O
Y

S
qe

js
 ]

s
a
] 

a
y

j 
"°

H 
13

pu
n 

oi
IS

Ig
vI

S
 1

sa
I 

9
)
 

(e
-1

4
8

) 
E

9
I 

<
 d

: 
'H

 'S
8s

91
41

0d
hfH

 2
a1

0u
ua

V
 

ui
su

o 
Jo

 a
du

ey
p 

jo
 Ju

ap
ua

da
pu

 st
 ab

ue
ue

a a
ou

js'
 

a
s
e
 S

py
i 

ui
 'o

s[
V

 
99

1 
E

9
I
=

 H
: 

O
H

 
*

1
 n

y
ss

a
o

o
n

s 
1

o
u

 s
t u

3
e
d

u
re

o
 S

u
s
p

e
a
p

e
 a

y
L

 "
ss

a
4

o
d

h
H

 I
n

N
 

7
L

1
-
 s

 "
L

E
S

l 
=

 *
 '
7

 =
u

 :
 u

aA
t8

 3
ie

 a
M

 v
o

n
n

jo
s

91
) 

1
n

ss
a
o

n
s

uB
vd

uu
vo

B
ui

si
ju

aa
pv

 a
y

j 
s
M

 7
:L

1
 Jo

 u
o

y
v

ja
ap

 p
uv

pu
vj

s 
v 

pa
on

oy
s 

p
u

v
 Z

 £S
I 0

1 
pa

sv
a4

5u
! 

y
M

N
 .

D
O

Jd
hj

 v
 4

0
f s

au
o1

s 
z
z
 u

! 
sa

y
s 

ip
aa

0
n

 u
v

a
u

 a
y 

u
8

v
d

1
u

s 
S

u
js

ts
u

aa
p

v
 u

v
 a

2
1

/v
 *

a4
01

s 
1

ad
 

S
A

D
 
E

9
tL

 s
bo

2 
sa

u
o

js
 /

u
ju

su
za

v
d

ap
 u

j 
sa

vq
 d

o
o

s 
fo

 s
ay

os
 ip

ya
ao

n 
u

v
a
u

 a
y4

L 
9

-9
1

 a
jd

u
e
x

g
 

su
o

y
e
o

y
o

a
d

s 
o 

S
ut

uu
io

ju
oo

 1
on

po
zd

 a
uy

 a
qe

s 
ke

uu
 a

m
 3

1
 'a

u
e
o

y
ju

a
ts

 
Jo

 A
I
 %

S
 e 

p
a
u

e
ja

r 
a
q

 s
e
u

u
 O

H
 s

is
a
y

o
d

k
s
 n

n
u

 p
u

e
 3

u
y

d
u

e
s
 j

o
 s

u
o

y
e
n

jo
n

g
 o

 
a
n

p
 j

sn
! 

SE
 (

T
-X

) 
u

o
g

eT
aa

p
 a

y
i 

's
p

ro
M

 1
3y

jo
 u

j 
d 

p
u

e x
 u

d
aM

ja
q

 3»
ua

ra
jJ

!p
 J

ue
oi

yu
ß\

s 
o

u
 s

t 
a
ro

y
i 

*
a
j 

qu
es

yr
uß

ts
 j

o
u

 s 
1 

Jo
 a

n
e
a
 a

y
p

 j
ey

p
 ke

s a
M 

>
1

 p
ae

no
je

» 
yI

 (
#)

 
S

u
o

Je
y

o
a
d

s 
ou

n 
3

u
y

a
s
r 

jo
u

 si
 2

on
po

id
 a

y1
 e

y
a 

ap
n

p
u

o
o

 a
M

 p
u

e 
3o

ue
oy

ru
31

s J
o

 jo
A

a[
 ST

UP
 J

e 
pa

jo
al

or
 s

t 
°H

 p
ur

e 
d 

u
o

y
 A

pu
re

oy
ru

ßs
 s

za
yi

p 
x 

ie
ya

 s
a
p

d
u

 
s
U

L
 J

u
e
b

iy
u

a
!s

 S
t 

1 
J0

 a
n

e
A

 a
y

i 
Je

y
n

 Á
es

 a
m

 0
 

<
 S

I¬
 "

*z
1a

 '
A

, 
p

a
q

e
jn

o
je

 j
[ 

(
)
 

0 
Kq

 p
aj

ou
ap

 a
q 

a
n

e
a
 p

o
e
jn

q
e
j 

s+
ya

 1
a
7

 %
S

 K
es

 '
a
o

u
e
»

y
ru

3
ts

 J
o

 a
A

a
] 

u
e
ju

a
o

 j
e
 p

u
e
 /

p
 6

 1
o

3
1

 j
o

 a
n

je
a
 

p
e
n

q
e
 a

y
i 

y
p

iM
 a

n
je

n
 p

o
e
n

o
e
s
 s

is
i 

a
ie

d
u

u
o

s 
M

o
u

 !
M

 a
M

 f
p

 6
 =

 
[ 

-
0

I 
y

n
im

 

u
o

n
q

a
is

!p
-1

 s
,J

u
a
p

n
is

 s
M

o
O

J
 J

, 
3g

jS
IJ

ej
s 

js
a]

 a
u

p
 a

H
 'J

O
41

un
g 

p
e
a
o

o
id

 o
j 

m
O

H
 

ua
yi

 'a
qu

un
u 

ÁI
en

jqu
e Á

ue
 s

t 
v 

ai
ay

m
 '

y 
-
*

 ='p
aq

e 
am

 JI
 

ng
as

n 
an

b
 s/

 'm
oj

aq
 u

aa
l3

 °
po

yg
au

u 
uo

ye
;a

ap
 d

aj
s 

a
se

s 
n

u
t 
pa

pu
au

uo
ai

 JO
u 

st
 p

ue
 au

os
ioq

uu
ns

 A
ia

A
 SI

 S
 
Su

yn
du

oo
 1o

y 
(v

99
1)

 e
in

uu
Io

g 
ay

i 
u

a
y

 
OD

el 
u 

S
au

w
s 

J!
 1

3A
3M

O
H

 z
S 

3u
yn

du
oo

 1
0J

 p
as

n 
Ap

ua
juJ

au
0o

 a
q 

ue
s 

(0
9.9

1)
 e

jn
ui

oj
 

'S
a8

au
 

u
t 

n
o

 s
a
u

o
s
 X

JI 
'S

43
]q

04
d 

]v
oj

uB
un

u 
A0

/ 2
S 

Jo
 u

oy
vj

nd
uo

o 
uO

 I
 

SY
JB

U
ua

y 
do

pe
 a

ou
e»

yI
ua

Is
 Jo

 j
aA

a]
 a

yi
 j

e 
pa

jd
ao

e 
aq

 á
e
u

 °H
 '1

 p
aj

en
qe

j 
>

 
| 

4
I 

pa
qe

no
re

s 
pu

e 
pa

al
ai

 s
t 

s[
sa

Y
jo

dA
y 

in
u

 '1
 

po
je

nq
ej

 <
 
|
I
 p

aJ
ez

no
re

s 
JI

 
*a

DU
eo

iyu
aIS

 J
o

 
uT

ey
ia

d 
jP

 3
n

jP
a 

pa
]P

[n
qe

j 
a
a
 y

]I
M

 1
 JO

 a
nf

eA
 p

aj
en

oj
es

 a
un

 a
re

du
ro

s 
M

o
u

 a
M

 
Fp

 (
t-

u)
yp

IM
 u

on
nq

ig
si

p-
1

s,
ju

ap
ni

s
sM

o[
[O

J 

9T
 

x
-
 

pue
 

aJ
ay

M
 

uN
/S

 
'
-
 

9T
 

u
s
y

e
s
 a

yg
 

O
F0

 0
 

ST
ET

O0
Z-

0- Z
L-0

) 6N
 

D
L

L
4O

D
yn

do
d 

ay
j 

pu
v 

x 
u

v
u

 o
yd

uo
s 

g 
us

om
ya

q 
2u

au
af

ip
 q

uu
og

fu
as

 o
u 

st 
au

ay
i 

()
 

4
0

 
d 

uu
au

u 
q

p
n

 u
o

4
v

n
d

o
d

 a
yp

 u
o

4
f u

n
v

ap
 u

q
 s

vy
 a

qd
uu

os
 a

yL
 
()

 

H
 

S
so

yg
od

A
s 
n

u
 ay

y 
a
p

u
n

 
U

e
a
u

 u
O

F
e
jn

d
o

d
 

(t
-1

, 
=

 
=

 
: 

s[
 o

ys
ye

ys
 1s

a) 
ay

a 
H

 
1

ap
u

n
 *

31
45

10
IS

 1
$2

L
 

( 
-

0
0

0
 :

 
'H

 's
1s

a4
1o

dh
H 

aa
yv

uu
a1

1V
 

su
oy

of
io

od
s o

 B
uj

uu
of

u0
3 

si 
13

np
ou

d 
au

g 
"a*

} '
0

0
2

-0
=

d
:4

 "s
15

94
yo

dh
y 

N
 

p
u

e
 

a
y

p
u

 o
F

0
-0

 =
 

5 
a
y

p
u

t 
z
¥

L
-0

 =
x

 
a
y

p
u

 0
0

-
0

 =
 

d 

O
n

e
A

 J
eS

IY
IY

Io
dá

y 
a
p

 w
o

ij
 A

jp
ue

oy
ju

ät
s 

si
aJ

J!
p 

u
e
a
r 

aj
du

re
s 

ay
 J

I 
(17

) 

J
o

 
Ae

s 
'u

e
o

u
 p

ay
p

ad
s 

e 
y

IM
 u

oy
er

nd
od

 

u
0

J
J
 U

M
ea

p 
u

a
a
q

 s
e
y

 
u 

az
is

 J
o

 (u
 '

*
*

 

'7
'I

=
)x

 a
jd

ui
es

 u
o

p
u

e
r 

e 
j 

()
 

O
t=

 

s
o

}
 o

g
 }

ju
e
m

 3
m

 3
so

dd
ns

 "u
D

eW
 

eõ
u

IS
 1

O
J 

J
s
e
jH

T
E

9
1

 

n
u

o
 'e

ja
p

 u
j 

su
o

jj
e»

jd
d

e
as

ay
) 

ss
n

>
s1

p
 |L

M
 a

M
 su

og
as

 au
LM

O
IO

J a
1n

 y
 

u
y

j
a
0

3
 u

o
H

e
ja

.1
o

o
 je

F
re

d 
p

a
n

Ja
sq

o
 J

o
 3

u
e
o

iJ
ju

a
s 

au
g 

1
sa

] 
o

I
 

(2
) 

: 
ua

A[
8 

a
re

 a
m

 a
1

aH
 

"u
op

nj
os

S 
au

o
. 

13
yI

un
 p

aa
01

d 
pj

n0
02

 1
1o

h 
az

os
 3

}v
js

 o
s]

y
 's

uo
yv

oy
io

ad
s 

a
y

 S
u

y
a
u

 s
t 

y
u

o
n

 a
4a

 4
ay

3
y

an
 j

s2
1 

o
1

 2
s1

 p
m

o
2

 n
o

f 
y

sp
0

y
s 

ay
1 

a
n

d
u

o
y

 y
u

!
 O

P
0

'o
 

Jo
 u

o
y

v
y

as
p

 p
av

p
u

v
js

 b
 1

m
 y

p
u

! 
T

v
L

0
 j
o

 1
3

g
n

u
u

p
 1

iv
au

 v
 s

an
oy

s 
sj

uv
d 

o
1

 S
o 

aj
d

u
D

s 
u

o
p

u
n

s 

v 
yp

uu
 0

o
L

0
fo

 s
aa

ya
uu

vp
 y

xD
 H

i1
m

 s
pu

vd
 a

ng
`u

a 
d

u
p

p
u

 s
t 1

sq
m

pn
u 

y 
s
9

 
o

jd
u

e
x

g
 

u
m

o
u

y
u

n
 s

/ 
o 

u
o

g
e
n

a
p

 p
ie

p
u

e
s 

uo
ue

nd
od

 a
y

L
 

(1
) 

u
o

p
u

e
r 

s.
 a

jd
ue

s 
ay

i 
**

! 
u

ap
u

ad
ap

u
t a

e
 su

oy
ea

Ja
sq

o 
aj

du
es

 a
y

l 
()

 
e
w

io
u

 s
. 

u
m

ea
p

 s
. 

aj
du

es
 a

y
g

 y
pi

yM
 u

O
y

 u
oy

en
do

d 
ju

ar
ed

 a
y

I 
(!)

 

uo
jo

yJ
ao

d 
uo

js
sa

18
ar

 a
jd

u
es

 

9
9

0
d

 
u

o
n

e
ja

l1
0

3
 a

jd
u

es
 p

a
n

Ja
sq

o
 u

e
 J

o
 3

u
e
y

r
u

is
 a

yp
 j

so
}

 O
L

 
(
)
 

d
u

e
s
 o

m
j 

u
s
B

M
]
a
q

 a
v

u
a
ra

j{
p

 a
yu

 J
o

 a
o

u
re

y
Iu

aI
s 

au
g 

1
sa

}
 O

I 
(
)
 

u
e
a
u

 u
o

y
e
n

d
o

d
 a

ya
 J

o
 d

 a
n

e
a
 

u
o

1
y

 k
ju

e
s
u

B
1

s
 s

1
o

}
!p

 ( 
x)

 u
e
a
u

r
 a

jd
u

u
es

 a
y

i 
ji

 1
s2

}
 o

L
 

()
 

M
o

f
a
q

 p
a
J
e
I
a
U

N
U

a
 a

n
 

: 
I
s
3

}
-
1

 
s
u

a
p

n
a
s
 a

uy
 u

i 
o

p
e
u

 a
av

 s
u

o
y

d
u

n
ss

e
 X

uL
M

O
�IO

g 
ay

L
 7

s9
}-

} 
s,

u
o

p
n

1
s 

1
o

 u
o

F
d

u
n

s
s
v

S
S

e
I
S

 u
I 

s
u

o
je

»
q

d
d

e
jo

 1
o

q
u

in
u

 a
p

tm
 e 

S
ey

 u
o

y
n

q
u

n
s
1

p
-
z

a
y

L
 

N
O

u
N

E
i
I
S

I
a
-

o 
S

N
O

u
Y

O
n

d
d

v
e
9

1
 

Z
I9

 

(S
N

O
LL

N
EI

ui
sig

 z 
ON

Y 
J
) 

IS
N

O
LL

N
aI

H
Ls

Ia
 O

N
IT

dw
vs

 i
o

v
x

a
 

E
-9

L
 

T
H

I
N

A
W

v
O

N
N

A
 



F
U

N
D

A
M

E
N

T
A

L
S

O
F

 
M

A
T

H
E

M
A

T
I
C

A

STATIST 
esis and conclu le 

that t 
EX
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o: =
 

64 in
ch

es 

Alternatiove Hypothesis, H
h:4> 64 inches 

83 
-
1

4
2

 
2

0
1

-6
4

 
95 

-2-2 
4-84 

98 
0-8 

0-64 
T

A
B

L
E

 1
6

-2
: C

A
L

C
U

L
A

T
IO

N
S

 
F

O
R

 
S

A
M

P
L

E
 

M
E

A
N

 
A

N
D

 
S

.D
. 

107 
9.8 

9
6

-0
 

T
o

ta
l 

6
6

0
 

100 
2-8 

7
0

 
6

7
 

6
2

 
6

8
 

61 
6

8
 

7
0

 
6

4
 

6
4

 
6

6
 

7-84 
T

otal 
972 

1
8

3
3

-6
0

 
1

-
4

 2 
2 

X
-
X

 
4 

4 

H
e
re

 
n

=
 10, 7= 

97-2 
and 

s2=855:60= 203-73 
(x-
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f m
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H
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FUNDAMENT. 

differ signijicantiy, the statistic.EXACT SAMPLING DISTRIBUTIONS-I (t, F AND z DISTRIBUTIONS) 16-19 

16-18 

means, i.e., Hx = or (b) the sample 
means r 

and y 
do not difer signifi 

Under the null hypothesis, H, that (a) sanmples 
have 

been 
drawn from the no. 

B Diet A Diet 
#x under H,] 

y- 
-y 

(x- y-y 
t 

196 

16 

25 
44 32 

64 

3. On the assumption of t-test for diference of means. Here we make the fit 

fundamental assumptions: 

9Parent populations, from which the samples have been drawn are norm 

(i) The population variances are equal and unknown, L.e, Ox=oy = o? (s: 

30 
22 

400 
289 

34 
S6 10 

where symbols are defined in (16-7a), 
follows 

Student's 
I-distribution with (n.,. 

following 
24 
14 

16 
196 

7 
I4 ally distrib 

o (say), where 100 
32 

16 0 
16 30 

4 32 

25 55 
7) The two samples are random and independent of each other. 

Thus before applying t-test for testing the equality of means it is theoreticallvvA. 
test the equality of population variances by applying F-test. (c.f $ 16-6-1) If the var 

come out to be equal then t-test becomes invalid and in that case Behren's 'd'tos 
fiducial intervals is used. For practical problems, however, the assumptions () and (n are 
for granted. 

16-3-3. Paired t-test for Difference of Means. Let us now consider th. 

144 
35 
25 

unknown. 

18 
21 

25 35 

29 st 
64 

bas 
() and (n) are x=336 

22 

Ex-) = 0 Ex-x = 380 Ey - 450 Zy-y) =0 Z(y-y= 1,410 
when the sample siaes are eqnl, ia, =n (say), and (i the two sampa 1-28,=30, S- t -3+ Xy-pel = 716 

and n= 12, n2= 15 
Under null hypothesis (Ho): 

not independent but the sample observations are paired together, i.e., the Da 
observations (x, yi), (i = 1, 2,..., n) corresponds to the same (ith) sample unit problem is to test if the sample means differ significantly or not. 

X-y For example, suppose we want to test the efficacy of a particular drug, sav. inducing sleep. Let x, and y, (i = 1,2,..., n) be the readings, in hours of sleep, on the individual, before and after the drug is given respectively. Here instead of appl the difference of the means test discussed in § 16:3-2, we apply the paired ttest gi below. 

nna-2 
V 

28-30 0-609 
t = 

VT074 
71(25) 

Here we consider the increments, d; = xi-y» (i=1,2, .., n). Under the null hypothesis, Ho that increments are due to fluctuations of sampling Tabulated toos for (12 +15-2) = 25 df. is 2-06. 
Conclusion. Since calculated Itlis less than tabulated t, Ho may be accepted at 

% level of significance and we may conclude that the two diets do not differ gnificantly as regards their effect on increase in weight. 

the drug is not responsible for these increments, the statistic d t= 
SNn 

-d, and S- d,-� 
where 

i=1 

Remark. Here and y come out to be integral values and hence the direct method of 
omputing (x-x and Zy-y is used. In case z and (or)y comes out to be fractional, then 

follows Student's t-distribution with ( -1) d.f. 
and B. 

76-10. Below are given the gain in weights (in kes.) of vigs fed on two dide step deviation method is recommended for computation of E(x -)2 and Ey - y)2. Example 16-11. Samples of two types of electric light bulbs were tested for length of life 
nd following data were obtained: 

Gain in weight Diet A: 25, 32, 30, 34, 24, 14, 32, 24, 30, 31, 35, 25 Diet B: 44, 34, 22, 10, 47, 31, 40, 30, 32, 35, 18, 21, 35, 29, 22 
Test, if the two diets difer significantly as regards their effect on increase in ts 
Solution. Null hypothesis, Hy : Hx=HY, ie., there is no significant dijference 

Type I 
Type II 

n2 7 

2 1,036 hrs. 
S2 40 hrs. 

Sample No. 
= 8 

Sample Means = 1,234 hrs. 

S1 36 hrs. 
Is the difference in the means sufficient to warrant that type I is superior to type II 

ght mean increase in weight due to diets A and B. (0 sigrificant difference betue ample S.D. 's 

garding length of life ? 
Alternative hypothesis, Hi: x*Hr (two-tailed). 



FUNDAMENTALS OF MATHEN 

he two types ad it of electin EXACT SAMPLING DISTRIBUTIONS-II (1, F AND z DISTRIBUTIONS) 

MATICAL STA 
16-20 iricb 16-21 

Solution. Null 
Hypothesis, 

Ho:4x =4y 
ie, 

the 

= A+ = 68 +0 = 68 i = B+= 66+67-8 hi 
1 2 

a 
are indentical. 

and (x- = Xa_A2 and Ey-y)? = 2 D2 - D¥ 
Alfernatioe 

Hypothesis, H :Hx> Hy ie', type l 
1S Superior 

to type II 

2 t13 lest Statistic. Under Ho, the test 
statistic 

1s 

2-2 = 60 -0 = 60 = 186- 153-6 
10 t =- 

S ta -2Zx-iR+Ey- ¥]-(60+ 153-6) = 15-2571
I 68-67-8 0-2 = 0-099 

ns?) 
= 8x (36)2 , 

+n22 

S 4hzEr-)2+ El-7)] 

+7x (40)=1 VIS 257()" V15-2571 x 0-2667 
where 

198 9-39 Tabulated foos for 14 df. for single-tail test is 1-76. 

Concusion. Since calculated t is much less than 1-76, it is not at all significant at 

5% levels of significance. Hence null hypothesis may be retained at 5%% level of 

1234-1036 
V1659-08 x 0-2679 

, level of significance for right (singlej-S1gnificance and we conclude that the data are inconsistent with the suggestion that 

test is 1-77. [This is the value of to10 for 13 4: rOm twau 
taDles given at the ene sailors are on the average tallerth 

the chapter.] 
Conclusion. Since calculated 't is much greater than tabulated '", itjist ofhm by alloying, 25 values ohtai 

significant and Ho is rejected. Hence the two types of electric bulbs differ signitroduced the following results: 

Further, since 7 is much greater than 2, we conclude that type I is definitely SIn 

to type I.L 

Example 16.12. The heights of six randomly chosen sailors are (in inches): 634 

69, 71, and 72. Those of 10 randomly chosen soldiers are 61, 62, 65, 66, 69, 69, 70.711 
73. Discuss, the light that these data throw on the suggestion that sailors are on the 

taller than soldiers. 

Example 16.13. To test the claim that the resistance of electric wire can be reduced by at 

Mean Standard deviation 
Alloyed wire 0-083 ohm 0-003 ohm 
Standard wire 0-136 ohm 
Test at 5% level whether or not the claim is substantiated. 

0-002 ohm 

Solution. Null Hypothesis Ho: - H2 20-05, [i.e., the claim is substantiated] 
Alternative Hypothesis Hy : H-Hz<0-05 (Left-tailed, test) 
Test Statistic. Under Ho, the test statistic is: Solution. If the heights of sailors and soldiers be represented by the varil 

and Y respectively then the Null Hypothesis is, Ho : Hx= Hy, i.e., the sailors are no 
average taller than the soldiers. 

Alternative Hypothesis, H: Hx> 4y (Right-tailed). 

t -X)-(HH2 - N (0, 1) 

) 
Under Ho the test statistic is: t=- 

11+ 12 -214 where C2 1+1S2_25 x (0-003)- +25 x (0-002)_ 0-000225 + 0-0001 _ 0-00o0067 n1 +n2 -2 
(0-083-0-136)- 0-05 

25+25-2 48 
0.-103 0-00071 -145-07 t=-

Sailors oooos7 Soldicrs 
d = X-A 

D Y- Y 
68 

The (critical) tabulated value of t for 48 df., at 5%% level of significance for left tailed test is 1-645. 
Conclusion. Since calculated value of t is much less than tabulated value of t, it 

falls in the rejection region. We, therefore, reject the null hypothesis and conclude that 
claim is not substantiated. 

3 
5 61 b 9 62 

65 
66 

72 69 Example 16-14. A certain stimulus administered to each of the 12 patients resulted in 
the following increase of blood pressure: 

16 
69 

70 
Total 5, 2, 8, -1, 3, 0, -2, 1, 5, 0, 4 and 6 

71 
60 Can it be concluded that the stimiul1us will, in general, be accompanied by an increase in 9blood pressure ? 

72 
73 7 

Total 18 



Solution. Here we are given 
the 

increments 
in blood pressure 

Null 
Hypothesis, Ho : Hx 

= Hy, ie, there is no significant 
In other 

i.e., d,e
erence in 

e 16-22 

16-23 
EXACT SAMPLING DISTRIBUTIONS-I (t, F AND z DISTRIBUTIONS) 

due to thes Food A Food B 

Alternative Hypothesis, H:x <4y, ie, the stimuus results in: 

d- t(n-1 

D 
an increase D Y-52 

d X-50 12 

Pressure readings of the patients 
before and after the drug. 

49 -1 
52 

ncrements are just by chance (fluctuations 
of sampling) 

and not due.Od 

3 
55 51 
52 Test Statistic. Under Ho the test statistic is : t = 

-2 

pressure. 

SW 
52 

3 5 4 47 
50 50 
54 

2 8-1 3 

0 16 
5 

25 0 4 
52 

54 
25 

4 64 19 

53 
53 

Total 
37 23 

-28 and 4A- 85
2.58 x 12 258 x3-464 = 289 

3-09 

52+R 52-875 
.T= 50+ 50-875 t/a 9.532 

Tabulated foos for 11 df. for single-tail test is 1-80. [This is the value of t. 
df. in the table for two-tail test given at the end of the chapter.] 

Conclusion. Since calculated t> toos, Ho is rejected at 5% level of sims Hence we conclude that the stimulus will, in general, be accompanied by an in blood pressure 

Example 16-15. In a certain experiment to compare tuo types of animal foods the following results of increase in weights were obserted in animals 

(y- = (ZD) 
2 37 23 

= 30-875 

= 16-875 

S 2 -+Xy-¥-(30-875+ 16-875) = 3-41 

50-875-52-875 -2-17 

Animal number 2 3 4 5 

Vs4(&) 
Increase Food A 49 53 51 52 47 50 52 Weight in lb 

Tabulated toos for (8 +8-2) = 14 df. for one-tail test is 176. 

Food B 52 55 52 53 50 54 54 53 
Conclusion. The critical region for the left-tail test ist< -1-76. Since calculatedtis 

less than -1-76, Ho is rejected at 5% level of significance. Hence we conclude that the 

) Assuming that the two samples of animals are independent, can ue concluei foods A and B differ significantly as regards their effect on increase in weight. 

B is better than food A? 
() Also examine the case when the same set of eight animals were used in both 

Further, since y> x, food B is superior to food A. 
(ii) If the same set of animals is used in both the cases, then the readings X and Y 

denoted by X and Y respectively, then Ho: Hx = Hy, i.e., there is no s 
difference in increase in weights due to diets A and B. 

denoted 
Solution. 

by X 
Null 
and Hypothesis, Ho: If the increase in weights due to foods Atesting independent but they are paired together and we apply the paired t-test for 

Under Ho Hx = uy, the statistic is: t =- tn-1) 

Altenative Hypothesis, Hy:Hx <Hy (Left-tailed). () If the two samples of animals be assumed to be independent, the 
apply t-test for difference of means to test H, Test Statistic. Under Ho Hx 4y, the test criterion is: 

S/Nn 
X 19 53 51 52 47 

52 53 Total Y 52 55 52 53 50 
54 4 

53 d X-Y -3 -2 -1 
-2 

-16 

t- 

-2 1 
6 4 

44 
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16-24 EXACT SAMPLING DISTRIBUTIONSn (t F AND z DISTRIBUTIONS) 

Example 16.17. (a) A random sample of 27 pairs of observations from a 7Or 

population gave a correlation coefficient of 0-6. Is this significant of correlation 7 EE 

population? 

d--2 and S p 
-0-G(4-)-1714u 

Tabulated to0s for (8- 1) = 7d.f. for one-tail test is 1.90. 

Conclusion. 
Here also the observed 

value of t is significant at 5 

s1gnificance and we conclude that food B is superior 
to food A. 

Cb) Find the least value of r in a sample of 18 pairs of observations from a bi-variate nornial 

population, significant at 5% level of significance. 

oUtion. (a) We set up the null hypothesis, Ho : p = 0, i.e., the observed saniple 

correlation coefficient is not significant of any correlation in the population. 

Under Ho : ts -2 

level 
t0-6 V27-2 

-0-36) 064 
T-2 - tn -2) 

chemicals in a medicine produced by a certain firm. A sanple is taken from each hotul 

and the separate halves sent to the two laboratories. The following data is obtained: 

No. of samples 
Mean value of the difference of estinates 

= 3-75. 
Example 16-16. Two laboratories carry out independent estimates 

each 
of 

batch, 
a 

habe 1-r) 
Tabulated toos for (27-2) = 25 df. is 2-06. 

Conclusion. Since calculated t is much greater than the tabulatedt, it is significant 

and hence Ho is discredited at 5% level of significance. Thus we concude that the 

variables are correlated in the population. 
(b) Here n = 18. From the tables too5 for (18-2) = 16 df. is 2-12. 

Under Ho:p =0, t= tn-2)= t16 

10 

0-6 

20 
Sum of the squares of the differences (from their means) 

Is the diference significant ? (Value of t at 5% level for 9 df. is 2-262.) 

Solution. Let d stand for the difference between the estimates of the chemi 

between the two halves of each batch, and d the mean value of the difference should have 
In order that the calculated value of t is significant at 5% level of significance, we 

estimates. In usual notations, we are given: 

- 6212 
162> (2-12) (1 - ) or 20-493r2> 4-493 or 2 4-493 0-2192 

Irl> 0-4682. 

Fo-05 n = 10, d = 0-6, Zld -d)2 = 20 

Null iypothesis, Ho: H = H4, ie., the difference is insignificant. 
Alternative hypothesis, Hh:4} *42 Hence 

Example 16-18. A coefficient of correlation of 0:2 is derived from a random sample f 625 pairs of observations. (i) Is this vnlue of r sigvnificant ? (ii) What are the 95% and 99% 
confidence limits to the correlation coefficient in the populatio 

Solution. Under the null hypothesis Ho: p = 0, i.e., the value of r = 02 is not significant, 
the test statistic is: 

Test Statistic. Under Ho, the test statistic is : ts t10-1 VS2/n 

S2 d -d? = = 2-22 t= 471 1-274. 
where 

The tabulated value of t at 5% level for 9 d.f., is 2-262 (given). Conclusiom. Since calculated value of t is less than tabulated value of t, it is n significant. Hence, we may accèpt the null hypothesis and conclude that the ditteren is not significant. 
16-3-4. t-test for Testing the Significance of an Observed Sample Correlai 

Coefficient. If r is the observed correlation coefficient in a sample of n pai 
observations from a bivariate normal population, then Prof. Fisher proved that 

the null hypothesis, Ho:p= 0, i.e., population correlation coefficient is zero, the stau 

V1-

t=02xv (625-2) 
(1-0-04) 

5-09 

Since df. = 625 2 623, the significant values of t are same as in the case of normal distribution, viz., too5 * 
than these values; it is highly significant. Hence Ho: P = 0 is rejected and we conclude that the sample correlation is significant of correlation in the population. 95% Confidence Linmits for p (population correlation coefficient) are: 

1.96 and to-o1 = 2.58. Since calculated t is much greater 

rt196 S.E. (7) = r+ 196 (1 -7)/n 
follows Student's +distribution with (n -2) d.f. (cf. Renark to § 16-4) 

If the value of t comes out to be significant, we reject Ho at the level of Stio 
adopted and conclude that p * 0, i.e., 'r is significant of correlation in the popu 

Ift comes out to be non-significant, then Ho may be accepted and we co 

that variables may be regarded as uncorrelated in the population. 

Since n large] 
(16-10 

= 0-2+(196 x 0.96/ 625) = 0-2+0-075 = (0-125, 0-275) P99% Confidence Limits for p are: 
0-2 +2-58 x 0-0384 = 0-2 +0-099 = (0-101, 0-299) 16-3-5. t-test for Testing the Significance of an Observed Regression Coefficient. Here the problem is to test if a random sample (x;, y), (i = 1, 2,..., n) has been drawn from a bivariate normal population in which regression coefficient of Y 

on X is B. 

ificand 

conclu 
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dt-V- (1 
dt =Vo-2) x- 

- dr d 
EXACT SAMPLING DISTRIBUTIONS-I (1. FANDz DISTRIBUTIONS) 

16-29 

16-5. F-DISTRIBUTION 

Detinition. If X and Y are two independent chi-square variates with vj and v2 uJ 
respectively, then F-statistic is defined by 

When p =0, the p.df of Yis given by 
(16-12) 

and it 
transforms to 

-(1 -0- =1-PpRdt 
anges 

from 1 to 1, from (i), I ranges from 
-o to o, 

..(16-13) 
F 

Y/Va 
dG) = 

In other words, F is defined as the ratio of two-independent chí-square variares 

divided by their respective degrees of freedom and it follows Snedecor's 

distribution with (u, v2) d.f. with probability function given by: -1)/2 

ar3(145) ( 
n -24 

D/2' 

KiSoo 

SF) =. ,0SF< ...[16-13(a) 
) (1) (+2/2 

which is the p.df of distribution with (-2) d 

t , vn-2) tm 2 
Remarks 1. The sampling distribution of F-statistic does not involve any populatioon 

parameters and depends only on the degrees of freedom D, and v2 

2. A statistic F following Snedecor's F-distribution with (vi, v,) d.f will be denoted by 

F~F ( v). 

Hence 

Example 16-19. (a) lf (x, y) is a random saniple dravn from an uncorrelated k 

normal population, derive the distribution of . 

X-)-) 
VE-Ev-v* 

(b) Further, when n = 5 and ifP (1rl2C)=a, show that C is a root of the equatim 

16-5-1 Derivation of Snedecor's F-distribution. Since X and Y are independent 

chi-square variates with vi and v2 d.f. respectively, their joint probability density 

function is given by: 

cV1-C+sin-1 C+ = f )-27 exp (-/2) /x p -y/2)y 

Solution. (a) cf $ 164, page 1626. 

(6) P(Irl2) =1-P(IrlsC)=1 -P(-Csrs C) 
+/2 r(y/2) r(v/2) exp-(x +/2} xz/9* y -",0s (x, y) < 

Let us make the following transformation of variables: 

1-2 POSrs C)=1 -2|f() dr F- and u= y, so that 0 < F< o,0 <u <o 

y/V 

Fu and y = u 

Ar) is symmetrical aboutr = 0] 
When n = 5,. fr) =- 

(1-21/2 ef. Equation 16-12, page 1626 Jacobian of transformation / is given by: J= d )2-
V2 

P(Irl2) = 1 -2 (1-P/2 dr Thus the joint p.df. of the transformed variables is : 

-1-2xr(l-*/a4 sin 
gE, u)= 

2 /2 (V/2) (v2/2)* 

-1-ca-cy2+}sinC]=a 
rE)- (Fu)2 

1--osia (Given) (M//2 

2 /2 r(V/2) T(V2/2) 

C(1-C/2+ sin 1 C+ (a-1) 2 x a/2]-1 fi/2-; 0<u< o, 0 sF<% 



FUND TAIST 16-30 

EXACT SAMPLING DISTRIBUTIONS-I (t, F AND Z DISTRIBUTIONS) tegrating w.r. to u over the range 0 to eo, the p.uJ 
ore becomes 

16-31 

+v)/21-1 81(F) =(M/y2py/9-1 -i{19« 
20/M/2) T(/2) 

riy+)/2]| 

(/2 

*(/2)-1 
o (1+y/2)+r0/)-7 dy 

2 r(y/2) r(%/2 
.(16-14) 

0sF<o 

() (12r)** Alter for (16-14). (16-14) could also be obtained by substituting F = tan~ 0 in () 
2 

which is the required probability function of F-distribution with (, ) df and using the Beta integral 2sin cost e de = B(212) 
F- 

y/ 
Aliter. 

r(v/2) r(vz/2) ...(16.15) 
F being the ratio of two independent chi-square variates In particular 

y and v, df respectively is a Pa variate. Hence the probability function. 
is given by : 

'1 = .l+ (%/2]rI(/2)-1. 
r(/2) r(2/2) 2 . (16-15a) 

tion oft 
T)= (r-1) r(r-1)] 

Thus the mean of F-distribution is independent of vi. (,/2)-1 

4=.TM/2)+2]Tl/2)-2 
r(/2) r(vz/2) dP(F)=- 

(1.2r)** I(y/2)+1] (y/2)_ 
[(%/2)-1] [(%/2) -2] (-2) (V2-4) 

+2)-, v> 4. 
2 - H2= {y +2)_ 

V(-2(V-4) (v-2) = 2(4th-2 
-2P(v-4)2>4 

f(F) /-1 (16-15b) ,0SF<o ) (1.2) Similarly, on putting r = 3 and 4 in u,, we get 3' and u^respectively, from which the central moments H3 and a4 can be obtained. 16-5-2. Constants of F-distribution. Remark. It has been proved that for large degrees of freedom, vi and v F tends to N[1,2 (1/v) + (1/v)}] variate. 

16-5-3. Mode and Points of Inflexion of F-distribution. We have 
(about origin) = E(F") =|.FE) dF 

log AF) = C+ (/2)-1) log F- )log (1 + (/) Fl, F/)-1 
where Cis a constant independent of F. 

log fU)-(-1).-. To evaluate the integral, put: F =y, so that dF = 2dy 
V2 

2 
V 

f- =0 - (+2=0 2(%+ VyF) 
F V-2) 

( +2) 
It can be easily verified that at this pointf"F) <0. Hence mode = 

Hence 

...(16-16) (V2 +2) 
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Kcy are also independent. 
Hence by 

definition 
of F-statistic, 

Fa. 

10 
() Since X~ N{0, 1) and Xz ~ 

N (0, 1) are
independent, X,2

p)A 

Fa. 
(a) X1/X2, being the ratio of two 

independent 
standard 

standard Cauchy variate. 

ard normal variat. 
Critical value 

Rejection 
region (a) 

F-distribution has the following applications in statistical theory. 

16-6-1. F-test for Equality of Two Population Variances. Stum. 

test (i) whether two independent samples Xu (1 1, Z, .., na) and . 

have been drawn from the normal populations with the same varianc3 

(ii) whether the two independent estlae Pudlon variaPper and lower a-significant points of F-distribution : 

homogeneous or not. 

Under the null hypothesis (Ho) that () Ox = Oy = O, ie., the populatim 

ae eaual or (i) Tvo independent estimates of The poPaiutto o e C noniogenenF<F,-1 n,-(1-o), and for the two - tailed test, Ho : 0,2= o,2 against H, : G * 0 are given 
statistic F is given by: 

16-6. 
APPLICATIONS OF 

F-DISTRIBUTION 

Acceptance 
region (1-

Suppose w Fa n.na) 
We = Fig. 16-3:Critical Values of F-Distribution 

From the Remark to Example 16-23, we have the following reciprocal relation between the 

Fa ( ) =F n) F. , na) x F1 -a ("z, ni) = 1| ..(**) 

The critical values of F for left tail-test Hg: 2 = ? against H, :G2<o are given by 

by F>F,-1, , -1and F < F, -1,m -(1-a/2) [For details, see Chapter Eighteen.] 

Example 16.25. Pumpkins were grown under two experimental conditions. Tvo 

random sa1ples of 11 and 9 pumpkins show the san1ple standard deviations of their weights as 

0-8 and 0-5 respectively. Assuming that the weight distributions are normal, test the 

Upothesis #hat the true variances are equal, against the alternative that they are not, at the 
10% level. [Assume that PFi0,8 23-35) = 0-05 and P (Fa, 10 23-07) = 0-05.] 

Solution. We want to test Null Hypothesis, Ho: Ox = o against the 

Alternative Hypothesis, H1: *oy2 (Two-tailed). 
We are given: 7 = 11, n2 = 9, sx= 0-8 and 

Under the null hypothesis, Ho : Ox = oy, the statistic: 

G-* and S--T-7) where 
i=1 

are unbiased estimates of the common population variance o obtained fro 
independent samples and it follows Snedecor's F-distribution with (Vi, v) df 
Vi1-1 and v = n2-1 

Sy = 0-5. 

Proot.F--4/4 
F follows F distribution with (71 - 1, n2-1) df 

(Ox= o = o, und 

Since and " are independent chi-square variates with ("i 

n sy= (1) Sx Sx2= x=( 10) x (0-8 = 0-704 

Similarly, S- )* = (3)x(05) = 0-28125 (n2-1) df. respectively, F follows Snedecor's F-distribution with (11-1, (cf S 16-5). 0-704=2-5 F 0-28125 
Remarks 1. In (16-17), greater of the two variances Sy2 and Sy2 is to be t 

numerator and n, corresponds to the greater variance. 

The significant values of F for two-tailed test at level of significance a = 0-10 are en 
By comparing the calculated value of F obtained by using (16-17) or 

samples, with the tabulated value of F for (7,, ng) d.f. at certain level of significane 

F> F10,8 («/2) = F10,s (0-05) 
F F108 (1- a/2) = F10,8 (0-95) and 

two 
2. Critical values of F-distribution. The available F-tables (given in Table llHal 

end of the chapter) give the critical values of F for the right-tailed test, i.c., the 
determined by the right-tail areas. Thus the significant value F.(n, n2) at level o 

Ho is either rejected or accepted. We are given the tabulated (significant) values: 

P (F10,8 2335) = 0-05 F10.s (0-05) = 3:35 
(**) nd lI 

critical 
signitio 

** 

and (71, n,) d.f. is determined by: as shown in the diagram on page 16-37. 

Ps 37-005 Also PCFs, 1023-07) = 0-05 
F8,10 

PLF> F, 12)]= a, 
P(F10,8 S0-326) = 0-05 P(F1082 0-326) = 0.95 

..(***) 



testing i o: O=o 
16-38 16-39 

1 a at level of 
significance 

a 
= 

0-10 are given by: 

F> 3.35 
and 

F<0326 

= 0:33 

EXACT SAMPLING DISTRIBUTIONS-II (t, FAND z DISTRIBUTIONS) 

16 m (), (*) and (***), 
the 

critical

values 
for 

F-test: Here 

Since, the 
calculated 

value of F (=2-5) lies 
between 0.333 

significant and hence null hypothesis 
of equality 

of population 
v535, 

accepted at level of significance 
a = 0-10. 

Example 
16-26. In one sample of8 observatiOns, tne sum of the saun 

the sample values from the sample mean 
was 84-4 ana im the other sample of 1de 

Was 102-6. Test whether this difference is significant at 5 per cent level. oobsen 

cent point ofF for n^ =7and n2 9 degrees ffreedom is 3-29. 

and: 

ariances S-T-~P= =10, s -7 982 
Since S2> S?, under Ho: o2 = o2?, the test statistic is 

F- F (n-1, n2-1) = F(9, 11) 

at 5 per cent level 8tven that R F- 2 = 1018 

Solution. Here n = 8, n2 = 10 and 2r-x)*= 84-4, 20- y)2=102. 

Sx Tr-F)2 =* =12057 

Tabulated Foos (9, 11) = 2.90. Since calculated F is less than tabulated F, it is not 

significant. Hence null hypothesis of equality of population variances may be 

accepted. 
Since o2 = oz2, we can now apply t test for testing Ho: pi =a 
t-iest: Under Ho': H= 42, against alternative hypothesis, H': 41 *Pz the test 

statistic is: S2-TEy- = = 11-4 
9 

Under Ho: Ox2 = oy2 = o2, ie., the estimates of o given by the 

homogeneous, the test statistic is: 
samp "1 +n2-2 20 

F- 14=1-057 
S 4-z1-~iP + Er-2)P] = 2 (90 + 108) = 9.9 where 

Tabulated Foos for (7, 9) df. is 3-29. 

Since calculated F < Fos, H may be accepted at 5% level of significance. 
Example 16-27. Two random samples gave the following results 

d. t 15-14 

Vo () V99x 
ViS10742) 

Sample Size Sample mean Sum of squares Tabulated toos for 20 d,f. = 2-086. ince I t I < toos, it is not significant. Hence the 
hypothesis Ho : Hi =H2 may be accepted. Since both the hypotheses, i.e., Ho: H1 = H2 

and Ho: a1 2 are accepted, we may regard that the given samples have been 
drawn from the same normal population. 

1 10 15 90 
2 12 14 X16-6-2. F-test for Testing the Significance of an Observed Multiple 108 

Correlation Coefficient. If R is the observed multiple correlation coefficient of a eRer the sanmples come from the same normal population at 5% lvariate with k other variates in a random sample of size nfrom a ( a e [Given: Foos (9, 11) = 2:90, Foas(11, 9) =3-10 (apPprox.) and toos(20) = 2-086, ta22) multiple correlation coefficient in the population is zero, the statistic: 

significance. 
population, then Prof. R.A. Fisher proved that under the null hypothesis (Ho) that tlhe 

Solution. A normal population has two parameters, viz., mean and v 
o2. To test if two independent samples have been drawn from the sane 
population, we have to test (i) the equality of population mea 
(ii) the equality of population variances. 

(16-18) 
conforms to F-distribution with (k, n -k-1) d.f. 

Null Hypothesis The two samples have been drawn from the samethe test stauis 
population, i.e., 

16-6.3. F-test for Testing the Significance of an Observed Sample Correlation Ratio nyx. Under the null hypothesis that population correlation ratio is zero, Ho:1H42 Equality of means will be tested by applying t-test and equality of val 

be tested by applying F-test. Since t-test assumes oj2 = O2?, we shall n 

and then t-test. In usual notations, we are given: 

and is: 

N-H 
variance F FnE -T*F(h -1, N-h) -..(16.19) 

PP 
where N is the size of the sample (from a bi-variate normal population) arranged in l 

n = 10, n2=12; 1= 15, 2 =14, Z-7=90, arrays. 

-=1 
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