
CHAPTER 1 

Fundamental Concepts 

1.1 INTRODUCTION 

Many practical problems in science and engineering, when formulated mathematically. give 
rise to partial differential equations (often referred to as PDE). In order to understand the 

physical behaviour of the mathematical model, it is necessary to have some knowledge 
the mathematical character, properties, and the solution of the governing PDE. An equation 

which involves several independent variables (usually denoted by x, y, z. t, ...), a dependent 

function u of these variables, and the partial derivatives of the dependent function u with 

respect to the independent variables such as 

out 

F(X. y, z, t, .. Ug Uy, Ulz, U .., Ugx, l yy, ..., Uyy ..) = 0 (1.1) 

is called a partial differential equation. A few well-known examples are 

u, =k (utr + yy + uzz) [linear three-dimensional heat equation] 

(ii) Ur+uw +u =0 [Laplace equation in three dimensions] 

(ii) u =c* (u +uyy t u) [linear three-dimensional wave equation| 
(iv) u, + ull = UU nonlinear one-dimensional Burger equation|. 

In all these examples, u is the dependent function and the subscripts denote partial differentiatio

with respect to these variables. 

Definition 1.1 The order of the partial differential equation is the order of the highest derivative 

occurring in the equation. Thus the above examples are partial differential equations o 

second order, whereas 

is an example for third order partial differential equation 

52 
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1.2 CLASSIFICATION OF SECOND ORDER PDE 

The most general linear second order PDE, with one dependent function u on a domain 2 of 

pointsX =(1. l2,..., X7), n >>1, is 

(1.2) 2aj,+bu + F(u) = G 
i, j=l I=| 

The classification of a PDE depends only on the highest order derivatives present. 

The classification of PDE is motivated by the classification of the uadratic equation of 

the form 

Ar + Bry +Cy* + Dx + Ey + F = 0 (1.3) 

which is elliptic. parabolic, or hyperbolic according as the discriminant B - 4AC is negative, 

zero or positive. Thus, we have the following second order linear PDE in two variables 

rand y: 

Au +Buy +Cuy + Du, + Eu, + Fu = G (1.4) 

where the coefficients A, B, C, .. may be functions of x and y, however, for the sake of 

simplicity we assume them to be constants. Equation (1.4) is elliptic, parabolic or hyperbolic 
at a point (¥o. Yo) according as the discriminant 

B(0o)4A(Mo. Yo) C (o. o) 
is negative, zero or positive. If this is true at all points in a domain 2, then Eq. (1.4) is said 

to be elliptic. parabolic or hyperbolic in that domain. If the number of independent variables 
is two or three, a transformation can always be found to reduce the given PDE to a canonical 
form (also called normal form). In general, when the number of independent variables is 
greater than 3, it is not always possible to find such a transformation except in certain special 
cases. The idea of reducing the given PDE to a canonical form is that the transformed 
equation assumes a simple form so that the subsequent analysis of solving the equation is 
made easy. 

1.3 CANONICAL FORMS 

Consider the most general transformation of the independent variables x and y of Eq. (1.4) 

to new variables,7, where 

7=n(x. y) (1.5) 

UCh that the functions and 7 are continuously differentiable and the Jacobian 

aG.)x = =(,7y-5,,) +0 J= (1.6) 
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in the domain 2 where Eq. (1.4) holds. Using the chain rule of . 
partial derivatives become artial ifferentai 

y Uggasy tugn Sxy +5yx) +t "nn'l)y + ugsny tu,/7 uy 
yy =Mg + 215n5y tnn?ly +ugSyy +u77 yy 

Substituting these expressions into the original differential equation (1.4), we get 
Aug + BuEn + Cunn + Dug + Eu + Fu = G 

where 

A-A +BE5, +C5} 
B 2A5,, + B57y +5)+2C5y 
C An+B,1, +C7 s 
D= A5 +BEy +Cy + DEx + ES 
E = An + B)y +Cnw + D7x + Eny 
F = F, G=G 

It may be noted that the transformed equation (1.8) has the same form as a equation (1.4) under the general transformation (1.5). Since the classification of Eq. (1.4) depends on the coefficients A. D a 
rewrite the equation in the form 

can a 

Aux +Buy + Cuyy = H (x, y, u, uy, ly) It can be shown easily that under the transformation (1.5), Eq. (.0 following three canonical forms: 
akes 

one 
of t 

(1.1 i) "gg -4nn o(G,7, u, ug , ) or 

En9, (G, 7, u, uz, u) in the hyperbolic case 

. 

(ii) ug +Unn 9IS,7, u, ug, Un) in the elliptic case 
(iii) uggO.7. u, ug, U) 
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nn0(G. 7, u, ug, u) in the parabolic case 
We shall discuss in detail each of these cases separately. 

Using Eq. (1.9) it can also be verified that 

B-4AC=G, -5,n. (B*-4AC) 
and therefore we conclude that the transformation of the independent variables does not 

modify the type of PDE. 

1.3.1 Canonical Form for Hyperbolic Equation 

Since the discriminant B*-4AC >0 for hyperbolic case, we set A =0 and C = 0 in Eq. (1.9). 

which will give us the coordinates and n that reduce the given PDE to a canonical form 

in which the coefficients of ugE, 4n are zero. Thus we have 

A Ag + BE5, +Cg} =0 

C= An +Bn7y +Cný=0 
which, on rewriting, become 

+C 0 

A +B +C=0 
7y 7y 

Solving these equations for (S,)and (77y). we get 

S-B+B-4AC 
2A 

-B B -4AC 
(1.12) 

1y 2A 

ne condition B > 4AC implies that the slopes of the curves (x. y) = C1. 7(x. y) = C are 

dhus, if B > 4AC, then at any point (x, y), there exists two real directions given by the 

O roots (1.12) along which the PDE (1.4) reduces to the canonical form. These are called 

racteristic equations. Though there are two solutions for each quadratic, we have considered 
yone solution for each. Otherwise we will end up with the same two coordinates. 
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Along the curve (x, y) = Cj. We have 

d =5 dr +5, dy = 0 

Hence 

dy 
( 

dx 

Similarly, along the curve 7 (x, y) = C2, we have 

dy 
(114 dx y 

Integrating Eqs. (1.13) and (1.14), we obtain the equations of family of characteristics Ex, v)E and nx, y) = C2, which are called the characteristics of the PDE (1.4). Now to obtain t canonical form for the given PDE, we substitute the expressions of and n into Eq. (18 
which reduces to Eq. (1.11a). 

To make the ideas clearer, let us consider the following example: 
3ux+10uy + 3uyy =0 

Comparing with the standard PDE (1.4), we have A =3, B = 10, C = 3, B -4AC = 64>0. Hea 
the given equation is a hyperbolic PDE. The corresponding characteristics are: 

-B+B -4AC
2A 

-4AC 
2A To find and 7, we first solve for y by integrating the above equations. we. get 

y = 3x + C1, yxte which give the constants as 

C1y-3x, Therefore, 
C2 y- x/3 

= y-3x = ci, 
=y 
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These 
are the ch: 

cteristics are foun 
the characteristic lines for the given hvperholic cauation. In this example, tne 

und to be straight lines in the (r, y>-pl plane along which the initial data. 
impulses will propagate. 

To find the canonical equation, we substitute the expressions for and 7 into Eq. (1.99 0 B 
A A +BE,Gy + Cg? =3(-3) + 10(-3) (1)+3 =0 
B 2A,n + BG,y +5,)+ 2C5,1y 

- 2(3(-3 +2(3)(0)0) 

64 =6+ 10 +6=12-100 
3 3 

C=0, D=0, E=0,. F=0 

Hence. the required canonical form is 

64 
sn 0 or UEn =0 
3 

On integration, we obtain 

u(G.)= fE)+ 8(7) 
where f and g are arbitrary. Going back to the original variables, the general solution is 

u(x. y) = f(y-3x) + 8 (y-x/3) 

1.3.2 Canonical Form for Parabolic Equation 

ror the parabolic equation, the discriminant B" -4AC =0, which can be true 

B=0 and A or C is equal to zero. Suppose we set first A =0 in Eq. (1.9). Then we 

obtain 

A=Agi+ B5,5, +Cg =0 

+C 0 

which gives 

S -BB-4AC 
2A 
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Using the condition for parabolic case. we get 

Hence, to find the function =$(1, Y) Which satisties Eq. (1.15), we Set 

B 
24 

and get the implicit solution

x. y) = C 

In fact, one can verify that A =0 implies B=0 as follows: 

B=2.45,.+ B(5,n, +5,) + 205,7, 

Since B -44C = 0, the above relation reduces to 

B 2A,7 +2 AC (57, +S)+ 2C5,7 
=2(A5, +C,)WAn, + VCn,) 

However, 

B 2AC
24 24 

Hence 

B -2(A5-VAE,) WAn, + VCn,) = 0 

We therefore choose in such a way that both A and B are zero. Then 7 can De u 
chosen " 

any way we like as long as it is not parallel to the -coordinate. In other words, we Cu 
7 

that the Jacobian of the transformation is not zero. Thus we can write the can 

for parabolic case by simply substituting and 7 into Eq. (1.8) which reauc 
Ices to eitherd 

the forms (1.11c). 

To illustrate the procedure, we consider the following exampie 

x 2:xryu, +y"u yye 

The discriminant B4.AC = 4x*y -4x = 0, and henee the given 

everywhere. The characteristic equation is 

given 
PDE 

is para 

dx 24 
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On 
integralion, 

we have 

and hence `=v ce = xy wIill satisty the characteristic equation and we can choose 7 = y. To find 

the canonica, onical equation, we substitute the expressions for and 7 into Eq. (1.9) to get 

A = Ay + Bxy +cx = x*y2-2ry + yx = 0 

B 0. C= y, D=-2xy 
E = 0. F 0 G= 

Hence. the transformed equation is 

y'Hnn-2xyuz = e* 
or 

n25ug +e5in 
The canonical form is, therefore, 

25 
unn 

esh 

1.3.3 Canonical Form for Elliptic Equation 

Since the discriminant B -4AC <0, for elliptic case, the characteristic equationns 

dy_ B- B-4AC 
dx 2A 

dy B+ VB-4AC 

dx 2A 

Eve us complex conjugate coordinates, say and . Now, we make another transformation 

from (5,n) to (a, B) so that 

Cgive us the required canonical equation in the form (1.11b). 

10 illustrate the procedure, we consider the following example:

x tyy = 0 

C discriminant B2 -4AC = -4x <0. Hence, the given PDE is elliptic. The characteristic 

equations are 
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dy_B- B? -4AC -4 
-iX 

dx 2A 2 

dy B+B -4AC 
1X 

dx 2A 

Integration of these equations yields 

iy 2 = C1 -iy+ c2 
2 2 

Hence, we may assume that 

iy, n 

Now. introducing the second transformation 

, B- 2i 
2 

we obtain 

a= B=y 

The canonical form can now be obtained by computing 

A Aa Bo,a, + ca = x* 

B 2Aa,B, + B (,B, +a,B,) +2c (a,B,) =0 

C AB+BB,B, + cB =* 

D = Aa,r + B y + cay +Da, + Eay =1 

E= AB +BB,y +cByy + DB, +EB, =0 

F=0, G-0 

Thus the required canonical equation is 

t aa +x'uUB + ua0 or 

20 
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EXAMPLE 1.1 Classify and reduce the relation 

yux-2xyuy t xu,y =, t 
to a canonical form and solve it, 

Solution The discriminant of the given PDE is 

B-4AC 4x2y -4xy2 =0 
Hence the given equation is of a parabolic type. The characteristic equation is 

_ -2.xy 
2A 22 y dx 

Integration gives x +y*=q. Therefore, E =x* + y satisfies the characteristic equation. The 

-coordinate can be chosen arbitrarily so that it is not parallel to g, i.e. the Jacobian of the 

transformation is not zero. Thus we choose 

=+, 7=y 

To find the canonical equation, we compute 

A= A5 +B5, +CE}=4xy-8x°y2 +4xy2 =0 

B 0, D E= F=�=0 C=4xy 
Hence, the required canonical equation is 

4xyun=0 or nn0 

To solve this equation, we integrate it twice with respect to 7 to get 

u= f()n+g) 
where f) and g() are arbitrary functions of . Now, going back to the original independent 

Variables, the required solution is 

u=y'fr* +y')+gt*+y) 

EXAMPLE 1.2 Reduce the following equation to a canonical torm 

(1+x)ur +(1+y*)uy + Xu + yu, = 0 

Solution Solution The discriminant of the given PDE is 

B-44C=-4(1+ x) (1+y*) <0 



Hence the given PDE is an elliptic type. The characteristic equation. 

1+ 
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are 

dB-VB* -44C -4(1+x*)(1+y<) 

2(1+ ) 2A d 

dB+ B--44C 
24 V14 dx 

On integration, we get 

= In (x+Nx* +1)-i n (y+y +1) =q 

=In (r+v* +1)+i ln (y+y +1) = C2 Introducing the second transfornmation 

a= ß-7£ 
2i 2 we obtain 

a= In (x+ v+1) 
B=In (y+Ny* +1) Then the canonical form can be obtained by computing AAcr+Ba,a, +Ca =1, B =0, 
 =1, D=� = F=G=0 

B 0, C=1, Thus the canonical equation for the given PDE is 
D E = F-�=0 

EXAMPLE 1.3 Reduce the following equation to a canonical form form and hence: Ux2 sin xu - 2 

xu-cOs xu, =0 
cos xuy COS Xu,=0 

Solution
Comparing with the general second order PDE (14) 

Solution 

A=l. der PDE (1.4), we have B=-2 sin x, C= -cos x, 

D =0, 
E =-CoS X, The discriminate B -4AC = 4 (sin* x + cos 

F 0, 
G =0 

The relevant characteristic equations are 
os x) = 4>0. Hence the give ven PDE is hype 

dy B-B-4AC 
d 

24 Sin x- 1 

dyB+B? 
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On integration, we get 

y = cos X-X+Cj y= COS x+x+ C2 

Thus, we choose the characteristic lines as 

S = *+ y- cos x = C. =-Xt y- cos X= C2 

n order to find the canonical equation, we compute 

A Ag +BE.5, +C5 =0 

B 2A5,n, +BGy +5y7) + 2C5yn 
=2 (sin x+1) (sin x-1)-4 sin x-2 cos x = -4 

C 0, D 0, E =0, F 0, 

Thus, the required canonical equation is 

En=0 

Integrating with respect to 5, we obtain 

where f is arbitrary. Integrating once again with respect to 7, we have 

u=| f) dn+ 8(5) 
of 

u = y(7) + 8) 

where g() is another arbitrary function. Returning to the old variables x, y, the solution of 

the given PDE is 

u (x, y) =Y(y-x - cos X) +8(y+x-cos x) 

EXAMPLE 1.4 Reduce the Tricomi equation 

xxtXuyy=0, 

Ior all x, y to canonical form. 

Solution The discriminant B -4AC=-4x. Hence the given PDE is of mixed type: 

yperbolic for x <0 and elliptic for x>0. 

In the half-plane x <0, the characteristic equations are Case 

B-VB-4AC-2 -- dy 
dx 2A 

y -B+VB-4AC 

ny 
=-X 

dx 2A 
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Integration yields 

- +C 

y=-5-x) +c2 

Therefore. the new coordinates are 

. y)=y-W-*=q 

3 
7(x, y)=y+(W-x) =c2 

which are cubic parabolas. 
In order to find the canonical equation, we compute 

9 9 
A A5+BS.5, +C5} = -x+0+=0 4 

F G=0B 9x, C 0 D=-(-x)-1/2 = -�, 

Thus, the required canonical equation is 

9 xugn 

of 

En6 G-) 
Case I In the half-plane x >0, the characteristic equations are given by 

y = iJx, 
dx dx 

On integration, we have 

S(r. y)=y-itWa°, nx, y) = y+ilWa 
Introducing the second transformation 

a= -
2i 

we obtain 

a=. B=-(Wx 2 
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The corresponding normal or canonical form is 

ace t"pp t3" =0 

EXAMPLE 1.5 Find the characteristics of the equation 

+2uy +sin (x) uy tuy = 0 

when it is of hyperbolic type. 

Solution The discriminant B- 4AC =4- 4sinr = 4cos-x. Hence for all x # (2n- 1 )72, 
the given PDE is of hyperbolic type. The characteristic equations are 

dy BTVB - 4AC = 14cos x 
dx 2A 

On integration, we get 

y = X- Sin x+ cC yX+ Sin x + c2 

Thus, the characteristic equations are 

S= y-x+ sin x, n= y- x- sin x 

EXAMPLE 1.6 Reduce the following equation to a canonical form and hence solve it 

yuxx +(X+ y)uy +uyy=0 

Solution The discriminant 

B4AC = (x+ y) -4xy = (r- y)*>0 

Hence the given PDE is hyperbolic everywhere except along the line y = r whereas on the 
line y= x, it is parabolic. When y # x, the characteristic equations are 

dy BTVB-4AC (r+ y)F(r-y) 
2y dr 2A 

Therefore 
dy 
dx dr y 

On integration, we obtain 

2C2 y = XtC1 

ience, the characteristic equations are 

= y- x, 7=y- 
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B=-2(x- y, A-45 +BE5, +CG = y-r-ytr=0, 

D=0. 

These ane straight lincs and rectangular 
nyperbolas. The canonical 

computin 

F=G=0 E 2(r-y), C- 0. 

Thus. the canonical equation for the given PDE is 

-2(r-y)un +2(x- y)un =0 

-25 ugn +2(-)u =0 

of 

or 

Integration yields 

du 

Again integrating with respect to n, we obtain 

f) dn+ s() Hence. 

u -Ha(y->)+ g(y-x) 
y-x 

is the general solution. 
EXAMPLE 1.7 Claify and transform the following equation 0* 

Ing equation to a anonical for 
sin ()u, + sin (2x)u, +cos* (x)u yy 

Solution The 
discriminant of the given PDE is B-4AC = sin 2x-4 sin x coss x= 

-4 sin x cos x =0 

Hence, the given equation is of 
parabolic type. The charac 
Fabolic type. The characteristic eq IS aracteristic equation Integration gives dy B 

dx Cot x 2A 
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