AN

Ovder volakion ( simple oOrden or lineas ovden)

A Ydoton C on a St A 5 called
an oY yelaxion TP M dos the
Fo\lwﬁna propesties

) ComPomab.iLiha . for ovety o and Y w A
for wich oy , either x Ccy o Yo

’

(@ Non veploxivity : for o x n A doos The
velotion x c twolos
T otherwords, ¢ ¢ T

for any o € A

e Hen X &<
Q'li)TYomTthHd: o ey and YC=# ,

E_«:_ztm Ordest

1 o veaxion R o0 A
Followt ng PYOPW

1) ‘R%&me‘kd - aRa vy 0ch

b

(

(i) Anef Symmelyy . a Rb & bR = Q&
i) TromziHv?W "aRb ,bRC D apc

thon Ak X3 caued a wa oYde#
rQ\oLHOY\ on A

Strict  pastial Ordo

Uilven a St A, & Yeation < on A
% catted O Strict  pasal ordosr on A
7 It das e pollasing two  prepexties




r—-_—-——____—__
) Non sepledvity - e velation a <o never boid?
then 0.2 C

—

) Tanfitivity © 1¢ acb, b<C,

=

! Note .
10 < 43 a Stick  postiat  odor o0 0 ok A
it can <agily Mappen thoy Some Subcol E
of A U3 simply ordosed by T2 yolaxioh
Y ol Ntz

aun thar g3 needed OB for oy PO
of B Xo e Conparabl? undesr £

Wppen bourd  and Moximo  elemenk
2 bo oo Stice

ot A be a Ser ond
pooufal ord on A. If B B o Subs of A.
OV‘UPPQ%JoomdonBJ'zaMmeC,oCA
such, Hhax xhe overy b dn B oithess b=C ©Or
boc. A moaximak  goment OF A ds an Qomenit
m of A suth thar for M olgmont O OF

A doed Hhe Yolarion m<4 Q Jold.-

el -
lox A b2 Q SQ)c’r\/szsmuwj
PWQM ordosiod - IF vy Stmply ordered

Supst OF P yos on  UPP bound tn A, then




T I i
- [ he Tychonoff Theorer

lemma, -

ot % b2 a So . et A be a collocHon
DF Supsets o X hawing e pinke  int oiSecktitn
propRaky . Thex e oxist & couecron

of Subsers Of o such that  © cotains A
ad 9 has the fHnke fnxsection  propenty
and no ColtecHoh ©of Subset Of X Ahak
proposy Condons 8 Aod W proporky .

| proof

Nobaxion -
————

captiak B C dovotos o Subser OF X

Soupr deder € odowots G Colockion of Subsets of X

3k C dovotes o Superset whose glarmerdes
ose  Collocdons Of Subsey of X

by ‘3”9”/, g a5 o colleckion Of SubSet?
of X thar hoy Hne inteyrseckHon  property

lox A donote §

couectons B of SUbSS or X
Bo # andt B oy FenR A negr SR 00

PYOPQ)UV% :




Agx ws  (onsides Hhe  propes i st op g as
pun Shict pountial  orolesr On A

clim : A har o maximal olomort  ©
10b B e Hao  Sub Supest sor of A ta 48
STp Ay oy dedied bg prope [ el o0
Faast, et U3 prove His B har an
upp o bound Jn A

Tha cotection €= Uk
hem

wihick B He wion of e coeckfons
tng Ao B b o emenk Of A and

bolong
bound  on B

. a» +he Yoquued UPP®
for,
claum e e A

Covoinly @ conxoind fr o
oemerk of B (ooling A

‘ Next , to Show th
ntenseckion  propury .
1ot C ,C2, - - Cph e olemerdd o e

Ci€€=—> C?GUQ

= Cie 540 , POY Son10 BJ € B
o U3, for eath X

C; € §;

J Ba'effﬁ




The supemset (B B, B, ] CB

S ok W Simpj*d ordesed by He Yoaron
¢ propet (nclusion  Being  finde , Ut et a
Quch thodt

ﬁ; C@( for T:'/Ql TR L
Toen ciC B ¥ ‘=0

ke Antessecton

aincd B Yos e T |

; n
YO one #0
P Puﬁd T:I |

Thar 1 € A Jinke  Antexsecier

Propeiky.
e ¢ A

since Bcey Be B, G T

uppey bound foy B, In A |
. By zom's  Jdemma - A o The
Mmoximak  eremeds  Souy 9 .

Nence Fe proop. -

S ; D R BB NASTYAL

lemm .

lex X be a Sor . ler 9%@%‘@’
(ollecion of SubSR of Y Ahar B

Propeaty . Then

MO (ith Yespect 4o e ffnike  NERABICHOD



LSl Ne SN N
I A T

@) Any fiade Ik oectHon of olomords Of B
S wy an elemerdt of P

(b) 7p A 43 o SubSet of X oot 1N 11300

@ o B equay the intensection of Fniely

Claim ¢ oy ke Irensecton propesy

Take Piwdoly Mmony  elements of &

57 pone of Hoem a8 B, then Hhen
ntensectHon  ug  von - emeply . pecause )
how Joine  intenseckon PYopexty  IP one of
e w3 B thepy thewo Jdrnrekeckdon u
of the form

DND, N.- Pm NB

Sice B equald g  finike [ntesgecHon
of oements of P, W Ser a4 non — ompry
Tits § has  BHE SwHemsection propeak
Sihnce D B modimad , Wt Hds propenky
g = ¥
= Be P




AS

hence  finde  truezoctHon  of Dlomerts of P
a3 Jdn D
) Jor A bo a Subset of X Yt Intess peks

oy elomont Of N
Claim A € ¥
e L = DU {AI
Considest , {Hnuely mw’ud element?

of &

anDFWY’J” sex A

. N D n A
oy belngp o D Y ()

AS A Intenrecs

Ap Dy #+ O
¥ Jop finike  inkessetiion ~propesty
D L3 moximak -
6, = = &
b pe ¥

Yence Froved S0  tHweorem,




Theorem  Tichpypy  Heorem

lek  an mdeoqp rw‘d

Of topologicar Spaces . ler U3 take o5 ooy

tor a Mpo\ogy on e produck Space

T Xy
AT

the - couection of oM sas of the form

| o By
deJ

whew Uy open  an Xy for eoch «€J

The ‘ropokow 8@294&)@9\ Jbtj Hus oS JJS
Coded B Hwe  dox . Xopology

Sul bom3  formutarion

T X2 > ¥P

¥

be o Punction asxigning Ao fach  olornepe
S co- Ordinote

lok Trp :

of ‘he product QPQCQ ay P
TP C (XK dG’J’)

Tt us called e Pij@cHO:O ma,Ppmg QARUAKL o\
with  thae - ndox B

Theorem © ek X ke O t—opotogrcal space . then x 8
compacet Ky and onuy Tf for ovesy coULcHon @ of
Closed gers In x having the flnike  (teseckty
proporty , Hu 1t esection nco,c AL Uuments of e U3

Lo - emPPy




?——- e L O L B = =t vy Vo
Deyn’ produck toplogy and prduck Space
dowde  thi Cotacr on

fx  Sp
% {—]TP_\(U)(S){U'B open (0 B g ayick

S donote e unien ofp  FheA? collecrions,

E%)
The Xopoloqy 30)/&91@@0\ by

Q5 Caue o produck TP
ad Q& ,PYOM spoce

Hwe Qul basas
logy w4

%opowd(j (EJX‘{ 3 C

pmposubon of 1 box topology  and produck
vopoloq i

The  bo¥ {mPo[o(dU'-On T,

bosfs o Sas ot form TO«,
oy oach o The pYoduUt

hag o* basts alk S

- | Foy 0~ A ond  Ud Qquau Kl QXQQP+ o~

fokely  Many  valies of o.

vy open v Xl -




’ . ) i WWYEPW

Tychonoht ‘theorery)

An oubityasyy  prodwck Of Compack  Space
% Compock B e PYDdLLCJ? MPOLO% \

Yoo f
[ SENR 'Y,
deJ
whne  cadh gpace X B Compact.

C\(lf)/v\ ) X toB COVY\,PQO:

o prove

W, fov oveny Colleckion of C of cwosed
Subsoks OF ¥, witta finde [nEeH3OCHO)

o] Popoy noC %+ 6

ce
T

o & e o Collecton of SubSeRs oOf
vl ,hcwm% Ha  fnike  antests Toion pr@p@uhg

To pyove N A4 9
AC &

by Jdemma 1, I o Colloctfon & £ of
Suwesed OF X eath 9 of and O u2
Motk Wit ke et eckton PYOpOAKY
T 5 Cnhough to prove ok N + 4

De
MOP- Corgidan Hie Colocton
{ T (0 [DeDT of cubsets of xy

niven
a3 J / lox To( )
Projecrion




b ColiecHon  has e Finlkl tnberseckier
propoty because D dod By CoMPASENES of

N Tu(a@) ‘% 4>
De 9
e n T () o go-ck ok
ot Xy e D whoye. Ay €& X

Clatm o &€ h D
e

G, xe D y Ded

o (Wgeq  lot Up @ & neighbeuheod
of xp dn Xp o Ped we O
9(‘& c nTYp(D)
ey

Q ')LPG’;‘T_,;(—B) v DGQ

by depwikion, Up 1P
nTe(D)  uwhow yeD

lox T (Y) & Up

fan ye Ty (up) o9 g€ D v e

@ upy Subhats 2loment Ty (Up)
of 9. by lemma 2(6)' oveyy Sub bOAS

SR



et bolorgs o P . Sinte Findg  tessecHQp
& Sub basls  2lomervs w3 & baxh  lomot
@JQ).AO bOMS  elonend, Covx)oainfirﬁ 5 bolengs

w9 )ba l2rmma 2(a)

Comploe  Maxric Spaces

Toptlogtcat _ Convengonce

I N ovbitrary  boplogieat Space Q&
Sequence %, ,%X2, - An  OF ping O the sace
X Oonvege to a pint noof ¥ provided thal |
CDYYQXPOV)O\IW 4o 2oth Magmml/\wd uof
e a3 o positive e N Quch Ffrat

Ihe U for alk NN

Pop: Cauchy  Sequence

ler (%,d) &0 o metrc gspace A
Sequence () of poinks of X Js8 Said o be O
couckﬁ gaquence ( x d)

A oy e propeury Hhat given ¢

Hoge U3 A Tn2ger N Quch Fhak




"_-i—vvfi B N ) s WSO w . WU e W

Al ) LG whenewt D, m 2N
The metric Space (x,d) ub satd to be Complofe
I overy CauO«ud Sequonce th X Convesges.

| -
-

ROSWLE *

A clsed Subser OF G Conplaxe metric 5pace
& Complere in the yeshicted metic.

proof

lox A be a Closed Subsel o a complate

moric Space X .
Ry JupY ke o cauchy soquence th P

3\‘% o caucly Sequence TR
a3 X 1§ compere

S
ERRLI R (Soy) I X,
%mﬂahw’xmnt of A
ond xEA .- A us clesed
Q {qnﬁ-a x A

s p B8 Comploeke .

Theovem !

oxr X bo a : .
| T Moty C gpace Wi moedic A
Dehine B Xx ¥ = R 193 the equation

d @OLY) = pun fd (x,y)) ]

Then d A3 O mewmic  Haat (W

Hue Samg }OPD{OQed as d. 7




e modic d J3 caled the Stamdasd  boupgool
mexvy ¢ cwmpowoling n d.

Resuut

I X & complere unden e metric o *Her)
X 4 Complote  Unde $o Standosd  knundod

meryie a }

d(x,4) = min oY) , 17
CoerSpowdiw(a o d.

pYoos

T follss  Hom He faor Hak

A Soquace {23 B a Cauclwa equence undes ol
it and 0"’\5 i s 9 caucl/ud Sequenc e
upd® 4 Bnd

A Aequence {9 CDY)VQ}WQ/% Undesn d £ and
Only if & Convesges Unden ol .

Lemmon -

Caudwy Soquence ih ¥ hax a Lorwergont
Subtequonce

~

proog .
— a

fot (%) be
(x,d)

cauchy  Spquence




biven G0, 3 N lowge onowh suck Hru-
d(,(lh, lm) L %?/9_

for A D, M 2N
lex (%) be @ Subsequepce Of (Xp) ot

cOnvwaQX
Chooge an fV\ngQB\ b, J\axae ehougt, tHhak-
N 2N and (op; , 2) ‘Y,
N
Wod(an,2) 2 A (xn , 9%, 5 o (Xpp ,2)
Z
%%
‘:fp vYnNn>N
2 (W) «

Gnd S0 X 13 Completo-

Theorem =

Euclidean space RS 43 Complaiw (ot
o A8 USuak mewics  He euctidean Mot C
Aor e Squase mewic £

proof
First o pove (R 2] B conplote (5n)
bo a caucly sequence & (®%e)




| eSS T = g e
1 R I T O 1

e Sex {and 8 a bounded gubsor of ( R¥e)
for ¢ we Choste N S0 thak

@ Coty, ) £) Foy av DM =N

Congidox M - o [9 e 0) , 02,00 -+ Q(IN_),O)/
Q(O(N7O) "}"’j

Ty will Lo Oon U,Pm]) bound Foy e(in;OD -FOYQW)’\

T e pinas of Hue gequenco (xn) als
o op He ke [-m Mm%
boing closed and kounded ¢ Rr  C-mmik

5 Compack and  Hus ube Soquentally
(})M,Paa, _
- e Soquence J%9 has a connvengent .
Stwesequaree - Then (Et/e) A3 Complote |
Congidgn  (R¥, o)
we Xnow

el ,y) £ dlx,9) £ Jn e(x,y

A Aequence & Q cauCley  Soquonce
roblve w0 d & it B 0 cauwchy  Sequonce
yoladon Jo 2 apd o Sequence  Convoenges

5aquar\k’ﬂllla Compart

T Soce X 13 Seid to be SQunnHOJMa
Compock ip outwy  Sequence pp points OF X

has o Cwa%w Stbsequonce.




aative to A if ond only f Convesigos

lodve to @
Laincg ( RE @) Ub OmMpER

(R® 4y U3 awo CompLI
produck _Space L
Any olomontk  Of
)

Y will ke of tu

foym (2, X2/

\ goipne /-
B A Had produc

Theorem -

lex X be o W)QWIOKQ'OLQ S‘PQCQ ’ W
the Po\\owinﬁ oo oquivalend:

(N X B Compatt 3
@) A B Lindk point Compack '
@ ¥ ¥ o  Sequentially Compact

levma. -

lob ¥ bRt Drodutr Space X =Tx, ;
[ ¥n be a Sequence  of polns op X - Than
thy T and only BT () 5T l20 oy
QUn o .




proot | % g
The projecdon  MApPPng
UERERY % ContinuouS

Swhenawes An 9( wn X,

T, (o) = Ty (0 Y dt J

w Pove S convese pod

Suppose ) (Ay) o My(®) v e

t Prove XA W X
‘Q}Uzvuo(bQOmj% olomenk  for * thot

(fonrawts ¢ -
Thon for  each of foy WWCh Ug do@ hot 2qualk

W oHue ouwe Xy
iy B o n-oi%wml/md Of Ty (o)
LC\ADO&Q NJ% ﬂQ CD(rDQUO{ ¥ DZI\/%
lor N be the Jlaxgest of o uumbos Ny

Ton foy au h =N,
wo Jave xXn €0

v, (%) S X
dhorer Mo proved,

limit  point COMpouct: -

A spuce X B goid to be Linak
ot Compack if ovewy  npinite Swsek OF
L ohas a Jimt point




Theorem -
Those U3 O MEXric
w gookve o wollch RY 13 ComploRe

R
proof -
o dlap) = min {la-bl1] ¥ H
e
Standard marvic  on R (o D k2
worric on RY Jogined Py

D[’l,\‘o et SU-P Jﬁluf)
[ L §
T O noucas e produck €pology

on R
- Clawr RS 3 Complee unde &
ot {%n} bo o Caulhy Sequence @ (% 2)

by depn, ol (i, 41) £ D(x,Y)
A
=) a (T, ﬁ;(g)) 2 9029 e

J iy R THEIER

132‘ aC'm(’)(')/ 7T,»(g')> f? 9(9(/3) | ﬁfmfy):ji

fov a fied 4, T (%) W3 o cauuz

Qouence & R . S Uk converges 3ay
(R WA Comptﬁo)
CHhen SquUfanQ Xn Conveﬂgtg b P

port a = (0,,q , J of |




Exampie for non - Comploxd mekric Spacos /-

Exomple | .
considest  She  Spact @ of ratonoA
NuMbey th the WAL meric
dta,y) = 12 -Y]
The Sequence

Ly onh, Vath, 1hIA2, . Whoy .. Of ftrudo
0QCi m o COnVQ,M%fng [t 1R b J2 B @

Caudny  Sequence tn & that olocs hot
Covsrge (P @) |

EE')(le\/‘xlﬂ &

_/ congid e Opan intewal (-, w R

w e mervic d(x,Y) =2 -y)

In Hus  gpace e Sequence (%,,) olobined
by Ap =gy w0 CouChy  Sequence that-
goos Not  torweng L -

e (-1,) W3 Jomomoyplue bo Hre  read
lne K oind R .8 Conmplete fn g UBUAA
wekric - Bur (1) U3 noe Compoke
Taus  Complotoness & not  Ppreseusd by
%mﬂomorp!wém/%*

Complerones® us negt o topological
PTOPw-id-




Defn . uniform mervic.

ot (v,d) be a mekc space, let d (a0 =
in Xd(O,b),’a bo He tandord Aoupd 20
Mekric on Y d ou ved Prom d

TP o=tx)yeq 99 Y= (Uyes atl poinss
bp He coatesion produck ¥ I let

R (a,y) = Sup(d(,Y0) JdeT]

(X, Y) I3 O merric

) since  d (%, Y) 48 o meHic
5((({0{/'50(')20

LY = Sup § T(ay,yy) /d 79
>0

Y =0 & s Fd(z, ) Jaesd = o
2 d (4,90 =0 ye g
S WYL ¥deT T Us a meic
=5 QC:\d

‘ Q 2ty ~ Supogff(%g,?ot) /‘*ejﬁ

=X 3 (y,, 2) /o/ejﬁ
= ey )




@7 a(fxg,z()é a(ﬁxyd)‘*a(yo(/zd) Yoc g
€ Ay ,y) ) o€ 59
TSP Id (94,2,) [ e

= 2(%Y) 4+ (y,2)
3(%,2,) £ 2%y) 1 7ly,2)
= sup } A%,y ) fhey) 2 F 2,94 E(Y2)

S (7)) 22(%Y) + T(y,2)

6 43 O mekic on yjand U W

| coned Tha Wwigorm moic on v F

Cov Yeaponding o Hu Mmoric d on x

ot - | | |
— gnce e Qements of ¥ - ae Simply
Punckiont  from I b v . we Cowd u3e
Pooncrionol notarion foy them

Tvw Hus notaxon M depinukion ef
poy merric  tokes  ths F@Uuawcn@
form T £,9 . TH»Y Haon

€ LR9) = Sup LA (M), 900) | o €7




Theorem .

T the Sace v complere h e MRk o
then the goce y I3 Complotr WP e Mgt

0 Covmpondinﬁ to d -

Proof:

Since e meric d ond (s Standasid

baundd meie I have e sane topolegy
o 1he given topologicad gpace ol

(Y,d) W complotr > (y,3) us complate
' ;. \& £, .. be o caucy  gequence
0 Y yparive 4o the matric 7 ‘
T guen 4o g N 3
EChAm Y, ¥rmeon—p
iven ol un 3, e  fagt that
L (M), () 2 505, fm) — @

for Al p m means thar o Sequenco
P(d) , Rl - W camud sequence Ln(y, d)
since (Y, d) U3 Complate |, g Sequonce.
lowthq ey , Say o Yy
15 T v be Huw funcion Alegtnoo) Jy
Fe) -y, -

N




the metic @

cM fn =4
Noy , por d& T, D,m 2N
I (P (), D)) < 7
4 bo frieed AT

\O‘J GD/@
e Comes
o8 1 and
Vou lasge, A (@), £ % %
m%@m/e@YMdew BV =0
Thorekor 0,

Sop 5 A (fnlet), $60) [ AETT <Y

»U? ?(’Fn/‘F)A@/Q ZZ, Y D=Z2N)

The Sequance £ onvergel reltive T o

(V) A3 Lomplote
m P gt PYOOP.’

paenition | Bounded  function -

A function £ XY ¥ sad to
be bouded If i Image £O0 W A
bounded  SukSe of the Metr)C

gpace (Y, d)

Mfaﬁ‘éf\ a o
¥ duore the so of au Punctian 4




(y,4) be a Mexrc Space

Of Conrinuous funmckon s Closed ’ X
undes +he wnlform motric - So U % SOt

| d B(,Y) of pounded Functons - Theswbol 2
4 o B Complede , thote Spaces anl

Complexe 10 Hre  wriorm Mt IC

f o op
o dx  Cowengé wapprmly o d,

yolativeg to e merric d on Y.

Dop: uniform Convergence T let fp L XD Y b0 0 Seguence |
of funckions  Prom the Se- X to be metric gpace

ox d e He medc for Yowe Dy that- e gegquerce
CF) conenges tnigprmuy o e prmction XDy
Uk given g0 e o8 '

| Har A (), FID 4G Ry au NN and X nx.
Noke™ uniform CDA‘VE}\ﬁmC.Q azpend} no- a/u,y on |
e &QP.‘_’{‘D?H of vV but also on U8 metr/c.




T T ——,

rivan 70 , Clooose  an inkeges V- Such ot
P2y
fx aM nsn Then for ath X @0 al NzN
A(fpl0), flo) « 7 (Fn p) £ ¢
Thus () cowenges Unformly o g5

gnce  clesod « SubSpace of Q comploto Mok ¢
Spoce uB  Complote U3 gnough to Shoeo
shax R, 7) ad B(%,y) axe closed (v y ™

Q(x M3 Closed v ¥ ™ yvolarve ot motlce

\&x £ b2 an aemonk of v ¥ Har 4 g Umt

poink of (XY

Tujﬁ be an ooment of yYHoaru? a

Uit poink of @ (X ,v) - Then these & A
Qquence Cfr) Of wmzwuofg {’CX/Y)I
Converging to £ 4P Hm mektic g o

by the wn form Jnx theorem £ w8 lonbnuens

So thas € eLx Y)

-

uni foy i umit theoreng

ek fn XY be a Sequenst oOf
contthuows  fanctons  fyom e dopologicau
Space ¥ b Hha marric Spowe v

Tp Odn) Cowerges wnormly to £ thon £
JA Lontnuous - '




24 vy

|

L3

@()(/y)u)& Closed o Y .

TP fug o Unat point of B (X,y)
thowe a3 o Sequence of elemonr’ fy of B(x,Y)
Covorgtng  to f - Cloose N So AL Yot
Ry, F) L)
Thon for 2 & X ,we hawe q (Fyl, Fl20) 2 A
=) d (PO F0) < g

o m e Hw diameror of  fy(X).

on d (L), fyc9)) 2 M ¥HYEX
Now ¥, 4 e X
A (P A419)) £ d (£), fy ()= A Loy (X)) 4 Fy (W)
+ d ENORICY,

Z 1
.—9-_+Nl+_;_'

— M4
SUPQd(“Pm,Hy))/oc,yexj 4 atmest Myl T
AameEes of  f(x) W omogt M)
= £ () 3 Aounded (¥, d)
= Pxy B Lbounol ed

N pe B
Aence e proof
Definition© et X pe o  momric space with metric d .
p Swhsek A of X 18 Said o ve founded pIJMSD

{

hon -ompHy |, Hhe Adamexer of

A Tp a8 townkd and
A B Adined oA
olam gk £ A- Su‘f)gd(‘q)/qﬁ) /alzq’eﬁj

a(a,a) ¢M ¥ a,,0: €



DefiniHon -

Tf (v,d) B a maric Spaco , anOTALA
moic Can Yo dgsined on the Sot B(X,)
of bounded  funckors from X o Y

i etr,g) = Sup (d (.70/90,9[1)) /x exj

The metic @ 48 Caued H& SUP Moty C

o ar wout degined, Fov . co £ UgN)
8 Jpunoled If- deotin px) and 09

AL
Relaxion  |okweey)  Sup MmN C and_ ouker m
" paxric
—_—

It £,9¢ B(X,/) tue

Z (1.9 =mw §ersg),13

bn BLAY), the manc T b Jwt e

Tepdsgicgd twuodding or inus0dding

inj 2CHVL Cont NuoU3

o oy X OY be 1Y |
map, whewe X 9nd v an Joplegicdl opac o,

oF 2 g0, o sbgace oF Y Ten e

e




——————
Yosheckion OF e jarig 5
I i
of f pappens o+ B2 / ﬂ“‘"‘ 'X””"
with :
ith =z, -then thae Mp
£ X

JomP0 yorp
oy U



