3.1 Young inequality and Holder-Mccarthy inequality

3.1.1 Young inequality and generalized operator means

Theorem Y (Young inequality)

Let A and B be positive invertible operators on a Hilbert space H. Then the following
inequality holds for 0 < A < 1.

(1 — )\)A + A\B > Al/Q(Afl/QBAfl/Q)/\Al/Q > [(1 _ )\)Afl + )\Bfl]fl'
Proof:

Consider f(z) = Az + 1 — X — 2 for positive number x and A € [0, 1].

fl(x) = A=Xa™! 2>0and A €]0,1]
= AM1—-21

1
= A (1 - xl’\>

= f'(z)<0for0<z<1.

f'(x)=0for x =1.

f'(x) >0 for x > 1.

Also f(0F)=1-=X>0, f(1)=0.

Hence f(z) is a non negative function

.- for any positive operator T and A € [0, 1]

f(T)=MT+ (1 -\ —T*>0.

= AT+ (1-X)>T*V e [0,1] (1)
If T is a positive operator then T~! is also a positive operator.
Hence by (1)

MNP+ (1—=XN)>T (2)
= AT +(1=N)t<T (3)
From (1) and (3),

M +1 - A>T > AT 41— )7t (4)
Since A and B are positive invertible operator, A~'/2BA~1/2 is also a positive invertible
operator.

Putting 7' = A~Y/2BA"Y/2 in (4) we get,
MATY2BATY2) 41— X\ > (A7V2BA7Y2)A > (VNAYV2B1AY2 11 — )\t (5)



Multiplying (5) by A2 on both sides, we get
\B + (1 _ )\)A > A1/2<A1/2BA—1/2))\A1/2 > AI/Z()\AI/ZB—IAI/2 41— )\)_IAI/2

(1-NA+\B AV2(ATI2BATY2)A AL

<

> A1/2[A1/2(>\B—1 + (1 . )\)A_I)Al/z]_lAl/Q

_ A1/2(A71/2(>\Bfl + (1 . )\)Afl)Afl/2)A1/2
AB™ 4+ (1—XN)A!

Hence,
(1 —=X)+AB> AYV2(A7V2BA-VY2)AYV2 > AB™' + (1 — \) A7 !
Hence the theorem.
Theorem 1:
Let T be a positive operator on a Hilbert space H. Then the following hold.
(i) 1> X >0 then \T + (1 —X) > T*
(i) If A > 0 then \T + (1 — \) < T*
(iii) If A < 0 then AT + (1 — ) < T?

In addition (i), (ii) and (iii) are mutually equivalent
Proof:

Considerf(z) = A +1—\—2"for x >0
fl(x) = A=Azt

1
(i h).

For A € [0,1], f(0T)=1-=A>0
f(1) =0
fllx)y<0for0<az<1

f'(1)=0

f'(x)>0forx>1 (1)
For A\>1, f(0f)=1-A<0

f(1) =0

flx)y>0for0 <z <1

(1) =0

fl(x) <0forx>1 (2)
For A <0, f(07) <0

['(x) >0, f(1) =0, f'(z) <0 (3)
(1),(2),(3) impies,

f(z) >0Ve >0and A € [0,1]



iel>A>0
flz)<OVaz>0and A >1
and f(z) <O0Vax>0and A <0

(4)
()
(6)

- If T is a positive invertible operator on a Hilbert space then from (4), (5) and (6), we

get
f(Dy=XT+(1-=X\)—-T*>0for 1 >X>0
FT)=AT+(1—A) —T»<0for A > 1
and f(T)=AT+(1—-X)—T*<0for A\ <0
Hence

AN+ (1—=XN)>T*for 1 >X>0

AT+ (1—=X) <T*for A > 1

and AT+ (1 = \) <T*for A <0

Hence (i), (ii) and (iii) hold.

To prove that (i),(ii) and (iii) are mutually equivalent
To prove that (i) <> (ii):

Assum that A > 1 then 1.

by, () (L=5) =T

T+ (\—1)> TV

Put S = TY* then S* + (A —1) > \S
= S*>AS+1-Afor A>1

Hence (i)= (ii).

Similarly, (ii)= (i)

Hence (i) <= (ii).

To prove that (ii) <= (iii)

Consider (ii),

AT + (1 —X) <T? for A > 1.

Mutiplying this inequality by 7! we get,
A+ (1=NT71<T*! for any A > 1
Put u=1-A<0and S=T""1

= (1—p)+puS <S> =9~
iepuS+(1—p) <SHfor p<0

Hence (ii)= (iii)

Similarly (iii)= (ii).

Hence (ii) < (iii)

Hence (i) <= (ii) <= (iii).

Hence the theorem.

Theorem 2:

Let A and B be the positive invertible operator on a Hilbert space H then the following

hold and are mutually eqivalent.

(i) If 1> A >0 then (1 — N\)A+ AB > AY2(A~Y2BA1/2)AY/?



(ii) If A > 1 then (1 — \)A+ AB < AY2(A7Y2BAY2)AAL/2
(iii) If A < 0 then (1 — \)A+ AB < AY2(A71/2BA-Y2)AAL/2

Proof:
In the theorem,
"Let T be a positive operator on a Hilbert space H. Then the following hold.

(i) 1> X>0then \T + (1 —\) > T*
(i) If A > 1 then \T + (1 — \) < T*
(iii) If A <0 then AT + (1 —\) < T

In addition (i), (ii) and (iii) are mutually equivalent
Put T'= A~'/2BA7/?

Then we get,

()If1>A>0

A(A_1/2BA_1/2) T 1=\ Z (A—I/QBA—1/2))\

Pre multiplying and post mutiplying by A'/? we get
AB + (1 — M)A > AYV2(A7Y2BAY2)AAL2
Similarly, we get

(ii) If A > 1 then

AB + (1= M\A < AYV2(A7V2BA-Y2)A AL/2

(iii) If A < O then

AB + (1 — M)A < AV2(A7Y2BAY2)AAL2

and (i), (ii) and (iii) are mutually equivalent.

3.1.2 Holder-McCarthy inequality

Theorem: H-M(Holder-McCarthy inequality)

Let A be a positive linear operator on a Hilbert space H. Then the following properties

(i), (ii) and (iii) are hold.
(i) (Arz,z) > (Az, z)* for any A > 1 and any unit vector
(ii) (Arz,z) < (Az,z)* for any \ € [0,1] and any unit vector z
)

(iii) If A is invertible then (A*z,z) > (Axz, 2) for any A < 0 and any unit vector
Moreover (i),(ii) and (iii) are equivalent to the following (i)’, (ii)’and (iii)’ respectively.
(i) (Arz,2) > (Az,z)* ||«]]>~Y for any A > 1 and any vector =

(i) (Arz,z) < (Az,2) [|2]]20~Y for any A € [0,1] and any vector x



(i)’ If A is invertible then (Az,z) > (Ax, ) ||| 2N for any A < 0 and any vector z

Proof:

To prove (ii):

ie (AMr,x) < (Az,2)* |22 for any A € [0, 1] and unit vector x

To prove this, it is sufficient to prove that if (ii) holds for some a, 8 € [0, 1] then (ii) holds
for O‘TJFB € [0, 1], by the continuity of the operator.

Hence assume that,

(A*z,z) < (Ax,z)" (1)
and (APz,z) < (Az, z)° (2)
for any unit vector x and for some «, 8 € [0, 1]

For any unit vector x consider

‘<Aa;ﬁx,$>‘2 = |(A*2z, APPg) 2 [+ A >0

1A/2 2| A% 2|2
<A“/2x, A“/2a:> <A’8/2:1:, A6/2$>

IN

<A#x,x> <

Hence (ii) holds for %2 € [0, 1]

Hence for any A € [0, 1]

(A*z, ) < (Az,z)” for any unit vector x (3)
Hence (ii) is true.

To prove(i):

Let A >1

= 1 €0,1]

. by(ii), i.e (3) for any unit vector x

<A1/’\x,a:> < (Ax,x>1/’\
S A(Axy ) = <(A’\)1/’\x, )
< <A’\x, 9c>1/A
= (Az,z)" < (A z, )

ie (Arz,x) > (Az,z)* (4)
for any unit vector x and A > 1

Hence (i) holds.

(iii) Assume that A~! exists



case (i): A= —1
Then for any unit vector x
L= |zft = [(A72AY20, )|
’ <A1/2.CE,A_1/223> |2

< [lAYZa| P AT 22
= (Az,z) (A2, 2)
= (A'z,z) > (Az,z)""
for any unit vector x
case (ii):\ < —1
For any unit vector x
<A’\x, x> = <A_|’\|x,x>

<(A’1)‘)‘|ac,x> where|A| > 1

> <A’1:c,a:>|/\| by(4) i.e(i)
> ((Az,x)”')* by(5)

= (Az,z)" ™

= (Az,z)

Hence <Akx,x> > <A91;,:U>’\ for any A < —1
Case(iii): Let =1 <A <0
Then for any unit vector x

<A/\x,x> — <A*\>\|$’x>
— <(A|M)_1x7x> where|\| € [0, 1]

> <A|’\‘x,x>_1 by(5)

> ((Az, )" by(6)i.e (i)
= (Az,z) M

= (Az,z)*

Hence <A’\:L',:E> > <A1’,:B>’\ for any —1 <A <0

(5),(6) and (7) implies,

(A z,x) > (A, z)* for any A < 0 and any unit vector
Hence (iii) holds.

Hence (i), (ii) and (iii) holds.

To prove that (i) <= (i)"

Consider (i),

(Arz,x) > (A, z)* for any A > 1 and any unit vector



Replacing x by Hi—” we get

A
(4 () ) = A () )
for any )\ > 1 and any vector x
= pp ) 2 g (A
— (Arz,z) > HHIIIHM (Az, z)*
for any A > 1 and any vector x
= (Az,2) > (Az,2) ||2]]20Y
for any A > 1 and any vector x.
Hence (i) = (i)’
Similarly, replacing x by 5 in (ii)and (iii), we get (i)’ and (iii)’
Hence (i), (ii), and (iii) are equivalent to (i)’, (ii)" and (iii)’

3.1.3 Holder-McCarthy and Young inequalities are equiv-
alent for Hilbert space operators

Theorem 1:

For a positive linear operator A on a Hilbert space H and A € [0, 1]. We give an elementary
proof of the equivalence of the following two inequalities

(1) HOlder- McCarrthy inequality:
(Az,z)* > (A*z, x) for all unit vectors v € H

(2) Young inequality:
M+ — N> A

Proof:

(1)=(2)

Assume (1), Hélder- McCarthy inequality

Consider, f(r) = Ax + 1 — X — 2* for positive numbers z and \ € [0, 1]

fllx) = X=Xxx* 2>0and )\ €]0,1]

)
()

= fl(z) <0for0<z <1
flx)=0forz=1

fl(x) >0forxz>1

Also f(0T)=1-=X>0, f(1)=0



Hence f(x) is a nonnegative convex function with minimum value f(1)=0.
So we have
Aa+1—)\>a (1)

for positive a and X € [0, 1]

Replacing a by (Ax,x) >0 for ||z]| = 1& A € [0,1] in (1), we get
MAz,z)+1—-X > (Az,z)
Mz, z) +1-X > (Az,z) by (1)

MA1-X > A [z = 1]

Hence (1)= (2) is proved.

(2)= (1)

We may assume A € [0, 1]

ie AM+1-2> A

Replace A by k'/*A for a positive number k, then

M PA 41— X > (BYMN) Y 2 >0

= MNeVA (Az,z) +1— X > (VM) (A 2, 2)V 2 > 0 with [|z]| =1

MM Az, z) +1— X > k(A x, z) (2)
Put k (Az,z) " in(2) if (Az,z) # 0 then

MAz, z) " Az, 2) +1— X > (Az,2)" (A, )
=A4+1-X > (Az,2)" (Arz, )
=1 > (Az,z)" (Arz, )

= (Az,z)* > (Ax, )

for [|z|| = 1.

If (Az,z) = 0 then A2z =0

So A’z = 0 for X € [0, 1], by induction and continuity of A.
Hence (2)=(1) is proved.

3.2 Lowner Heinz inequality and Furuta inequality

3.2.1 Simplified proofs three order preserving operator inequali-
ties

Theorem L-H:(Lowner Heinz inequality)

A > B >0 ensures A* > B? for any a € [0, 1]
Proof:

Case(i): A>B >0

Let A% > B and A® > B? for some a, 3 € [0, 1]



It is sufficient to prove that AP > B =57 by the continuity of an operator.
i.e To prove A A > B

a+pB

Pre and post multiply by A~ +

_a+p at+B a+f atpB a+p atpB atps

AT AT AT A« > A1« Bz A1
[ > AT B AT
0 < AFB A <
By continuity to prove, HA_#BQTWA_QT%H <1
Consider,
JATF BT AT = (AT BT AT
= r[A’aTMB%ﬂA’#A%A%] [ AT BT AT s positive]
= r(Aa%BA_#BaTwA_QTwA%&) [ r(ST)=r(TS), S>0and T > 0]
= r(A"2B""A%)
— r(A"2B3B%A%)
= (AEBH)(BEAE)
< A EBo|I(BEA %)
< 1
= AT BT AT < 1
= A% > B

o AY > B for any « € [0, 1]

Hence proved.

Case(ii): In the general case A > B >0

The condition A > B > 0 ensures A+ ¢ > B +¢€ > € for any € > 0
Then A; = A+ ¢ and B; = B + € are both invertible and A; > B; > 0
So that A > Bf for any « € [0, 1] by case (i)

Let € — 0 then we have

A* > B® for any « € [0,1]

Hence proved.

Theorem F:(Furuta inequality)
If A> B >0 then for each r > 0.

(1) (BT/QApBT/Q)l/q Z (Br/QBpBr/Z)l/q and

(ii) (Ar/2A:DAT/2)1/q > (Ar/2BpAr/2)1/q
holds for p > 0 and ¢ > 1 with (1+7)g>p+r
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Proof:

For proving this theorem, we need the follwing lemma

Lemma: A

Let X be a positive invertible operator and Y be an invertible operator. For any real

number \
(YXy*)A — YX1/2(Xl/Qy*YXl/Q))\—le/Zy*

Proof: for lemma

Let YXY? = UH be the polar decomposition of Y X'/2, where U is unitary and H =
|Y X'/2| [where |T| denotes (T * T)/?]

Then

(YXY*)’\ _ (YXl/QXl/ZY*))‘
= (UHH'U). YX'YV?=UH, X'*Y* = H*'U"|
— (UHQU*)A
= UH»U*
_ YXI/QH_IH”‘H_IXUZY*[‘.‘ X >0,U" = (YXI/QH_I)* _ H_IXI/QY*]
— Yy XV220-1) x1/2y+
_ YX1/2<H2))\—1X1/2Y*
_ YX1/2(XI/QY*YXl/Q)’\_le/ZY*['.' H? — (YXI/Q)*(YXI/Z) _ X1/2Y*YX1/2]

Hence the lemma.

Proof of the Theorem:

Let A>B>0,r>0

To prove (ii): i.e (A7/2APAT/2)Ya > (A7/2BPAT/2)1/4 holds for p > 0 and ¢ > 1 with
(I4+r)g=p+r

case(i): 0 <p<1

Since 0 < p < 1, by Lowner- Heinz inequality,

A>B>0

= AP > BP

= (Ar/2ApAr/2) > (Ar/QBpA'r/2>

Hence again by Lowner- Heinz inequality, (A™/2APA™/2)1/a > (A"/2Bp AT/2)1/a
forg>1and (14+r)g>p+r

Case (ii):

Consider p > 1 and ¢ > ’1% and r > 0

theng>fFr>1= < <1[p>1Lptr>1+7]

if (Ar/zApAr/Q) > (Ar/QBpAr/z)l/q

Then by Lowner- Heienz inquality, (A™/2APA"/2)1/a > (Ar/2Bp Ar/2)1/a
Therefore it is enough to show that

(Ar/2ApAT/2)1/q > (Ar/QBpAr/2)1/q

forqz%,le&rzo

Lo (APTT)rir > (AT/2BPAT/2)vir




ie AT > (AT/2BPAT/2)rE

forp>1andr > 0.

Without loss of generality, assume that A and B are invertible.
If r€[0,1] then A> B> 0= A" > B" [by L-H]

Therefore

147

(AT/QBPAT/2>Z,+T = AT/ZBP/2(BP/2A7‘BP/2);i:—prﬂAr/?
= AT/2pPI2(Br/2 AT gri2) i g/ AT

— Ar/2Bp/2(B—p/2A—TB—p/2>Z%,l.BpﬂAr/?
< AT2BP(BP2BT BP/?)iEs pri2 AT/
— Ar/2(B—(r+p))§%i+pAr/2

—  AT(BrHR) A2

AT2BAT/?

AT2AAT?

AL+

IA

Hence A > B > 0 implies,

AV > (AT2BP AT2Yi for 1 € [0, 1]

p>1land g= ;ﬁ

Put A; = A", By = (A"/2BPA/2)¥+ in (2) then A; > By > 0.
Repeating (2) for A, > B; > 0,

AT > (é’;ﬁBfA’;/Q)iﬂ for r1 € [0, 1]&p; > 1.

Putp1—1+r>1andr1:r

R B (AT Y2)

(A1+7")2 {(Ar+1>1/2[(Ar/2BpAr/2)
A2(1+r) > {A(r+1)/2Ar/2BPAT/zA(TJFl)/Q};(-l;:-)l

v

2(14r)

— {AT+1/QBPAT+1/2};7+2T+1

for p > 1 and r € [0, 1].

Put s/2=r+1/2

=s=2r+1

S2r+2=s+1

Substitute in (3)

AT > (AS/2BPA5/2)% forp>1land s=2r+1¢€]ll,3]
Therefore From (2)and (4),

AT > (Ar/zBpA"ﬂ)% for p> 1 and r € [0, 3]
Repeating this process,

(1) holds for any » > 0 and p > 1

11
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Therefore (A™/2AP A™/2)1/a > (AT/2BP A7/2)1/4 holds p > 0 and ¢ > 1 with (1+7)g > p+7r
Hence (ii) is proved.

To prove (i):

If A>B>0then B7! > A" >0.

Hence by (ii) for each » > 0

((B—l)r/2(B—l)p(B—l)r/2)1/q > ((B—l)r/z (A—l)p(B—l)r/2)1/q

B~ > (B2 AP BT/

holds for each p and ¢ such that p > 0 and ¢ > 1 and (1+7)g > p+r.

Taking inverse,

(p4r)

(B—T/QA—pB—'r/Q)—l/q > B a
(Br/2ApB'r/2>1/q @

>
(Br/2ApBr/2>1/q Z

r/2 pp Rr/2\1/q
(B BB )

foreachr>0,p>0,¢g>1with (1+7r)g>p+r
Hence (i) is proved.

Theorem F1:

If A> B > 0 then the following inequalities hold:
(l) (Br/QApBT/Q)% > Blt+r
(i) AT > (A”/ZB”A’"/Q)% forp>1landr >0

Proof:
Consider the Furuta inequality, If A > B > 0 then for each » > 0.

(1) (BT‘/2ApBT/2)1/q Z (Br/2BpBr/2)1/q (1)

(11) (Ar/QApAT/2)1/q Z (AT/QBpAr/Z)l/q (2)
holds for p > 0 and ¢ > 1 with (1+7)g>p+r

Letq:ﬁﬂthenqzliprIandTZO

o
by (1), (BY2APBT/2)eis > (Br+r)eis
= (B2 APBT/2)r > Bl
and by (2),
AT > (A2BPA2)ir for p > 1 and r > 0
Hence the theorem.




Theorem F’

If A>C > B >0 then for each r > 0

(CT/QApCT/Q)l/q Z (C«r/chcr/Q)l/q Z (Cr/QBpCr/Q)l/q

holds for p > 0 and ¢ > 1 with (1+7r)g>p+r

Proof:

Consider the Furuta inequality, If A > B > 0 then for each » > 0.

(1) (Br/?ApBr/?)l/q 2 (Br/QBpBr/Q)l/q

(ii) (Ar/2ApAr/2)1/q > (AT’/QBpAr/Q)l/q
holds for p > 0 and ¢ > 1 with (1 +7r)g>p+r

Since A > C by (i

(CT/QApC'I‘/Q)l/q > (Cr/2CpCr/2)1/q

Since C' > B by (ii)

(Cr/QopCT/Z)l/q > (Or/2BpOr/2)1/q

By (1) and (2), for each r > 0,

(CT/QApCT/2)1/q > (Cr/QopCT/Q)l/q > (CT/QBpCT/Z)l/q

holds for p > 0 and ¢ > 1 with (1 +7)g>p+r

Similarly taking B=C in (1), we get (i) and taking A=C in(2), we get (ii)
Hence Furuta inequality and (1) and (2) are equivalent.

Theorem F”

If A>C > B >0 holds iff

(CT/QApCT/Z)l/q > (Cr/QCpCr/Q)l/q > (C’I‘/QBpC’I‘/Q)l/q

holds for all # >0, p>0and ¢ > 1 with (14+7r)g>p+7r

Proof:

By Theorem F’,

A>C>B>0 = (C2ArCr/2)Va > (Cri20rCr/?)Ya > (OT/2BrCr/?)Va
holds for all » >0, p>0and ¢ > 1 with (14+7r)g>p+7r

Conversely, assume (1),

Putr=0, p=g=1thenweget A>C>B

Hence the theorem.

Theorem G: (Generalized Furuta inequalitiy)

If A> B >0 with A> 0 then for ¢t € [0,1] and p > 1
Al=t+r > {AT/Q(Aft/ZBpAft/Q)sAr/Q}ﬁ
fors>1andr >t

Proof:

Assume that B is invertible.

13
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Claim: If A > B > 0 with A > 0, then
A > {At/z(A*t/QBPA*t/Q)SAt/Q}(pTl)SH
fort €[0,1] p>1and s > 1.
Let A>B>0,t¢€]|0,1]
Suppose if 1 <s<2, p>1.
then s — 1, m € [0,1]
Since t € [0, 1] by Lowner- Heinz inequality A > B >0 = A' > B!
1
Let B) = {AY2(A7Y2BPA7Y2)s A2} o057 and A} = A
By lemma,
(YXy*))\ _ YXI/Z(Xl/2y*YXl/2))\lel/2y*
where X > 0 we have
(Aft/ZBpAft/Q)s — Aft/QBp/2(Bp/2A7t/2A7t/ZBp/2>sflBp/2A7t/2

B, = {Bt/Q(BP/QA_thm)S_pr/Q}m
< {BY2(BP2BtBr2y B2} e [by(2)]
= BP0 +p/2) o

= (Brre-Ysr Yy Goien

= B<A=A4

i.e Bl S A1
Hence (1) is proved for 1 < s < 2.
Now since A; > By > 0, replacing A by A; and B by By in (1), we get ,
Ay > {APP (AT B ATy A e
for 1 <s <2 py >andt; €10,1]
Putt; =t € [0,1] and py = (p—t)s+t > 1in (4)
then,
A> {At/Q(Aft/Q([At/Z(Aft/2BpA7t/2)At/2]m)(pft)s+tA7t/2)slAt/2}m
— {At/z(A—t/2 [At/Q(A—t/QBpA—t/Z)sAt/Z]A—t/Q)sl}m
= {At/2(A*t/2BPA*t/2)331At/2}m fort €[0,1], p>land1<ss; <4
Repeating this process, we get (1), for t € [0,1], p > 1 and any s > 1
Put Ay = A and By = {At/2(A_t/2BpA_t/2)sAt/2}m in (1) then Ay > By >0
Therefore by Furuta inequality (ii) for ¢ € [0,1] and p > 1 and s > 1
ALt > (A;Q/QB?AEQ/Q)PI;T% holds for po > 1 and 5 > 0
Put ro=r—t>0and po = (p—1t)s+t>1in (6) then

r—t 14r—t
2 )(P*t)ert

r—t

Altr—t > (A 5 At/?(A—t/QBpA—t/Z)sAt/2%A
_ AT/Q(Aft/QBpAft/Q)Ar/2(;}jtﬁ
fors>1landr >t
Hence the Generalized Furuta inequality is proved.




