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17, 1. 
IN

TR
O

D
U

C
TIO

N
 

O
n

e o
f the m

ain objectives of Statistics is to d
raw

 ~
feren

ces_ ab
o

u
t a p

o
~

 
from

 the analysis of a sam
ple draw

n from
 ~~t population

. T
w

o
 ~

p
o

rta
n

t Pnililii 
in

 statistical inference are (t) estim
ation and (11) testing o

f h
y

p
o

th
esis. 

T
he 

th
eo

ry
 o

f estim
ation w

as founded 
by P

rof. 
R

.A
. 

F
ish

er in a saws 
fundam

ental papers ro
u

n
d

 about 1930. 
P

aram
eter 

S
p

ace. 
L

et 
us 

co
n

sid
er 

a 
ran

d
o

m
 

v
ariab

le 
X

 
w

ith ,J 
f(x, 8). In m

o
st com

m
on applications, though not alw

ays, the fun
ctionaJ fonn di 

p
o

p
u

latio
n

 distribution is assum
ed to be k

n
o

w
n

 excep
t for 

th
e 

,·alue of 11 
u

n
k

n
o

w
n

 param
eter(s) 0 w

hich m
ay take any vaJue on a set 0

. T
h

is is e
x

p
~

 
w

ritin
g

 the p.df. in the form
f(x, 0), 0 e 0

. T
he set 0

, w
h

ich
 is th

e ~
I o

f all pa.I 
v

alu
es o

f 0 is called the param
eter space. 

S
uch a situ

atio
n

 g
iv

es rise not lot 
p

ro
b

ab
ility

 distribution b
u

t a fam
ily of probability distributio

n
s w

h
ich

 w
e wm 

(f (x, 0), 0 e 0
), e.g., if X

 -
N

 (µ, o- 2),.then the p
aram

eter sp
ace 0 =

 I(µ
, a

2) · -
• 

<p<• 
0 <

 O
' <

 oo). 
' 

In
 particular, for <1 2 =

 1, the fam
ily o

f probability distributions 
15 g

iv
en

 b
y

: 
'N

(µ
, 1) ; µ E

 0
/, w

here a =
 {µ ; -

0
0

 <
 µ <

 
0

0
 l 

In the follow
ing discussion w

e shall consider a gen
eral fam

ily o
f d

istnbutions 
(f(x; 81, 82, ... , 84-); 0; E

 e
,; =

 I, 2, ... , k ). 
Let_ ~

s consi~
er a ran

d
o

m
 sam

ple x
1 , x

2 , ... , xn o
f size II fro

m
 a p

opulab011. • 
P

robability fu
n

ch
o

n
/(x

 · 0 
0 

0 ) w
h 

a a 
..,.,..,IIM

 
. 

, 
1, 

2, · · ·, 
1

:, 
ere 

1, 
2

, ••• , 0k are th
e u

n
k

n
o

w
n y

v
r~

 
p

aram
eters. T

here w
d

l then alw
ays be an m' 

fint'te 
b 

£ f 
· 

( -
I 

1 
• 

. 
. 

n
u

m
 

er o 
u

n
ctio

n
s o 

_.,. 
va ues, ca led statistics, w

hich m
ay

 be p
ro

p
o

sed
 

k
-

£ 
rt rJJ 

p
aram

eters. 
· 

as esm
11ates o 

o
n

e o
r m

o 
E

vidently, the best estim
ate w

ould be one that falls 
,;Jued• 

P
aram

eter 
to 

b
e 

estim
ated

 
I 

th 
n

earest to th
e tru

e ' 
. 

· 
n 

o 
er w

o
rd

s 
th 

• 
. 

d · ~
 

co
n

cen
trates as closely as possi'bl 

' 
e 

statistic 
w

h
o

se 
lS

 
1 

e n
ear the tru 

1 
a;11 

reg
ard

ed
 th

e b
est estim

ate. H
ence th 

b 
. 

e va u
e o

f th
e param

eter 
i:t◄ 

case, can
 be fo

rm
u

lated
 as follow

s : 
e 

asic p
ro

b
lem

 o
f th

e estim
atio

n
 in the 

'W
e w

ish
 to d

eterm
in

e the functions 
f th 

11 
11 

° 
e sam

p
le o

b
serv

atio
n

s : 
T1 =

 81 (X1, X2, · · ., X
n), T2 =

 82 (x 
x 

. ) 
11 

1, 
2, ... , .l 

T
 

9 
su

ch
 th

at th
eir d

istrib
u

tio
n

 is concentrated 
n ' 

• • ·, 
t =

 
t 

(x1, X
2, · · ·, x,.), 

,a;,' 
th

e p
aram

eter. T
h

e estim
ating functions a

r/~
 do

sely
 as p

o
ssib

le n
ear th

e tJi,Je ' 
en referred to as estim

ators. 

• 

o
efin

;tlo
n

. A
n

y ~
n

ctio
n

 o
f the ~

'"!om
 sam

ple 
x

1 , x~, · ... : Xn that are being observed, 
Tn (x

i, x
2 , 

.•• , x,,) 
is

 
called a statrshc. C

learly, _a s~
h

s_t,c ~
 a_ ra1tdom

 variable. If it is 
~
 to estim

ate an unknow
n param

eter 8 o
f the d1stnbution, 1t 1s called an estiam

tor. A
 

particlllar vrz]ue o
f the estim

ator, say, Tn (x
1 , Xz, ... , x") is called an estiam

te o
f 8. 

W
e
 shall. how

ever, u
se the term

s estim
ator an

d
 estim

ate
, som

ew
h

at loosely, th
eir 

I im
plications b

ein
g

 clear from
 the context. 

actua 

17 .2. C
H

A
R

A
C

TER
ISTIC

S 
O

F 
ESTIM

A
TO

R
S. 

n
,e

 follow
ing are so

m
e o

f the criteria that sh
o

u
ld

 be satisfied by a good estim
ator. 

(i) 
U

n
b

iased
n

ess, 
(ii) 

C
o

n
sisten

cy
, 

(iii) 
E

fficiency, 
an

d
 

(iv
) 

S
u

fficien
cy. 

W
e shalJ n

o
w

, briefly, explain these term
s one b

y
 one. 

17-2•1. U
nt>,asedness. 

o
.fln

/tlo
n

. A
n

 ~
tim

ator Tn =
 T

(x1, x
2 , 

••
• , Xn) is said to be an unbaised estim

ator o
f 

y
(O

)i/ 
E

(T
n

)=
r(8

),fo
ra

ll8
€

8
 

... (1
7

•1
) 

W
e have seen in ch

ap
ter 13 th

at in
 sam

p
lin

g
 from

 a p
o

p
u

latio
n

 w
ith

 m
ean

 µ an
d

 
variance o- 2, E

(x
) =

 µ 
an

d
 

E(s2) ~ <1 2 b
u

t E
(S

2) =
 <1 2• H

ence there is a reason to p
refer 

" 
n 

S
2 =

 ~
1 I 

(x
1 -

i )2, to the sam
p

le variance s
2 ""! I 

(x
1 -

i 
)2

. 
" 

i•
 I 

n iz 1 
R

em
ark. 

If E
(T

") >
 8, T

" is said
 to

 b
e p

o
sitiv

ely
 b

iased
 an

d
 if E

(T
.) <

 8, it is said
 to

 b
e 

negatively b
iased, the am

o
u

n
t o

f b
ias b(8) being g

iv
en

 b
y

 
b(8) =

 E
(T

.) -
y (8), 8 e 0 

... (17
-la) 

E
xam

p
le 1

7-1. 
x

1 , x
2 , 

..
. , Xn is a random

 sam
ple from

 a norm
al population N

(µ
, 1

). 

Slrow
 llral t =

 "l_ r. xi, is an unbiased estim
atar o

f µ
2 +

 1. 
II 

I 
e 

I 

S
o

lu
tio

n
. (a) W

e arc given
: 

E
(x

1 ) =
 µ, V

(x;) =
 1 "ff i =

 1, 2, ... , n 
.. . (·) 

N
ow

 
E

(x;2) =
 V

(x;) +
 IE

(x
1 )12 =

 1 +
 µ

2 
(F

rom
(•)] 

E
(t) =

 E( !. :r. x?-) =
 ! :r. 

E(x,2) =
 ! :r. 

(1 +
 µ

2
) =

 1 +
 µ

2 
11

1
•

1 
11

1
•

1 
11

1•
1 

H
ence t is an

 unbiased estim
ato

r of 1 +
 µ

2• 

E
xam

p
le 17•2. If T

is an unbiased estim
ator for 6, sltow

 tltat 'fl is a biased estim
ator for 

fJ2. S
o

lu
tio

n
. 

S
ince T

 is an
 u

n
b

iased
 estim

ato
r for 9, w

e have 
E
(n

 =
 8 

A
lso 

V
ar (n

 =
 E

(P
) -

{E
(n

l2
 =

 E
('fl)-

02 
⇒
 

E
(i2) =

 02 +
 V

ar(T
I, 

(V
ar T

 >
 0). 

S
ince E

('fl) CF 02, j2
 is a biased estim

ato
r for 02. 

E
xam

p
le 1

7
-3. Shaw

 th
a

/I\<
1

:x, -
1

)} is an unbiased estim
ate o

f 6
2, for the sam

ple x
1 , 

n n
-1

) 
Xi,···, Xn draw

n o
n

 X
 w

hich takes the values 1 o
r O

 w
ith

 respective probabilities (}a
n

d
 (1 -

6). 
S

o
lu

tio
n

. S
in

ce X
i, xi, ... , xn is a ran

d
o

m
 sam

p
le fro

m
 B

ernoulli p
o

p
u

latio
n

 w
ith

 
n 

P
aram

eter 0, T
 =

 L
 

x; -
B

(n, 0) 
⇒
 

E
(n

 =
 n9 an

d
 

V
ar(7) =

 118 (1 -
8) 

; =
 1 

E
 { u

i(l.x, -
1) } 

n(n -1
) 

_ 
E

 { 
T

<
T

-1
)} 

=
 _

l
 -{E

('fl)-
E

(n
} 

-
n

(n
-1

) 
n

(n
-1

) 
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17-4 
17-5 

=
 n(,,1-1) [v

ar(n
 +

 {E
(T)}2-

E
(T)] 

5,A
r1 

is a continuous function, for every E
 >

 0, how
ever sm

all 3 a 
.. 

11 92 (n -
l) 

5i!lce 'lf(th·) t 1 '" (T,,) -
'lf{Y

 (0)} 
I <

 E
i, w

henever Ir,, -y
 (0 ) 1 <

 E
 

1 . ' 
positive num

ber 
1 

{ 
0) 

2 92 
n O} -

_
_

,,_
_

 
h 

a 
-r 

' 
.e., 

=
 n(n -

l) 
n O

 (1
-

+
 n 

-
-

n(n -
1) 

:::: 62 
£1 sue 

IT,, -
y (0) 

I <
 E

 ⇒
 

I \jl (T,,) -
'I' (y (0)} I <

 Ei 
.,., 

⇒ 
{I.x; (2.X

;-
l)} I /n(n -1

)} is an unbia~ed estim
at~

r o
f 0

2• 
fo

r tw
o events A

 an
d

 B, if A
 ⇒ 

B, then 
... ( 

) 

E
xam

ple 17•4. Let x be distributed in the Poisson form
 w

ith param
eter e. S 

.A
~ B

 
==> 

P(A
):,;; P(B) 

o
r 

P(B) :2: P(A
) 

... ( ..... ) 
only unbiased estim

ator of exp {-
(k +

 1)9), k >
 0, is T(X

) =
 (-

k)X
 so that T(x) >

 0 if : 0~
\ 

frotn ("'"')and(***), w
e get 

andT
(x)<

O
ifxisodd. 

~~ 
p[l'lf(T

,,}-'ljf{y(0)} 
I <

e
1 ]:2:P

[IT
,,-y(0)1 <e] 

-
( 

-8
 ex 

S
olution. 

E{T(X
)} =

 E
 {(-k)X

}, k>
 0 =

 x~o (-k)X
 T

)
 

:::> 
P

[ l'l'(T
,,)-'l'{y(O

)} I <
E

1]:2: 1 -T
J; 'v' n ~

m
 

ljf (T,,) ~
 'I' {y(0} }, 

as n ➔
 
0

0
 o

r 'l'(T
,,) is a consistent estim

ator of y(O
). 

==> 
sufficient condiH

ons for C
onsistency. 

-8
 

-
{ (-ke{} 

-8
 

-
k
8

-
-(1

 +
k
)8

 
=

e 
I 

-
,-

=
e
 

.e 
-e

 
0 

X
. 

X
=

 

⇒
 

T(X
) 

=
 (-k)X is an unbiased estim

ator for exp {
-

(1 +
 k) 0}, k > O, 

17-2-2. C
onsistency 

D
efinition. A

n estim
ator T,, =

 T(x
1 , xi, ... , x,,), based on a rand~m

 sam
ple of size n, ~!Ii 

to be consistent estim
ator of y(0), 9 E

 e
, the param

eter space, if T,, converges to y(e)i 

probability, i.e., 
if T,, ~

 y(9) as n ~
 
0

0
• In other w

ords, T,, is a consistent estimator 
y(0) if for every e >

 0, 71 >
 0, there exists a positive integer n ~ m

 ( e, 71) such that 
1 

Theorem
 17•2. L

et {T,,} be a sequence of estim
ators such that for all 

9 E
 e, 

(i) E
8 (T,,) ~

 r(0), n ~
 
0

0
 

and 
(ii) Var

8 (T
,,) ~

 O, as n ~
 oo, 

Then T,, is a consistent estim
ator of r(0). 

Proof. W
e have to p

ro
v

e that T,, 
is a consistent estim

ator of y(0) 

i.e., 

i.e., 

p 
T,, ~
 y(0}, as n ➔

 o
o

 

P
 [IT

,, -y
(0

) I <
 e) 

>
 1 -T

J; 'v' n ~ m
 (E, TJ) 

[U
sing(•)] 

... (17•3) 

P
{IT

,,-y(0)1 <
e
J
~

1
a

sn
~

0
0

 ⇒ 
P

{IT
11 -y

(0
) I <

eJ>
J-7

7
; tf1

1
~

m
 ... (11-! 

w
here m

 is som
e very large value of n. 

w
here e and TJ are arbitrarily sm

all positive num
bers an

d
 m

 is som
e large value of n. 

R
em

arks. 
1. If X

i, X
2, 

... , Xn is a random
 sam

ple from
 

population w
ith finitem

 
E

X
;=

µ<
 oo, then by K

hinchine's w
eak law

 of large num
bers (W

.L.L.N
), w

e have 

X
.=

1
£

 X
; ~

E
(X

;)=
µ

,a
s
n

-H
>O, 

n i=
I 

H
ence sam

ple m
ean (X'.i) is alw

ays a consistent estim
ator of the population m

ean
(µ). 

2. O
bviously consistency is a property concerning the behaviour of an estimat01i 

indefinitely large values of the sam
ple size 

11, i.e., 
as n ➔ ""· N

othing is regarded ofi 
behaviour for finite n. 

M
oreover, if there exists a consistent estim

ator, say, T" of y(0), then infinitely m
anysul 

estim
ators can be constructed, e.g., 

T'-( ~
) 

-[ ~
]
 

P
 

" 
-

n -
b 

T" -
1

-
(bin) 

T" ➔ T" ~
 

y(9), as 11 ➔
 
0

0
 

and hence, for different values of a and b, T
; is also consistent for y(0). 

Invariance Property of C
onsistent Estim

ators. 

~heorem
 

17,1. I/T
,, i~ a conststent estim

ator of y(e) and 1./f{y(B
)} is a confinu; 

function of y(0
), then lfl(Tn) 1s a consistent estim

ator of l/l(y(0
)}. 

P
roof. S

ince T,, is a consistent estim
ator of y(0) 

T
 

P
 

(S) 
"" i.e., /d 

0 
0 3 

· · 
, 

, 
I
I
~

 
"
( 

as 11 ➔
 

1 
every E

 >
 

, TJ >
 

, 
a positive integer n :2: rn (E, TJ) such that 

P{1r11-'Y
(0) I <

e}
>

I-1
1

,V
n

~
rn

 
) 

A
pplying C

hebychev's inequality to the statistic T,,, w
e get 

W
e have 

P
[ I T

11 
-

Eo (T
11 ) 

I s; o] ~ 1 -
V

ara (T") 
~

2
 

IT,, -y(0) I =
 IT

,, -
E

(T
,,) +

 E(T,,) -y
(0

) I s; IT,, -
E

8 (T,,) I +
 I E

8 (T
,,)-y(0) I 

N
ow

 
IT,, -

E
8 (T,,) I s; o 

⇒
 

I T
11 -y

(0
) I s; o +

 I E
8 (T11 )-'Y

(0) I 

H
ence, on using ("**) of T

heorem
 17· 1, w

e get 

P
{IT

,,-y(0) I s;o+ 
IE

8
(T

,,)-y(0)1} :2:P
{1T

n-E
8

(T,,) I s;o} 
:2: 1

-
V

ara (T") 
62 

W
e are given : 

Ea {T,,) ➔
 y(0) V

 0 e 0 as n ➔
 
0

0
 

[From
 (17-4)) 

H
ence, for every o1 >

 O, 3 a positive integer n ~ no (01) such that 
I E

8 (T,,) -y
(0

) 
s; o

1 , V
 n ~ no (01) 

A
lso V

are(T
n) ➔

Oas n ➔
 
0

0
1 (G

iven) 
:. 

V
ar~

t") s; T
l, 'v' n ~ no' (TJ), 

W
here Tl is arbitrarily sm

all positive n
u

m
b

er. 

S
ubstituting from

 (17•8) an
d

 {17-9) in
 (17·7), w

e get 

P
 [ I r,, -y

(0
) I s; o + o

1 ] ~ 1 -T
J ; n ~ m

 (01, TJ) 

~
 

P
[ Ir,, -y

(0
) I s; E] ~ 1-T

J ; n ~ m
, 

W
here 11 1 == m

ax (n
0 , n

0 ') an
d

 E
 =

 o + o
1 >

 0. 

... (17·4) 

... (17-5) 

... (17·6) 

... (17·7) 

... (17·8) 

... (17·9) 

\.,_:...::_
_

 
.. 
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17-6 

n 
T\ 

Sin 
5TATIS 

17,7 

· 
r, 

· 
· t 

t 
tim

ator of r(8). 
g~

 
r/ 

x 
· · 

n 1s a cons1s en 
es 

. 
<i 

. 
· 

xsm
ple 11•6, t X1, 

2, .. . , Xn are random
 observations on a 8 

. 
. 

. 
E

xam
ple 17-5. (a) Pruve that in sam

plm
g from

 ' N
(µ, 

) populatw
n, the "1np/, 

~ , 1 w
ith probability p and the value O

 with probability (1 _ p) e;ou/1( v,n,te X
 taking 

is
 a consistent estim

ator ofµ. 
\ 

the va u 
l:x; 

Ix; 
. 

. 
' s ow t at : 

(b) Prove thRt far O
,uchy' s distribution not sam

ple m
ean but sam

ple ""4· 
n ( 1 - n) " aconststent estim

ato, of p(J _ p). 

consistent estim
ator of the population mean. 

'4ii , 
Solution. Since X

1, X
2, .. . , Xn are i.i.d B

ernoulli variates w
ith param

eter 'p', 

Solution. In
 sam

pling from
 a N

(µ, <12) ~opulation, the s
~

p
le

 m
ean xis also 

norm
ally distributed as N

 (µ, cr 2/n), i.e., E( x) =
 µ 

and 
V( x) =

 a
2 In 

T
hus as n ➔

 "°, 
E( x

) =
 µ 

and 
V( x) =

 0. 
H

ence by Theorem
 17•2, xis a consistent estim

ator forµ. 

(b) T
he C

auchy's population is given by the probability function : 

l 
dx 

d
F

(x
)=

-. _
:;:;;,_

_
 ,-o

o
~

x
~

o
o

 
1t 

1 +
 (x

-
µ) 2 

T
he m

ean of the distribution, if w
e conventionally agree to assum

e that it eXi!i 

at x =
 µ. If i, the sam

ple m
ean is taken as an estim

ator of µ, 
then the Sillll 

distribution of xis given by: 
~ 

-
1 

dx 
dF

(x) =
-. 

-
;-oo <

 X
 <

 oo, 
1t 

1 +
 (x

-
µ) 2 

•; 

because in C
auchy's distribution, the distribution of xis sam

e as the distributiondi 

Since in this case, the distribution of xis sam
e as distribution of any single Sill! 

observation, it does not increase in accuracy w
ith increasing n. In

 other w
ords 

E( x
) =

 µ 
but 

V
( x) =

 V
( x ) ;t 0, as n ➔

 oo 

H
ence by Theorem

 17•2, xis not a consistent estim
ator o

fµ
 in this case. 

C
onsideration of sym

m
etry of(*) is enough to show

 that the sam
ple m

edian.Ii 

an unbiased estim
ate of the population m

ean, w
hich of course is sam

e as l 

population m
edian. T

herefore 
E

(M
d) =

 µ. 

For large n, the sam
pling distribution of m

edian is asym
ptotically norm

al • 

is given by 
dF 

cc exp (-2n N
 (x -

µ)2)dx, 

w
here .ft is the m

edian ordinate of the parent population. i.e., 

{ 
(x

- µ)2} 
dF 

cc exp 
-

l/(2 nfi2) 
...r 

n 

T
 =

 L x; ~
 B

 (n, p) 
⇒
 E

(1) =
 np 

and 
V

ar(1) =
 npq 

.. . (i) 
i =

 1 

" 
T

 
-

1 
1 

x = l 
L

 x; =
 -
⇒
 E

(X
) =

 -
E

 (1) =
 -

. np =
 p 

n 
i =

 1 
n 

n 
n 

[From
 (1)] 

and 
V

ar (X
) 

=
V

a
r(!)=

¼
· V

ar (1) =
 'f!- ➔

 0 as n ➔ oo. 
[From

 (1)) 

Since E(X) ➔
 p and V

ar (X
) ➔
 0, as n ➔

 
0

0
; X

is a consistent estim
ator of p. A

lso 

-r:; ( 1 _ I;;;) =
 X

(l -
X), being a polynom

ial in X, is a continuous function of X. 

Since X
is consistent estim

ator of p, by the invariance property of consistent 

estim
ators (Theorem

 17·1), X
 (1

-X
) is a consistent estim

ator of p (1
-p

). 

17 •2•3. Efficient Estim
ators. Efficiency. E

ven if w
e confine ourselves to unbiased 

estim
ates, there 

w
ill, in general, exist m

ore than one consistent estim
ator of a 

param
eter. For exam

ple, in sam
pling from

 a norm
al population N

 (µ, cr 2), w
hen cr 2 is 

know
n, sam

ple m
ean x is an unbiased and consistent estim

ator of µ [cf 
E

xam
ple 

17-Sa]. 

From
 sym

m
etry it follow

s im
m

ediately that sam
ple m

edian (M
d) is an unbiased 

estim
ate ofµ, w

hich is sam
e as the population m

edian. A
lso for large n, 

H
ere 

1 
V

(M
d) =

 4 n!,.2 

/
1 

=
 M

edian ordinate of the parent distribution. 

=
 M

odal ordinate of the parent distribution. 

=
 [

- 1-e
x

p
 {

-
(x-µ)2/2cr

2
} J 

=
 -

1-
crili 

cr,/2ic 
x

=
µ

 

1 
1rcr 2 

V
(M

d) 
=

 -
· 21tcr 2 =

 -
4n 

2n 

Since 
E(M

d) =
 µ } 

and 
V

(M
d) ➔

 0 
, as n ➔

 o
o

 

[cf Exam
ple 17·5(b)J 

B
ut .ft= M

edian ordinate of(*) =
 M

odal ordinate of (*) 

=
 [f(x)Jr=µ =

 ¼
 

[B
ecause of syrnd 

m
edian is also an unbiased and consistent estim

ator ofµ
. 

H
ence, from

 (***), the variance of the sam
pling distribution of m

edian is: 
J 

V
(M

d) 
-

1 
-

1 
1t 2 

I 
-4n/i2-4n(1/1t)2=

4n 
➔
 
0asn

➔
oo 

••• 

H
ence from

 (**) and (****), using Theorem
 17-2 

w
 

1 d 
th t for caJ 

d · 
'b 

· 
ed · 

· 
• t 

. 
, 

e cone u 
e 

a 
Jstri 

ution, m
 

Jan JS a consJs ent estim
ator for µ. 

b 
T

hus, there is a necessity of som
e further criterion w

hich w
ill enable us to choose 

etw
een th 

t· 
S 

h 
. 

. 
hi 

. 
e es im

ators w
ith the c

o
~

o
n

 property of consistency. 
uc 

a m
terion 

~
 

ch 15 based on the variances of the sam
pling distribution of estim

ators is usually 
ow

n as efficiency. 

If, of the tw
o consistent ~stim

ators T
1 , T

2 of a certain param
eter 0, w

e have 

V
(T

1 ) <
 V

(T
 i), for a

ll n 
... (17•10) 



-FUNDAMENTALS Of MATI-IEM.t, 
17•8 . 1lCAt_ ~ FERENCE- I (THEORY OF ESTIMATION) 

. alliri-t tlum T for all simrpi.es srus. ~\r~ nsT1CAL IN 
then T1 is more <-JJ - ~ ·· ' 2 , 

We have seen above : Using (•), we get 
_ <r ll(r er V(t1) .. 1. { V(XJ + V(Xv + V(~ ) + V(X.) + V(Xs)l e ~ ai 

F all
nV(x) - - and forlargen, V(MJ) = 'iii" "" l ·S7 -11 2S 1 3 

or , - " V(t ) "'! {V(XJ + V(Xi)} + V(X3) "" 2 o1 + o2 = 2a2 

S
. V( - ) < v (Md) we conclude that for norm.i i d i.s tribu tion . 

1 i V(X- \} t (4& -') 5 _, 

17.9 

mce x ' I _,.. . f I , s.tt1tp1r V(t ) - - {4V(X1) + 11 == 9 + o- = 9\r (· A ., 0) 

more efficient estimator for µ than the samp e n11.."'-1an, or arge samples at -~ J - 9 • • . . . 

Mo•t Efficient E•tlm.ror. If in a class of c11ns1stent ~ trmators fan a . -.., Since V(t1) is least. t i ,s the bes,t estimator (tn these,~ of least vnnance) ofµ. 

exists one whose sampling rNtrilmce 15 le:ss t1111n that of a11y sud1 csfrT111Jtor, ii :::::J Ex•mP,. 11•8. X,, Xi, and XJ ,s a rando~r sample of sru 3 ~ m n populatio11 with mean 
efficient estimator. WhDl£Pl'T such 1111 estimator ~ts. ,t prm•,d~ a cntmcmJr,r \.i1ue µ and voriance er. T, . T1, TJ art the estrmJJtors 11sed to cstrmatr mro11 rialut µ. u4,m 

of effidency of the otw estinultors. _ ~ r, == x, + Xz _ XJ, T1 = 2X1 + JX3 - 4X2, and T~ = ½().;(1 +Xi + x3)/ 3. 

Efficiency (Definitum) If T1 ,s tht most effioenl ~ t 1n 1ulM n:~ n Are T and Ti unbi~d estimators ? 
any other estimat.or with t-.1riamr V 2• then the efficicnrv f ,,f T: r< d(/iltl'd liS . •- (i:J Find t~e value of ). such that TJ is rm biased tstimator ferµ. 

E = ~ (iii) With this value of ,l is TJ a consistent rstimator ? 

V2 .f: (iv) Wluclr rs llrr ~ t rstinlll tor 7 
Obvious/ , E amnot eraxd umt . SofutJon. Since X 1, Xi, X:, is a random sample from a population with meanµ and 

If T, T
1
, T

2
, •• • , T" are all eitimators 0 f ·r(OI ,mJ \" .ir( T) ,. mm;;;:;;;vanancc 0 2• E(Xl) = µ, :ar (X1) == t1

1 
nnd Cov (X1, Xi) "' 0, (i ~ j • I, 2, ... , n) .. (' ) 

efficiency E, of T,, (i = 1, 2, ... , 11) is defined ~ (r) We have (On usm g (•)], 
£ Var T E(T1) == E(X1) + E(Xz)- £(X,) 
'= Var r,; 1 = 1 • 2. . ' n ,4· E(T i) = 2E(X1) + J£(X3) - 4£(X2) 

,. µ ==> T1 is an unbiased esllmator ofµ 

= µ ==> T2 is an unbiased estimator ofµ 

Obviously E, ~ 1; i = I, 2, ... n. For example. in thr normdl ....unple. J1Nt• (it) 'Ne are given : E(T,) ,. ~I ⇒ 3 { A£(X1) + E(Xi) + E(X~)} :s- µ 

mean i is the most efficient estimator ofµ (( f Rrm.1rl t, I t.1111rl, Ji JiL thrc!a 1 
E of Md for such samples, (for large 

11
). L\ : = 3 ().µ + µ + µ) = 11 ⇒ A+ 2 "' 3 => A= l. 

£ 
V(r ) a:tn :' (irr) With ). = 1, T, "" 3 (X 1 +X2 +X~) = X. Sincesample mean is a consistent 

= v •u,= -- - Oo37 (,.-,.. , ;:er IC2n l , - estimator of popula tton mean µ, by Weak Law of Large Numbers, T.1 is a consistent 

Ex~mp/~ 17-7. A ra11dom samp/r (X, . X 1, X" X ,, X I,,,,,~ 5 is drlftffl f,no• esttm_ator ofµ . . 
populat,011 rmth unknoum T11M.II µ. um.si"~r IL- 1..,1 (ro) We have (on us mg (•)) : 

UC 11£ I VI (11{'111_\; (s/l1", // 17r,; /I} ~ /Te:/lfl, 
(r) 

1 
_ X

1 
+ X

1 
+ X

3 
+ X., + XJ X • X 1X ;J.J Var(T1) = Var(X,) + Var(X2) + Var(X1) "' 3o2 

. 1 - 5 • (11 ) 1: = . 1 , . ; , X 
1

• (rr rJ 1, • ~ Var(T2) ,. 4 Va r(X1) + 9 Var(X1) + 16 Var(X2) • 29 o
2 

( . ). " 1) 
wlrm _). ,s such that 13 is a11 u11b,a~ t'Shmator ,f µ • Var(T3) = ¼[Va r (Xi) + Var(Xi) + Var(X.1) J "' ~ cf) 

Fmd ).. Are ti and t, u11billSt'd 1 St 1 ' tt,tl s· V t,, 1
1 

and 
13

. • · a.r grr•m.~ rm.'<111, thr o. t11natur ~ors V"' "'~~ ce ar(T3) is minimum, T3 is the best estimator ofµ in the sense of minimum 
- ..... ... e. 

Solution. We are given • r---o;,l .. ,_ - - - - - ---
E(X - , . , I If a , nrr~n., Minimum V.,.,_,c:e U""'-"'J (M. V.U.) E.tJtmtor,. I 

,) - µ, Var (X,) = O'", (say) ; Cov (X., X,) = o, (r -;. / = l, z, ... , ,:) I 1! a 5tDl15 ttc T = T(x ,, Xz, • .• , x,J, btlMd on smr,ple of siu n is such that · I 
1 s ~ (1) T IS un#nased fi . .J I 

(1) £(11) =s L E(X,)=1 L µ: ! ~ . - unbiased~'! (iiUthastL or n8),for all8 E Band . ,L_ : 
• • 1 :, , • 1 5 · "l' - µ ⇒ 11 lS an t Tis called t ~ :ma/lest w.riana amcng the class of all unbillstd estimators ef i.8J, ="; 

(ii) £(t2) =~ E(X
1 
+Xi) + E(X-\ _ ! ~ ---- he~ ~ varillnce unbiJIMd tStimatcr(MVU£)of -,(.9J. _._ (ll_~

21
J 

• 3J - 2 (µ + µ) + µ = 2µ More prec . - --
12 is 11ot an Wlbiased _ . tsely, T 15 MVUE of y (0) if 

estimator of µ 
(ii,) £(t

3
) = µ ⇒ ! E , . and Ee(1) = y(0) for aU 0 E 8 

J (2X, + X2 + U J} = µ where r- · Vare(1) S Var8(T') for all 0 e 8 

(·.- 13 is unbiased estimator o f µ) IS any other unb1ased estimator of y(0). 

2£(X,) + E(Xi) + ,._ £(X
3
) = ~. }. ,,O 

-')l 2µ+µ+ )..µ.:: 3µ =" 

• 1}7 l>i 
.. (1 71 4• 
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A
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X
 

Exam
ple 

f 7-11. (a) _Show that if a m
ost _ef/ic"11t estrm

ator A
 ll1iif a less em. S

T
' 

is 1111 tsfim
ato, of a ,,.,.,,,,,., 8, "'1s,d ~

-a sam7?1ex,, X
 b 

• / 
X

 : 

17-15 

estim
ator 

B
 

w
ith 

effic1tncy 
e 

tend 
to 

/O
inl 

norm
ality 

for 
large ,a;~ 

IfT =
 l(x,, x,, ···• x,) 

"tit densily /1>, 9) such !hat the cond1honal drslrib11tw,r if 
1 

B
 -A

 tends to uro com
laH

on w
ith A

. 
,s

 ;z, n from
 tht popu!,~:., c

f 9, then T
 is m

ffici"'1 estim
ah>r for Q

 

(b) Shaw that the error in B
 nu,y he regard,,! as com

po,,,1 (for /m
gr, """Pks) of Im

o ,,, 
•• ... , X

. gtr,tn 
' 

be 
random

 sam
ple from

 a B
ernoulli population 

IIJ s 
. 

T
 is m

-r-·-
'J 

• 
w

hich are independent, the error in A
 and the error in (B -A

). 
II •tratlon. L

et x,, X
2

, • ·:• X
n 

8 
( 1 

) 
I u 

'p', 0 <
 p <

 1, t.e., 
(c) Show

 further that V(A -
B) =

 
e -1

 V(A). 
w

ith param
eter 

{ 1, w
ith probability p 

Solution. 
(a) W

e have to prove that r{A
, (B -A

)I =
 o ⇒ 

C
ov (A

, B
 -

A
)=

 o 
X

; =
 

0, w
ith probability q =

 (l -
p) 

) 

C
ov (A, ( 

-A
)}=

 C
ov (A

, B
)-

V
(A

) =
 P

<JA
08 -

o
A

 , 
T

 =
 t 

x1, x1, ... , 
" -

1 

B
 

2 
( 

X
 ) -

X
 +

 X1 +
 ... +

 Xn ~
 B(n, p 

w
here p is the corre 

tion coe 
1c1ent 

etw
een A

 and B. 
la . 

ff' . 
b 

T
hen 

0
9

 =
 ~
 

and 
p =

 {
;
 

{e 
If w

e take o A
=

 o, then 
(c.f. T

heorem
 lif 

C
ov (A, B

 -A
)=

 -..Je. o. ~
 -

o
2 =

 O. 
H

ence (8 -
A

) has zero correlation w
ith .-t, 

{e 

(b) W
e have 

B
 =

 A
 +

 (B -A
) 

V
(B

) 
=

 V
[A

 +
 (B

-A
)] =

 V
(A

) +
 V

(B
-A

) +
 2 C

ov (A
, 8 -A

) 

=
 V

(A
) +

 V(B -A
) 

[U
inng p

,vt ~ 
==> 

E
rror in B

 =
 E

rror in A
+

 E
rror in (B -A

) 
and since A

 and (B
-A

) are independent, [cf part (a) uiz., r(A
, B

 -
A

)=
 0 and A

 and 
tend to joint nonnality], the result follow

s. 

(c) 
V

(A
-

B) =
 V

(A
) +

 V
(B

)-2 C
ov (A

, B) =
 o

A
2 +

 0
92 -

2 p o
A

 0
9 

=
 o

2
 +

 o
2

 -2 ..re. o
. 2.. =

 a2 -
o

2
 =

 ( ! -1) al. 
e 

{e
 

e 
r 

E
xam

ple 
17• 12. If T

1 and T
2 are tw

o unbiased estim
ators of r< 0), luw

i11g the ,_
 

variance and p is the correlation betw
een them

, then s11ow
 that p ~ 2e 

-
l. rol,m

 t rs ,. 
efficiency of each estim

ator. 

Solution. L
et T

 be M
V

U
E of y(8). T

hen, since V
(T

i) =
 V

(T
2 ), the efficiency t ~ 

each estim
ator is given by : 

e =
 ~f R) =

 ~((R) 
· :·~ 

C
onsider another unbiased estim

ator of y(8) uiz., T
3 =

 i (T
1 +

 T
2 ) 

1 
==> 

V(T3) 
=

 4 (V
(T1) +

 V(T2) +
 2 C

ov (T1 , Ti_)) 

=
 l { .!:ill+ .!:ill+ 2p ✓

YID. YID } 
4 

e 
e 

e 
e 

=
 V4e(D (1 +

 1 +
 2p) =

 (1 +
 p) V(1) 
2e 

(F
ro

m
(")) 

Since vcn is the m
inim

um
 variance, V(T3) =

 (1 +
 PL-V(1)~ vrn 

⇒ 
p ~ (1r-

l~ 

A
llter. 

D
eduction 

From
 

(17-25), 
page 

17• l 1. 
If r 

and r, 
have 

sa
in

t 
variances/efficiencies i.e., e1 =

 e2 =
 e, (say), then (17•25) gives 

1 
• 

e
-(1

-e
)S

p
s
e
+

(l-e
) 

==> 
P

~
2

t-l. 

1 ! ·2•4. Suf!iclency_. A
~ estim

ator is said to be sufficient for a param
eter, if il 

contam
s all the m

form
ahon m

 the sam
ple regarding the param

eter. 

P(T
 =

 k) =( k) ,I (1 -
p)IH

; k =
 0, 1, 2, ... , rr 

The conditional distribution of (x1, x2
, ... , Xn) given T

is : 

P(x1 ra
2

0
 ... ra

,('IT
 =

 k) 
P

(x1r\X
f'· · ,ra

n
 I T

 =
 k) =

 
P

(T =
 k) 

=
 I ( 8~~~~~)"' =

 (;) 

0, if I. 
x

1 ~ k 
j,.

J 

" 
Since th

is does not depend on 'p
', T

 =
 I. 

x
1 , is sufficient for 'p

'. 
l•

I 

Theorem
 

15•7. 
FA

C
T

O
R

IZ
A

T
IO

N
 TH

EO
R

EM
 (N

eym
ann). T

he necessary an
d

 
sufficien

t condition for a distribution to adm
it sufficient statistic is provided by th

e 
'factorization theorem

' d
u

e to N
eym

ann
. 

S
tatem

ent T
 =

 t(x) is sufficient for 8 if a11d only if tire joint density ftm
ction L (say), of 

the sam
ple values can bt expressed in the form

 : 
L=

ge[t(x)].h(x) 
... (17-29) 

w
lrm

 (as indicated) g, ( t(x)J depends on O
 and x only through the value of t(x) and h(x) is 

indt110tdt11t of O. 

R
em

arlcs 1. It shou
ld

 b
e clearly u

n
d

erstood th
at by 'a functio

n Independent of 8' w
e not 

o
nly m

ean that it d
o

es not in
v

o
lv

e 8 b
u

t also that its dom
ain does not contain 8. Fo

r ex
am

p
le, 

the function : 
/(x) =

 i;, a -
8 <

 .x <
 a +

 8
; -

.,. <
 6 <

 0
0

 

depm
dson 9. 

2. It shou.ld be n
o

ted
 that the o

riginal sam
ple X

 =
 (X

1 , X
2 , ... , X

"), 
is alw

ays a sufficien
t 

Statistic. 

! ~
 m

ost general form
 of the d

istnbutions adm
itting sufficient statistic is Koopm

an's form
 

an
d

 
given by

: 
L

"' L (x, 8) =
 g(x}.h(8). exp (a(8)1j1(x)I 

.. (17 30) 

~llere h(8) an
d

 a(8} are functio
n

s of the param
eter 8 o

nly an
d

 g(x) and iv(x) are the functio
n

s o
f 

sam
ple observations o

n
ly. 

the E
quation (17

,30) rep
resents the fam

ous txponcitial fam
ily of d1Slribut1ons, of w

hich m
ost o

f 

nd conunon d
istrib

u
tio

n
s like the binom

ial the Poisson and the norm
al w

ith u
n

k
n

o
w

n m
ean

 
a 

vari,.--
' 

·~
o

u
:, are the m

em
bers. 
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17-16 
F

U
N

D
A

M
E

N
T

A
L

S
 

O
F

 
M

A
T

H
E

M
A

 T
IC

A
L s

t 

4. Invariance P
ro

p
erty o

f S
uH

lclent Estlm
a_tor. If~

 is a sufficient estim
ator 

~~ 
B

and if y,(T
) is a one to 011eftm

ction ofT
, t

~
 ljl(T) ,s suffiaent Jo~ l/l((JJ. 

fo
r
t~

~
 

s. Fl•her-N
eym

an C
riterion. A

 stat1st1c t1 =
 t(x1, X

2
, 

• • . , xn) 1s sufficient esti 

if and only if the likeli"°°'; Junction (joint p.d
f o

f the sam
ple) can be expressed as : 

'11ator of p,i"" 
L

 =
 n /(x;, 8) =

 Kt (ti , 8). k (X
1

, X
2, •. • , X

n
) 

;. ] 

tuhere g
1 (t1 ,8

) is the p
.d

f o
f the statistic t1 and k (x1, 

X
2

, 
••• , X

n
 ) is a ftm

ction o
f sa,n 

···0 7. 

only, independent of 8. 
. 

P
it ob~

&
 

N
o

te th
at this m

eth
o

d
 req

u
ires th

e w
o

rk
in

g
 o

u
t o

f th
e p

.d
f. (p. 

f) 
l

1 =
 t(x

1 , x
2 , ••• , x. ), w

hich is n
o

t alw
ays easy. 

"'· · 
of the statii 

E
xam

p
le 17•13. Let x

1 , x
2

, 
••• , 

X
n

 be a random
 sam

ple from
 a unifc 

/0, 9). F
ind a sufficient estim

ator for 6. 
1 arm

 P
0pu/ation 

{ ! 
,0

<
x

-<
9

 
S

o
lu

tio
n

. W
e are g

iv
en

 : J
9 (xi) =

 
8 

-
' -

0, o
th

erw
ise 

L
et 

k(a, b) =
 

. 
th

en
 ~ (x

·) =
 k(O

, x
;) k

(x;, 8) 
1, if a

$
 b} 

O
,ifa

>
b

 
' 

1
0

 
, 

f
t
 

n 
n 

[ 
k(O

, 
m

in
 

x
) • k

(m
a

 
9) 

L
=

 _IT fa(X;) =
 IT 

k(O
, x;) k(x;, 8)1 =

 
1 sisn

 
, 

I
s isx,, 

X
;, 

r =
 1 

i =
 1 

8 
9

71 
-

g 9 / t(~)I h(x) 

w
h

ere 
[t( )] 

k(t(x), 8) 
g

9
 

x 
=

-
-
"
-
,
 t(x) =

 m
ax

 
X

; 
a
n

d
 

h(x) =
 k(O

 
• 

8 
lS

iS
n

 
' 
~
 

X;) 

H
en

ce b
y

 F
actorization th

e 
T

 -
. 

. 
. . 

1 s
, s n 

o
rem

, 
-

m
~

 
X

;, 1
5

 suff1c1ent statistic for 9 
1 S

r S
n

 
• 

A
liter. W

e h
av

e 
" 

1 
L =

 ;~
 f(x;, 9) =

 8" ; 0 <
 X

; <
 9 

If t =
 m

ax
 (x1, X

i, • • . , X
n

) =
 X

(n
), th

en
 p

.d
f o

f t is g
iv

en
 b

y
 : 

g(t, 9) =
 n {F

(xn
)}n

-l .f(x<
,,) 

f X
 

f x 
I 

x 
W

e h
av

e F
(x)=

 P
(X

 $ x) 
=

 
/(x

, 8) d
x =

 
0 6 · d

x
 =

 8 
{

X
 J"-

1(1) 
n [ 

Jn
-

1 
g(t, 9) 

=
 n f 

8 
=

 8
n 

X
(n

) 

--~ 

[From
C 

R
ew

riting("'), 
L =

 n [x~./-• • ~
=

 g
(t, 8

). h (x1 , X
i, 

. .. , x,,) 

n [ x,.>J 
. . 

tinU 
H

en
ce b

y
 F

isher -
N

ey
m

an
n

 criterion, th
e statistic t =

 x(n
), is su

ffiaen
t es 

fo
,8

. 
. 

I 

• 
--') 

pulatzon. 
E

xam
p

le 17•14. Let x
1, X

i, 
••• , x,. be a random

 sam
ple from

 N
(µ

, u-
po 

sufficient estim
ators fo

rµ
 and u

2 . 

S
o

lu
tio

n
. 

L
et u

s w
rite 8 =

 (µ, o-2) ;-0
0

 <
 µ <

 00, o <
 a

i <
 o

o
. 

T
hen 

L
 =

 . IT fe(x;) =
 { :=k=} ". exp {-.L I 

(x; -
µ)2} 

I =
 1 

IJ
'{

 21t 
2o\ =

 1 

=L~r exp{-
2 ~(.i 

x
;2

-2
µ

rx
;+

n
µ

2
'} 

<
n

<
2

,r 
"
' 1 

7 
=

 g
8 [t(x)J. h(x) 

-

T
IC

A
L

 IN
F

E
R

E
N

C
E

-I (T
H

E
O

R
Y

 O
F

 E
S

T
IM

A
T

IO
N

) 
5

T
A

T
IS

 

w
h

ere 
g

9 [t(x)J 
=

 { ~
)
 n ex

p
 [-

2 !r { ti(x) -
2µt 1(x) +

 n
µ

i}
], 

t(x) 
=

 {t1 (x), t2(x)} =
 (LX

;, I.xt) 
a
n

d
 h(x) =

 1 

T
h

u
s 

t1 (x) =
 LX; is su

fficien
t fo

rµ
 a

n
d

 ti(x) =
 LX

t, 
is su

fficien
t fo

r a
i. 

1
7

-1
7

 

E
x

s
m

p
le

 17-15. Let X
i, X

2, ... , X
n 

be a random
 sam

ple from
 a distribution w

ith p
.d

f
: 

f(x, 9) =
 e

-(x
-

9>, 9 <
 x <

 o
o

 ; -
o

o
 <

 9 <
 o

o
 

O
btain sufficient statistic for 0. 

s
o

lu
tio

n
. 

H
ere 

L
 =

 ;t/(x
;,8

)=
;~1 

{
e-(x;

-9
)}

 =
e
x

p
{

-}
1

 x
)x

e
x

p
(n

9
) 

. .. (*) 

L
et y

1
, y

2
, 

•.• , Y
n 

d
e
n

o
te

 th
e
 o

rd
erstatistics o

f th
e ran

d
o

m
 sa

m
p

le
 su

c
h

 th
a
t 

y
1 <

 y
2 <

 ... <
 Y,,. T

h
e p

.d
f o

f th
e sm

allest o
b

serv
atio

n
 Y

1 is g
iv

en
 b

y
: 

g
1 (y1 , 8) =

 n
[l -

F
(y1)]" - 1 f (y1 , 0), 

w
h

ere F
(·) is th

e d
istrib

u
tio

n
 fu

n
ctio

n
 co

rresp
o

n
d

in
g

 to p.d
f f(-) . 

x 
I e-<x-9)1x 

N
o

w
 

F
(x) 

=
f 

e-<x -
B

)dx=
 
-
-

=
l-e

-<
x

-
9

) 

8 
-1

 
9 

(y 
9) 

-
[
-
(
v

1
-
8

)
l"

-
1

 
~

1
-8

) 
-
{

n
e

-
rr(v1-8), 

8
<

y
1

<
00 

g
1 

1 , 
-

n 
e 

J 
. e 

-
0, otherw

ise 

T
h

u
s th

e lik
elih

o
o

d
 fu

n
ctio

n
(*

) o
f X

1 , X
i, . . . , X

,, m
ay

 b
e ex

p
ressed

 as 

n 
{ 

exp (- £ X
;) } 

L
 =

 t!' 9 ex
p

 {
-

L
 x,) =

 n ex
p

 {-n (y1 -
8)) 

t 1 
) 

; =
 1 

n exp -
ny

1 

ex
p

 (-I, x
;) 

n 
} 

=
 g

i (n
u

n
 X

v 
){ n ex

p
 (-

n m
in

 X
;) 

• 
9 

i •
l
 

H
en

ce b
y

 F
ish

er-N
ey

m
an

n
 criterio

n
, th

e first o
rd

er statistic Y
1 =

 m
in

(X
1 , X

2 , ... , X
,,) 

is a su
fficien

t statistic fo
r 0. 

E
x

a
m

p
le

 17-16. Let X
1 , X

2 , 
•.. , X

,, be a random
 sam

ple from
 a population w

ith p.d
f: 

J(x, 0) 
=

 6
x

9
-

1
; 0 <

 x <
 1, 

0
>

 0. 
n 

Show
 that 

t1 
=

 
ll X

;, 
is sufficient for 6. 

i=
 1 

n 
" 

S
o

lu
tio

n
. 

L (x, 9) 
=

 TT f(x
;, 8

) =
 9n IT 

(x; 9
-

1) 

i=
 1 

i =
 1 

" 
9 

=
 0"( . n x;) 

. ---;,- 1-
=

 g(t1, 8). h (x1, X2, ... , x,,), (say
). 

I
=

 1 
( .IT X,) 

I -
I 

H
en

ce b
y

 F
acto

risatio
n

 T
h

eo
rem

, t1 =
 IT 

(X
;), 

is sufficient estim
ato

r fo
r 0. 

i =
 1 



r 
.,,.--

f 11 

~
:,,,l 

,f l I 

17-19 
1 7,18 

FU
N

D
A

M
E

N
TA

LS
 

O
F M

AT 
.
.
 

H
E

M
A

r1c~ 

Exam
ple 17-17. Let X

1 , X
2 , ... , Xn bea random

 sam
ple from

 Cauch 
S,-~la. 

1 
1 

. 
Y

 PO
pul 

. 
'I 

TIC
AL IN

F
E

R
E

N
C

E
-I (TH

E
O

R
Y

 O
F E

S
TIM

A
TIO

N
) 

f(x, 8) =
-

. --=
---

' -
0

0
 <

 X
 <

 
0

0
; 

-
0

0
 <

 0 
Qti°'r, 

srA
TIS

 
tr 

1 +
 (x -

8) 2 
<

 ""· 
· 

· · 
f 

· f 
· 

. 
. 

4 ) T
he conditions 

O
 

u
m

 orm
 convergence of integrals are satisfied so that 

Exam
ine ,if there exists a sufficient statistic for 0. 

( 
o·att' on under the integral sign is valid 

differen 
· 

Solution. L {x, 8) =
 IT ftx;, 8) =

 ~ .. IT 
1 

:t g (t 
G) 

(S) I(8) == E
[ 

-
log L(x, 0) 

, exists and is positive for all 0e e. 
II 

II 
{ 

} 
{ 

iJ 
}2] 

; =
 1 

, =
 1 

1 +
 (xi -

0)2 
1, 

. h(x 
ae 

l,X
i,, 

. 
H

ence by Factorisation T
heorem

, there is no single statis . 
··•-\) 

I.,et X
 b

e a 1.v. follow
ing the p.d

f_f(x, 8) an~ let L
 be the likelihood function of the 

sufficient estim
ator of 8. 

tic, W
hich aJ 

random
 sam

ple (x1, Xi, · · ·
1 Xn) from

 this population. T
hen 

H
ow

ever, 
L

 {x, 8) =
 ki{X

i, X2, ... ,. X~, _a). k
2 (X

lt X
2 , ... , Xn) 

°'1e,1 
L

 =
 L (x, 0) =

 _Il1 /(x;, 0) 
=> 

The w
hole set (X1, X

2 , ... , X,,) 1s JO
tntly sufficient for 8 

'= 
17..J. CRAM

ER-RAO
 INEQUALITY 

. 
! 

Since L
 is the joint p.df of (xi, xi, ... , x,,), 

J L(x, 0) dx =
 1, 

' 
w

here 
J dx =

 fJ ... J dx
1 dx

2 ... dx,,. 

D
efinition. If t is an unbiased estim

ator for 1< 0), a function of param
eter 9 , then 

{:O· ne>} 2 
fy'(e)}2 

Var (t) ~ 
a 

2 
=

 
~
 

E(aalogL) 
..,(17,J2) 

where I( 8) is the inform
ation on 8, supplied by the sam

ple. 

In other w
ords, C

ram
er-R

ao inequality provides a low
er bound {y'(8)12/1(8), to 

the variance of an unbiased estim
ator of y (8). 

Proof. In proving this result, w
e assum

e that there is only a single param
eter! 

w
hich is unknow

n. W
e also take the case of continuous r.v. 

T
he case of descrett 

random
 variables can be dealt w

ith sim
ilarly on replacing the m

ultiple integrals~ 
appropriate m

ultiple sum
s. 

W
e further m

ake the follow
ing assum

ptions, w
hich are know

n as the Regulariry 
conditions for Cram

er-Rao Inequality. 

(1) T
he param

eter space e is a non-degenerate open interval on the real line 
R

1(-co,co). 

d 
) 

·tth
e 

(2) F
o, alm

ost all x =
 (x

1, x
2, ••• , x,), 

and fo, all 9 e 0
, a,/(x, 9 

exiss, 
exceptional set, if any, is independent of 8. 

(3) T
he range of integration is independent of the param

eter 8, so that f(x, 8 ) is 
differentiable under integral sign. 

If range is not independent of 8 and J is zero at the extrem
es of the range, i.e., 

f(a, 9) =
 0 =

/(b, 8), then 

afb 
Jba 

-
fd

x
: 

~
dX

-J(a,8)
00 +

J(b 9)db 
Jea

 
aiJe 

ae 
'a

e
 

afb 
f b~ 

ae 
/d

x
 =

 
a ae dx, since f (a, 8) =

 0 =
 / (b, 0) 

=> 

D
ifferentiating w

.r. to 0 and using regularity conditions given above, w
e get 

J ~
L

d
x

=
O

 
=> J (~

lo
g

L
)L

d
x

=
O

 
=> 

E( 
~

lo
g

L
)=

o
 

... (17-33) 

Let t =
 t (xi, Xi, ... , x,,) be an unbiased estim

ator of t0
) such that 

E
(t) =

 'Y (0) 
=> 

ft. L dx =
 t0

) 
... (17-34) 

D
ifferentiating w

.r. to 0, w
e get J t.: dx =

 y'(0) 
=> J t ( ~ log L)L dx =

 y'(0) 

⇒ 
E

 ( t. ~ log L) =
 y

' (0) 
... (17-35) 

C
ov ( t, ~ log L) 

=
 E

 ( t . ~ log L) -
E

(t) . E( ~ log L) 
=

 y
' (0) 

[From
 (17-33) and (17-35)] 

... (17-35a) 
2 

2 
W

ehave: 
{r(X

, Y)} 
~

1
 

=> 
{C

ov(X
, Y)} 

~V
ar(X

). V
ar(Y

) 

{
co

v
(t, :8

logL
)}2 ~ V

art. v
a
r(:8

logL
) 

=> 
h' (0)}

2 ~ V
ar t[ E

 (~
lo

g
 L

r-{
 E

 (~
lo

g
 L) }21 

=> 
h

' (al ~ V
ar t. E

{ (~
lo

g
 L

r} 
[U

sing (17-33)) .•. (17•36) 

2 

V
ar (t) ~ 

{y' (e)} 

E{ (~ logL
 n 

==> 

w
hich is C

ram
er-R

ao Inequality. 
C

orollary. If t is an unbiased estim
ator of param

eter 0, i.e., 
E

(t) =
 8 

=> 
y(8) =

 8 
or 

y'(0) =
 1, 

then from
 (17•36a), w

e get 

... (17•36a) 
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FU
N

D
A

M
E

N
TA

LS
 O

F M
A

TH
E

 
.
.
 

M
A,1cAL 

V
 

(t) ~ 
1 

_
_

 l_
, w

h
ere /(8) =

 E{ (: lo
g

 L)
2) 

81-~, 
. 

L IN
F

E
R

E
N

C
E

-I (TH
E

O
R

Y
 O

F ESTIM
ATIO

N
) 

ar 
a 

2 ) 
/(8) 

a
u

 
,TATISTIC

A 

E{ (-
log L) 

· 
···(l). 

t -
')'(8) 

aa 
1 

. 
--=

>
..=

A
(8

) 

is called b
y R

.A
. F

isher as the am
ount of i~form

at~on 
~n ~ supplied b 

i.1og L 
' 

... 1 an
d

 its reciprocal I/ 1(8), as the inform
ation lzm

zt 
to

 the v 
. Y the sa... 

ae 
x2 , ••• , A.nJ 

ananc 
"<lip~ 

t =
 t(x1, xi, .. . , Xn)· 

. 
e of estill..Rvhere A

 is a co
n

stan
t in

d
ep

en
d

en
t of (x1, Xi, ... , Xn) b

u
t m

ay depend o
n

 8 . 

..,._ _ _
,_

 1 A
n unbiased estim

ator t of )'(0) for w
hich C

ram
er-R

ao lo 
"' 

a 
t -

')'(8) 
[ 

] 
lfflll,_,. .... • 

. 
W

er 
-

lo 
L =

 -
-

=
 

t -
8 

attained is called a m
inim

um
 w

riance bound (M
VB) estim

ator. 
bound in (I?. .• 

aa 
g 

11.(8 ) 
'Y( ) 

A
(8), 

11-20 

17-21 

... (17-40) 

2. W
e have

: 
~

1 h 
e 

A
=

 A
(8) =

 1/[A
.(8)], say. 

{
(
 iJ 

)2} 
( iJ2 

) 
v er 

. 
.. 

/(8) =
 E 

"aii Jog L
 

=
 - E

 ~
 Jog L

 
-

ttence, a n~cessa:Y ~nd sufficient condition for an unbiased estim
ator t to attain the low

er 

( 
nd oifits variance zs given by (17•40). 

=> 

and 
/(8) 

=
 n { /a Jog/(x, af =

 -
n ( i 

Jog/) 

P
root W

e h
av

e p
ro

v
ed

 in (17-33), 
E

 ( ! lo
g

 L) =
 o 

(; log L) L
 =

 ! {(~log L) . L} - ( ! lo
g

 L) . :~ 

=
 ! {(!log L). L}-( i)~ log Lr. L 

Integrating both sides w
.r. to

 x =
 (xi, X

i, ..• , X
n), w

e
 g

et 

E
 (; log L) 

=
 ! . E ( ! log L) -E

 (i)~ log L) 2 =
 - E

 ( i)~ log L) 2 

/(8) =
 E

 ( ! log L) 2 =
 -E

 (; log L), 
a form

 w
hich is m

o
re co

n
v

en
ien

t to
 u

se in p
ractice. 

A
lso 

/(8) =
 E{( i 

1og L)2} =
 E { _i:, i 

logf(x;, a)} 
2 

ae 
,=1aa 

'•• 17,t
U

 
. 

. 
. 

. 
purther, the C

-R
 n

u
ru

m
u

m
 v

an
an

ce b
o

u
n

d
 ts given b

y
: 

... 07-~ 
V

ar (t) 
=

 [y'(8)]2/ E
 ( :0 log if 

.. . (17•41) 

··• (';Jut 
( a 

)2 
2 

E
 

aa log L
 

=
 E

 [A
(8). {f-'Y

(8)}] 
[From

 (17-40)] 

2 
2 

2 
=

 {A
(8)}·

. E
 {

t-y
(8

)}
 

=
 {A

(8)} 
. V

ar(t) 

. 
. 

h' (8)} 2 

S
ubstituting m

 (17•41), w
e get 

V
ar (t) =

----..--
{A

(8
)} 

. V
ar (t) 

=> 
I 'Y, ( 8) I I ' 

I 
V

ar (t) 
=

 
A

(8 ) 
=

 
y (8).A

.(8) 

[Using~ 
H

ence if th
e likelihood function L

is expressible in
 the form

 (17·40) 
then 

(i) 
t is an

 u
n

b
iased

 estim
ator of 'Y

(8), 

(ii) 
M

in
im

u
m

 V
ariance B

ound (M
V

B
) estim

ator (t) for 'Y(8) exists, an
d

 

(iii) 
V

ar{f) =
 I~(:; I =

 I y'(8) A
.(8) I 

.. . (17•42) 

=
 E

 [.# 
{ilogf(x;, 8)1

2 +
 . I 

{(i.1ogf(x;, 8)) ( ~Iogf(xj, a))}] 
,-1 

ae 
r 

,~,= 1 
aa 

aa 

T
he im

p
o

rtan
ce o

f th
is resu

lt lies in
 th

e fact th
at C

.R
. inequality, in ad

d
itio

n
 to

 
find if M

V
B

U
 estim

ato
r for y(8) exists, also gives u

s the variance of such an
 estim

ator, 
w

hich is g
iv

en
 by (17-42). 

R
em

arks 1. If 'Y(0) =
 0, i.e., if tis an unbiased estim

ator of 8, then (15·40) can be w
ritten as : 

{ 
i) 

} 2 
are i,i.d. r.11.'&/ 

=
 n. E

 
i)() Iogf(x, 8) 

[O
n using (•)J, sin

ce x;'s; i =
 l, 2

, · · ·1 n 

17-3-1. Condiffons for the Equality Sign in C
ram

er-R
ao Inequality. 

In proving (17•32) W
e·used [cf. (17•36)1 th

at 

[y'(9)J2 $ E
 [t-y(8)J

2
• E

 (!lo
g

 L)
2 

The S
iP

n
 n

f ,.,.., •• _ "
' 

... (17-~ 

d
,

~ 

a 
t-a 

aalo
g

L
=

 T
 

H
ence if (17•43) holds, then tis an M

V
B

 estim
ator for 8 w

ith 

V
ar (t) =

 I 11. (0) I =
 1 / 

I A
(8) I 

2. W
e have seen in (17-40) that M

V
B

 estim
ator exists for "t(8) if 

a 
t-.,.,.8' 

1 
ae log L

 =
 ~
 =

 (t -'Y
(0)}. ~

, w
here A

= A.(8), say. 

.. . (17-43) 

... (17-43a) 

.. . (•) 
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