UNIT IV

The Countabillity Axioms
DEFINITION:

A space X is said to have a countable basis at x if there is a countable collection B
of neighborhoods of x. Such that each neighborhood of x contains at least one of the
elements of B. A space that has a countable basis at each of its points is said to satisfy
the first countability axiom or to be first countable.

THEOREM:
Let X be a topological space.

(a) Let A be a subset of X. If there is a sequence of points of A. Convering to x, then
x e A, the converse holds if X is first countable.
(b) Letf: x —V. If fis continuous, then for every convergent sequence x, = x in X,

the sequence f (x,) converges to f(x). The converse holds if x is first countable.
PROOF:
Proof is similar to sequence lemma. And theorem following it.
X is metrizable = X is first countable
DEFINTION 2:

If a space X has a countable basis for its topology, then X is said to satisfy the second
countability axioms or to be second - countable

Example: 1

The real line R has a countable basis the collection of all open intervals (a, b) with
rational end points. Likewise R" has a countable basis the collection of all products of
intervals having rational end points. Even R® has a countable basis the collection of all

products [In ez, Un, where Uy, is an open interval with rational end points for finitely

many values of n, and U= R for all other values of n.

Example: 2

In the uniform topology R® satisfies the first countability axiom (being
metrizable). However, it does not satisfy the second.

THEOREM:

A subspace of a first-countable space is first countable, and a countable product
of first-countable space is first-countable. A subspace of a second-countable space is
second countable, and a countable product of second countable spaces is second
countable.




(i) Any subspaces of a first countable space is first countable
let (x, 7 ) be a first countable and
let (A, t4) be a subspace.

Let there be a countable basis is at each point of x.

Let xe A be arbitrary then xeX then B be a countable basis at x.
—each neighborhood of x contains atleast one of the element of B
xe B — U, where U, is a neighbourhood of xand Be B
B and U, are open in x.
= BN Aand U,() A are open in A
Also xe BN A cU,NA.

Since xeA is arbitrary, B is a countable basis at each point of A.
= (A, ) is afirst-countable
(ii) Countable product of first-countable spaces is first-countable.
Consider the product [[;; ¢ Xn Where each X, is first-countable (0 < Z+)
Let B, be a countable basis at each point of X,V N €@
Letx, € Xn.
= By is a countable basis at x,
=>x, EB nan, U, . isaneighbourhood of x,

Consider the collection [[ B, B.€ B

Then the collection {B,} is countable basis at [[ X, n=1, 2,... (i.e,) €@
= [] X is first countable.
(iii) Any subspace of a second-countable space is second countable.
Let (x,7 ) be second countable

Let (A,7 ,) be a subspace.
Let B be a countable basis for 7
Consider B'={BNA/B& B}
Then B' is a countable basis forz ,. The subspace (A, 7 ,) is second countable .

(iv) Countable product of second countable spaces is second countable.



Consider the product [[;; ¢y Xn Where X,, is second countable and @ c Z+.

Let B, be a countable basis for the topology of X,V N ew
Consider the collection of all products [[ U,, where U, € B, for finitely many n and
U, = X, other values of n.
Then the collection {[] U, } is a countable basis for the topology of [[;; ey Xn
I ew X is second countable.
DEFINITION: Dense

A subset A of a space x is said to be dense in X if t=x

THEOREM:
Suppose that x had a countable basis then

a) Every open covering of x contains a countable subcollection covering x.

b) There exists a countable subset of x that is dense in X.

[We know that, D —X. To prove: Xc D, let xeX. Some B, — x € B,. Now B, [} D=0

asxye€ B, ) D.]

PROOF:

Let { B » } be a countable basis for x.

a) Let A be an open covering of x. For each positive integer n for which it is possible,
choose an element A, of A. Containing the basis element B,. The collection A" of
the sets A, is countable, since it is indexed with a subset ] of the positive integers.
Furthermore, it covers x. Given a point x €X. We can choose an element A of A
containing x. Since A is open, there is a basis element B, such that x € B,cA .
Because B, lies in an element of A that index n belongs to the set J. So A, is
defined, Since A, Contains B, it contains x. Then A' is a countable sub collection
of A that overs X.

b) From each non-empty basis element B, choose a point x,. Let D be the set

consisting of the points x,. Then D is dense in x. Given any point x of X every

basis element containing x intersects D, so x belongs to D.

Hence the Proof.



DEFINITION: Lindel of Space:

A space for which every open covering contains a countable subcovering is called

a Lindel of space.
DEFINITION: Separable:

A space having a countable dense subset is often said to be separable.

SECTION: Il The Separation Axioms

DEFINITION: Regular and Normal space:

Suppose that one point sets are closed in x.

a) Then x is said to be regular if for each pair consisting of a point x, and a closed set
B, disjoint open sets containing x and B respectively.
b) The space X is said to be normal if for each pair A, B of disjoint closed sets of X
There exists disjoint open sets containing A and B respectively.
LEMMA:
Let X be a topological space. Let one-point sets in x be closed

a) X is regular iff given a point x of X and a neighborhood U of x, there is a

neighborhood v of x such that V cU.
b) X is normal iff given a closed set A and an open set U containing A, there is an

open set V containing A such that V cU.
PROOF:

a) Suppose that X is regular and suppose that the point x and the neighborhood U of
X are given

Let B=X-U;
Then B, is a closed set.

By hypothesis, there exist disjoint open sets, V and W containing x and B,
respectively. From V

VNB=¢
For if yeB. W is a neighborhood of y which is disjoint from V.
yeW, W

=DV E v (..there exists a neighborhood W of y > WMV =¢)



VNB=¢=V cX-B=U
~V cU
To prove the converse,
Suppose that the point x and the closed set B not containing x are given
Let U=X-B
By hypothesis, there is a neighborhood v of x. Such thatV cU .
The open sets V and X- V are disjoint open sets containing x and B, respectively.

Then x is regular.
b) Suppose that X is normal and suppose that the closed set A and the

neighborhood U of A are given
Let B=X-U

Then B is a closed set.

By hypothesis, there exists disjoint open sets V and W containing A and B,
respectively,
The set V is disjoint from B, for if yeB the set W is a neighborhood of y disjoint
from V.

-V cU as desired

To prove the converse,

Suppose that the closed set A and the closed set B not containing closed set A are

Let U= X-B. w
v

By hypothesis, there is a neighborhood V of closed set A such that Vcu.

given,

The open sets V and X-V are disjoint open sets containing closed sets A and closed

set B, respectively.

Thus X is normal.

THEOREM:

a) A subspace of a Hausdorff, a product of Hausdorff space is Hausdorff.



Proof:
i) Let X be Hausdorff

Let x and y be two point of the subspace Y of X.

If U and V are disjoint-neighborhood in X of x and y respectively,thenUNYandVNY

are disjoint neighborhood of xand y in Y.
(ii) Let {x,} be a family of Hausdorff space.

Let X=(x,)and Y= (y,) Dbe distinct points of the product space [[ X, . Because x#y,
there is some index f. Such that Xp =Yg

Choose disjoint open sets U and V in Xpg containing Xg and yg respectively,
Then the sets [5'(U) and [T;'(V) are disjoint open sets in [] x,,
Containing x and y respectively.
THEOREM:

b) A subspace of a regular space is regular a product of a regular space is regular.

PROOF:

Let Y be a subspace of regular space X. Then one point sets are closed in Y.

Let x be a point of y and let B be a closed subset of y disjoint from x.
Now BNY = B. Where B denotes the closure of B in x.
Therefore, x¢ B, s0 using regularity of x. We can choose disjoint open sets U and V of

X containing x and B respectively.
Then U (Y and V NY are disjoint open sets in Y containing x and B, respectively.
Let {x,} be a family of regular space.

Let X=[[ X, (By a) X is Hausdorff. So, that one point sets are closed in X. We use the

preceding lemma to prove regularity of X.

Let X= (x,) be a point of X and let U be a neighborhood of x in X. Choose a basis

element [] U, about x contained in U. Choose, for each «, a neighborhood V,, of x,
in X, such that V. . CUq if ithappens that U,=X,, choose Vo= X,. Then V=[]V, isa

neighborhood of x in X. Since V = I1 v o, DY theorem,



Let {X,} be an indexed family of spaces; let A, =X, for each a. If [[ X, is given
either the product or the box topology, then

M4, =4
It follows at once that V < [[ U, U so that X is regular.
Normal Space:
THEOREM:
Every regular space with a countable basis is normal.
PROOF:

Let X be regular space with a countable basis B. Let A and B be disjoint closed subsets
of x. Each point x of A has a neighborhood U not intersecting B using regularity, choose
a neighborhood V of x. Whose closure lies in U. Finally, choose an element of B
containing x and contained in V. By choosing such a basis element for each x in A, we
construct a countable covering of A by open sets. Whose closure do not intersect B.

Since this covering of A is countable. We can index it with the positive integers.

Let us denote it by {U,} similarly, choose a countable collection {V},} of open sets

covering B. Such that each set V, is disjoint from A. The sets U= U U, and V= UV, are
open sets containing A and B, respectively but they need not be disjoint. We perform the

following simple, tricks to construct two open sets that are disjoint.
NOTE:
Regular with countable basis = Normal
Normal = Regular = Hausdorff.
Given n, define
U,'= U, — UX,V; and V,'=V, — UM, U; note that each set U, is open

being the difference of open set U, and a closed set u;;ji . Similarly, each set V}, is

open.

The collection { U,'} covers A, because each x in A belongs to U, for some n, and x

belongs to none of the sets V.

Similarly, the collection {V,'} covers B.
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Finally the open sets
U'=Unez, U, and V'= Unez, V" are disjoint. For if xe U’ NV, then

xeU';N V' for some j and k.
Suppose that j<k.

If follows from the definition of U’; that xeU; and since j<k it follows from the
definition of V') that x¢ U]

A similar contradiction arises if j > k.
THEOREM:

Every metrizable space is normal.
PROOE:

Let X be metrizable space with metric d. Let A and B be disjoint closed subsets of X.

For each acA,
Choose ¢, so that the ball B (a, ¢,) does not intersect B.
Similarly, for each beB. choose ¢, so that the ball B(b, ¢;,) does not intersect.

Define
U=U,c.aB(a&,/2) and

V=Upc B (a,&,/2)




Then U and V are open sets A and B respectively, we assert they are disjoint for if

zeUnNV, then

zeB(a, g,/2) N B (a,¢,/2) for some acA and some beB. The triangle

inequality applies to show that
d(a, b)<(gq +&p)/2

If e, < g, then d(a, b)< ¢, so that the ball B(b, €;,) contains the point a. If ¢, < ¢4, then

d(a, b)< g, so that the ball B (a, €;) contains that b. Neither situation is possible.
THEOREM:
Every well ordered set X is normal in the order topology.
PROOE:
Let X be a well ordered set
To prove: X is normal
First, we need to prove that, every interval of the form.
(%, y] is open in X.
If X has the largest element and y is that element.
=(x, y] is just a basis element about y. If y is not largest element of X.
Then (x, y] = (x, y'] where y' is the immediate success of y.
.. The interval of the form (x, y] is open in X.

Let A and B be disjoint closed sets in X. Assume that neither A nor B containing the

smallest element a, of X for each a€A, there exist a basis element about ‘a’ disjoint from

B.
= aeUcA and UNB = @ for each beB, 3 a basis element about ‘b’ disjoint from A.

= beUcB and VNA = @. Here, U= U,ca( x4, a] and V= Upcp( ¥y, b] ie) Uand V are

open sets containg A and B respectively.
Next, we have to prove
UNV=0 (i.e, they are disjoint) Suppose z € UNV

=2 (x4,a] N (yp, b] for someacAand beB.



Assume that, a<b intervals if a < y, =(The two intervals are disjoint) ( x4, a] and

( yp, b] are disjoint while a>y, = a €( y,, b] = a €B which is a contradiction ( - a€A)
Similarly for b< a =contradiction.
Finally, .. UnV=0

Assume that A & B are disjoints sets in X and A containing the smallest element of

ayof X.
The set {a,} is both open and closed in X.

..d disjoint open sets U and V containing the closed sets. A-{a,} and B respectively then,

U U {ay} &V are disjoint open sets containing A and B respectively.
THEOREM:
Every compact Hausdorff space is normal.
PROOE:
Let X be a compact Hausdorff space.
We have already essentially proved that X is regular.
For if x is a point of X and B is closed set in X not containing x, then B is compact.
By theorem,
Every closed subspace of a compact space is compact.
Applying lemma,

“If Y is compact subspace of a Hausdorff space X and x, is a point not in Y then there

exist open sets U and V containing x, and Y respectively.”
.. There exist open sets containing x and B respectively.
. Xisregular.
Essentially the same argument as given in that lemma can be used to show that
X is normal.
Given disjoint closed sets A and B in X.

Choose for each point “a” of A, disjoint open sets U, and B containing a and B

respectively.



The collection { U, } covers A, because A is compact.

A may be covered by finitely many sets U, ,U,, ... Ug,
ThenU=Ug, U ......... UU,, and
V=V, N........nV, are disjoint open sets containing A and B respectively.

Hence X is normal.

secTioN: Il URYSOHN lemma:

THEOREM: 10

Let X be a normal space, let A and B be disjoint closed subsets of X. Let [a, b] be a

closed intervals in the real line. Then there exist a continuous map.
f: X = [a, b] such that
f(x) = a for every x in A and f(x)=b for every x in B.
PROOF:
We consider the particular interval [0, 1] to prove the lemma,

First we construct a certain family U, of open sets of X indexed by rational numbers.

We can use the sets to define the continuous function f.

STEP 1: Let P be the set of all rational numbers in the interval [0,1]. We shall define, for

each p in P, an open set U, of x, in such a way that whenever p<q, we have Tp c Uy

Thus, the sets U, will be simply ordered by inclusion in the same way their

subscripts are ordered by the usual ordering in the real line.

Because P is countable, we can use induction to define the sets U, ( or rather, the

principle of reccursive definition. U;= X-B (including o)

Arrange the elements of the sequence infinite sequence in some way for convenience.

Let us suppose that the numbers 1 and 0 are the first two elements of the sequence.

Now define the sets U, first define U; = X — B second, because A is a closed set

contained in the open set U; we may be normality of X choose an open set U, such that

Ac Uyand U, U,



In general, let P, denote the set consisting of the first n rational numbers in the
sequence. Suppose that U, is defined for all rational numbers p belonging to the set

P,satisfying the condition

P<q= U, U, + (*)
Let r denote the next rational number in the sequence; we wish to defineU,.

Consider the set P,.,;= B, U{r}. It is a finite subset of the interval [0, 1] and as such it has
a simple ordering derived from the usual order relation < on the real line. In a finite
simply ordered set, every element (other than the smallest predecessor and the largest)

has an immediate predecessor and an immediate successor.

“Theorem 10.1. Every nonempty finite ordered set has the order type of a section

{1,..., n} of Z+, so it is well-ordered.”

(see theorem 10.1). The number 0 is the smallest element, and 1 is the largest element
of the simply ordered set P,,;, and r is neither 0 nor 1. So r has an immediate

predecessor p in Pp,; and an immediate successor q in P,,,. The sets U, and U, are

already defined and U_p c U, by the induction hypothesis usinf normality of X. We can

find an open set U, of X such that

P<r<q

U,c U,and U, c U,
We assert that (*) now holds for every pair of elements of P, . If both elements lie in

P, (*) holds by the induction hypothesis. If one of them is r and the other is a point s

of P, then either s < p, in which case,

U cU

p €U

or s = ¢, in which case
U_rc UgcUs .
Thus for every pair of elements of P,,, 4, relation (*) holds.

By induction, we have U, defined for all peP.



To illustrate let us suppose we started with the standard way of arranging the elements

of P in an infinite sequence.
P={1,0,1/2,1/3,2/3,1/4,3/4,1/5,2/5,3/5, cccceccuru.. .
After definition Uy and U, we would define U/, so that Uy Ui/, andU, /, cU;.

Thus we would fit in U; 3 between U, and U, ,, and U, /3 between U,,, andU;. And so
on.

At the eight step of the proof we would have the situation pictured in figure. And the
ninth step would consist of choosing an open set U, /s to fit in between U;,3 and U, .

And so on.

wihss
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STEP 2: Now we have defined U, for all rational numbers P in the interval [0, 1] we

extend this definition to all rational numbers P in R, by defining,
Uy,=0 if p<0
Uy,=X ifp<1

[t is still true (as you can check) that for any pair of rational numbers p and g.

P<q = U,cU,

STEP3: Given a point x of X. Let us define Q(x) be the set of those rational numbers p.

Such that the corresponding open sets U, contains x.



Q(x) = {p/ x€Up}

This set contains no number less than 0, since no x is in U, for p < 0. And it contains

every number greater than 1. Since every x is in U, for p>1.
.. Q(x) is bounded below, and greatest lower bound is a point of is [0,1]. Define
f(x)=inf Q(x)
= inf {p/xeU,}

STEP4: We show that f is the desired. If xeA, then xeU, for every p=0. So that Q(x)

equals the set of all non-negative rational, and f(x)= inf Q(x). Similarly, if x€B, then

xe U, for no p<1, so that Q(x) consists of all rational numbers greater than 1 and f(x)=1.
All this is easy. The only hard part is to show that f is continuous.

For this purpose, we first prove the following elementary facts:

(1) xeU, = f(x)<r

2)xeg U= f(x)=T

To prove: (1) note that if xe U, then xe U for every s>r

.. Q(x) contains all rational numbers greater than r, so that by definition we have
f(x)=inf Q(X) <r
To prove (2), note that x¢ U, then xis notin U, for any s<r.
.. Q(x) contains no rational numbers less than r, so that er_r, r<s,
U, < Us.
f(x)=infQ(x) >r

Now we prove continuity of f given a point x, of X and an open intervals (c, d) in R

containing the point f(x;). We wish to neighborhood U of x; such that f(x) <r
f(U) <(c, d)
Choose rational numbers p and q such thatc < p < f(xy) < q < d.

We assert that the openset U = U, — U_p is desired neighborhood of x,
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c f(x,)

First, we note x, € U. For the fact that f(x,) <q implies by condition (2) that x,€U,, while

the fact that f(x,)>p implies by (1) that x, U,
Second, we show that f(U) < (c, d). LetxeU. Thenxe U, c U_q. So that f(x) <q by (1)
And x£U,,. So that x¢ U, and f(x) = p, by (2)
Thus, f(x) €[p, q] <(c, d) as desired

Separated by a continuous function

If A and B are two subsets of the topological space X, and if there is a continuous
function f: X—[0, 1] such that f(A)= {0} and f(B)={1}. We say that A and B can be

separated by a continuous function.
Completely regular:

A space X is completely regular if one-point sets are closed in X and if for each point
X, and each closed set A not containing x,, there is a continuous function f: X— [0, 1]

such that f(x,)=1 and f(A)=0.

THEOREM:
(i) A subspace of a completely regular space is completely regular.
PROOF:

Let X be completely regular, let Y be a subspace of X. Let x, be a point of Y, and let A be

a closed set of Y disjoint from x,.
Now A= A NY
When 4 is the closure of A in X.
"X €A Since x is completely regular we can choose the continuous function.

f: X— [0, 1] such that



f(xo)=1 and f(4)={0}
The restriction of f to Y i.e, fyi which s the continuous function Y—[0, 1]
foi=Y—]0, 1]
(fo) (x0) = f(x0)=1and
(fo)(A)=-f(A)= f(A)={0}  (Ac 4)
Y is completely regular space.
(i) A product of completely regular space is completely regular.
PROOE:
Let X= [, X, be the product of completely regular space.
Let b= (b,) 4 be a point of X, disjoint from b, choose a basis element.
[1U, < b that does not intersect A, then U, = X, except for finitely many a.
Say o= 04,05,. . . ,0, giveni=1,2...n

Choose a continuous function
fi: Xo; = [0, 1] such that f; (by,) =1 and f;(X, — Uy, )={0}
Let ¢;(x) = f; (o, (%))
Then ¢;: X— R and vanishes outside
Mo, (U, )= U
[@i(X-Ug)= fi(me, X — mUg))

=fi Xo;- Uq,)={0}]
i.e., ¢;=0ifx e nU,

¢,=0 outside U,

@, : X— Rvanishes outside [[ U,.
Let f(x)= @1 (x) 2(x). . . @n(x)

This product is continuous on X and f(E) = (pl(E) P (E ) .. (pn(E)

=fi (nal(g))fz (T[ocz(z))' - fn(nan(E))



=fi (bay) fo(bay) ... fu(bay)
=1.1. ... 1
f(b)=1
fX = TIUa) = 02X = [TUg) 92X = [TUg ). . . (X — [1Ug)
= fi(xe, = Ua)fo (Ta, = Uy): -+ fo(Tay — Ugy)
=0.0. . ..0
f(X — mU,) =0 i.e., f(A)=0 (c (X = mUyp)).
THEOREM:

URYSOHN METRIZATION THEOREM:
Every regular space X with a countable basis is meterizable.
PROOE:
It is enough to prove that X is metrizable by imbedding.
X in a metrizable space Y.
(i.e.). By showing X homomorphic with a subspace of Y.
Two version:
Y is R“ which is metrizable in the product topology (refer theorem 20.5)

Theorem 20.5. Letd(a, b) = min{|a — b|, 1} be the standard bounded metric on R.
Ifx and y are two points of R®, define

D(x,y) = sup {d——(xii’ Yi) ] .

Then D is a metric that induces the product topology on R”.

Second version:

Y is R® which is metrizable but the topology induces by uniform metric ..... (Uniform
topology)

i.e., Our construction imbeds X in the subspace [0, 1] of R®

STEP: 1



We prove that there exist a countable collection of continuous function f,, : X— [0, 1]
having the property that given any point x, of X and any neighborhood U of x,. 3 index
n, show that f,, is (+ve) of x4 and vanishes outside U given x, and U there exist such a
function (f,). If we choose one such function for each pair (x,, U). The resulting

collection will not in general be countable
Claim: fn is countable.

Let {B,,} be a countable basis for X, given x, €X, 3 a neighborhood U of x, and for each

pair n, m of indices.
We can choose B,, (basis element) containing x, and that is contained in U.
Using regularity we can choose B,, such that x, €B,, and B, C B,,.

Applying Urysohn lemma we choose an continuous function.

9 nm:X—[0,1]

g nm(Bn) = {1}
9 nm(X — Bp) ={0}
Since [If X is normal iff it can be separated by a continuous function.]

Then n, m is a pair of indices for X which the function g, , is defined which is positive

at x, and vanishes outside U.
By the result (*)

(Any subset of Z, X Z,is countable)

The collection of { g ,, ,} is indexed with the subsetof Z, X Z
By this result (*). It is countable.
It can be reindexed with the +ve integers giving the desired collection {fn}
STEP 2:

Assume eqn (1) and take R® in the product topology and define
F: X > R® such that F(x)= (f1(x), f2(X), - . ., fn(X))
[fn : X —[0,1]; fu(x)eR ]

CLAIM:




F is imbedding (injective continuous map and Homeomorphisms).

We will first show that F is continuous, since R® has the product topology and each f,, is

continuous. [Basis elements generates topology basis element are open].

X Y

(&

.. Fis continuous.

Next we will show that F is injective (1, -1)

Consider 2 distinct points x #y

To prove F(x)# F(y)

Foranindexn, f, (x)>0and f,, (y) =0

= F(x)#=F(y)

Finally we will show that F is homeomorphism. We must prove that F is a
homeomorphism F X onto its image, the subspace Z = F(x) of R®. We know that F define

a continuous bijection of X with Z. so we need only show that for each open set U in X, the set
F(U) is open in Z. let z, be a point of F(U). We shall find an open set W of Z such that

zo € W c F(U).

Let x, be the point of U such that F(x,) = z,. Choose an index N for which fy(x,) > 0
and fy (X — U) = {0}. Take the open ray (0,+) in R, and let V be the open set

V =my'((0,+00))

of R®.Let W =V N Z; then W is open in Z, by definition of the subspace topology.



By the fig. We assert thatz, € W < F(U).First,z, € W because

ny(20) =7ny (F(x0)) = fn(zo) > 0.
Second, W < F(U).For if z € W, then z = F(x) for some x € X, and m (z) € (0,+). Since

ny (z) =y (F(x)) = fy (x), and fy vanishes outside U, the point x must be in U. Then z =
F(x) is in F(U), as desired. Thus F is an imbedding of X in R®.

Step 3 (Second version of the proof).

In this version, we imbed X in the metric space (R®, p). Actually, we imbed X in the

subspace [0, 1]¢, on which p equals the metric

p(x,y) = sup{|xi - yi[}.
We use the countable collection of functions f,, : X — [0, 1] constructed in Step 1. But
now we impose the additional condition that f,, (x) < 1/n for all x. (This condition is

easy to satisfy; we can just divide each function f,, by n.)
Define F : X — [0, 1]® by the equation
F)=(Ah ) 2()...)
as before. We assert that F is now an imbedding relative to the metric p on [0, 1]®. We
know from Step 2 that F is injective. Furthermore, we know that if we use the product

topology on [0, 1]«, the map F carries open sets of X onto open sets of the subspace



Z = F(X). This statement remains true if one passes to the finer (larger) topology on
[0, 1]« induced by the metric p.

The one thing left to do is to prove that F is continuous. This does not follow from
the fact that each component function is continuous, for we are not using the product
topology on R®. now. Here is where the assumption f,, (x) < 1/n comes in.

Let x,be a point of X, and let € > 0. To prove continuity, we need to find a

neighborhood U of x, such that

x €U = p(F(x),F(xy)) < e

First choose N large enough that 1/N < ¢/2. Then foreachn=1,..., N use the
continuity of f,, to choose a neighborhood Un of x0 such that

| fo () = fu (x0)] < /2
forx € f,.Let = U; N........n Uy ; we show that U is the desired neighborhood
of xo.Letx € U.Ifn < N,

| fo @) = fo (x0)] < &/2
by choice of U. And if n > N, then

| fo G = f O] <1/ <e/2

because f,, maps Xinto [0, 1/n]. Therefore for all x € U,

p(F(x),F(x0)) < ¢/2 < ¢,

as desired.



