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ENERAL DISCUSSION

We sec our problems today .diﬂ'crcml_v than we did in the past. We are no |
merely facing the world Irying 1o win its secrets or battling l.o shape i??oonger
our desires. We are now tacing ourselves and our own knowledge and lrvi:]c[eo{
cope with IhC‘ C0n1plcm:1[3' we _hm'g created. Therefore, we no longer l'or.nm*l;qle
the problems in our SCIL‘n(.IﬁC 1InquInes or in our engineering attempts simply‘ in
terms of missing facts or inadequate measuring devices or materials. Problems
arc seen to be of a different order: that is, they concern questions about .knowledgc
and information itself and can therefore be formulated imlcpcndcntly of any par-
ticular area of knowledge. Indeed. questions in fields as diverse as psychology
and engineering, economics-and medicine, sociology and genetics. artificial jn-
telligence and metcorology, or decision making and architecture begin to take on
a similar form when seen in light of their common problems of h:indling infor-
mation. uncertainty, and complexity.

New problems call for new solutions. We want to know how to simplify
complexity. how to utilize information, and how to deal with uncertainty, not in
any particular context but in the form of general principles and representations
that hold true in any given context. For this reason, fuzzy set theory and the other
mathematical frameworks introduced in this book that deal with information and
uncertainty are applicable in any ficld in which issues of complexity arise. It is,
in fact, difficult to name a field in which complexity does not arise, either as the
actual focus of the study or as a by-product or attribute of the content of the
inquiry. This is not to say, however, that the mathematics of information and
uncertainty will be all things to all people. This field is still relatively young, and
more research is needed before a clear determination can be made of exactly what
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fe, and social sciences have been active areas fo

f uncertainty and information, both for the pul':;PPhcauun
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derstanding human systems and for making natural systems unders
human thought. The applications of fuzzy set theory include cxplorrsl_andahle o
psychology and cognitive science of concept formation and manipmm:-ltlons Withiy
and learning, as well as studies in the ficlds of sociology, econo 1On, memory
meteorology, biology, and others. MICS, ecology,

_ The applications of information theory are even more extensive;
virtually the whole spectrum of science. They are, however, almo ¢; they cover
based on the classical Shannon of Hartley measurcs ol‘informélic.n 'ic:lhexd-uswclf
of maxi::num and minimum entropy have proven to be the mosi . '€ Principles
applications; their use ‘s best exemplified by the work of chnalcllmpor.tant for
[1981b, .1986]. The alternative principles of uncertainty, such a lch“Slcnsen
nonspecificity principle suggested in Sec. 5.9, arc too ncw 1o lf the maximum
onstrated in specific applications thus far. There is little doubt i
their :mpa?l on a broad spectrum of applications in science will i}howcvcr. that

In this scction, we illustrate the vastly diverse applicati o profound.

by two simple applications of fuzzy set : / applications in the sciences
y set theory: one in the field of meteorology

and the other in the area of interpersonal communication
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e science of meleo_ro]ogy deals wjih
~ncomPpasses the ;:ntlre lplanet. Fpr this r ,
el as forecasts have always relied op (pe 1 Orologica| descriptions as
pe linguistic terms such as hor weather, dr, eht. or Summary offered by

t theory 10 meteorology therefore ' IOW pressure, Applications

altem_pls to deal with

(The area of fu-zzy cluster.ing_is Ccovered briefly in Sec. 6.8 Ing technique.
This particular application focuses gon an under-t . )
nanges based on the examination of statjstjc .

— p.l'—4 + = + P;’——[ + Pi +Pi+| + ...
10

Pi

After this preprocessing, a total of 85 records were obtained from the original

data. i
The interest of the study is to examine the points and

petween wet and drought periods. Obviously, each period is characterized b
annual precipitation levc_els that are similar to one another, and turning points 0}:'
boundaries between periods are characterized by the appearance of dissimilarity
between the values of annual precipitations. The exact point of change between
any two of these periods may be difficult to determine crisply. In order to ac-
commodate the inherent fuzziness between boundaries of drought and wet pe-
riods, a fuzzy similarity relation is constructed from the annual precipitation val-
ues in order to cluster together into periods those years whose precipitation levels
are ‘‘similar’’ to one another. This similarity relation s created by first calculating
a similarity index s/; between precipitations p; and P; (i, j € Ngs). These indices
are given by

siy=1—=1p:i = p;].
The indices are then normalized to the interval [0, 1] by the formula

S;j N Sltnin

S!'j ’
! !
Smax — Smin

where spin and shax are the maximum and minimum similarity indices, respec-
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i d
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the matrix represenlation of the a-Cu

t. Such an application forms g ug?yled in
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of

interest.

tively. The resulti
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1-17, 31-52, an

Interpersonal Communication

rem
ure,
It o
ause

The process of interpersonal communica_tion consists of a vast array of diffe
types of simultaneously communica?ed 51.8113‘5 (words, voice tone, body pog,
clothing, etc.), many of which conflict with each other. It is therefore difficy
i<e intention and meaning of the communication, both bec

determine the preci ( _
of distortion from environmental noise and because of ambivalence on the

of the sender. Nevertheless, the receiver must respond appropriately in the f;
of this fuzzy or vague information. We outline here an approach SuggEStedage
Yager [1980h], which models this process and the vagueness associated With'y
through the use of fuzzy set theory. n
Suppose that X constitutes the universal set of all possible signals x that

be communicated by the sender. Because of the distorting factors mcntionag
above, a clear, unigue signal may not be available. Instead, the message receivzd
is a fuzzy subset M of X, in which pas(x) denotes the degree of certainty of the
receipt of the specific signal x. In order to determine whether an appropriate
response can be chosen based on the message reccived or whether some error
was -mvolved in the communication, an assessment of the quality of the trans.
mission must be made. Let the maximum value of membership which any x € X
attains in the set M correspond to the strength of the transmission. If the set M
has no unique maximum. then the message is called ambiguous. If the suppon
of M is large, then M 1s considered to be general. The clarity of the message can
&e;z?]s&urﬁcel [I;:y llh]e distance between t!le max_imum membership grade attained
is stroig unar:]:' argest grade of any signal x in M. When thc message received
. iguous, and clear, then the signal attaining the maximum mem-

Cally ;
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Figure 6.1. Fuzzy clustering of climatological periods: a-cut of § for a = .95.
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or unclear. In this lental distortion (in which . Probjey,. U

cati ics i ¢ cnvironn .
communication lics In som ' - o ase _
of the signal may be requested) orin the sender of the message (j Peliy:

it ] - n “l]]l' ”Inl}
, " { be made, which 1s, as far as possible. appropriate) ch ¢
response must be made, P o pToP

Usually. the receiver of the commu POSSESSES some 1.

' back
information in the form of probabi

bership grade in M can casily
munication. DifTiculty occurs.

lities or possibilities of the Signals wh-grouﬂd
- - sent the probabilities ae..

I x f Xi). (.\2), . .o .P(-\n) represen : 1es ass . .

be expected. 1If plxi). p .. x, € X. then the probability of lhe\?lclzated “]‘:R

each of the signals Xy, X2, - -« . o
of the receipt of message M Is givern y Ve

p(M) = 2 par(x)ply).

Y

The receiver can use this information to asscss the. gonsislency of the
message with his or her expectations. If lh(? prol?ablhly o_af the recejveq
is high. then it can be assumed that little dls_toruon was introduced by
ronment. On the other hand. if the message 1S very clear a_n_d Unambigyg
an appropriate response can be made even if the probability of the i

low.

rCCinEd
messagc
he Cry,.

us, lhcn

Instead of the expectation or background information being givep, in

information may be given in the form of a possibility dislribprgb.
1] indicates the receiver's belief in the POSsiE'“-on
bility of the fuzzy message M is ¢, ity

abilistic form, this
r on X. In this case, r(x) € (0, .
of signal x being sent. The total possi

as

lculated

r(M) = meaglmin(um(x). r(x))].
As in the case of probabilistic expectation, if the received message confljcis wilh
the expected possibility of communication, then the receiver may attempt clari.
fication by requesting a repetition of the transmission. Before this new transmis.
sion is sent. the receiver will probably have already modified his or her expec.
tations based -on the previous message. If ry indicates the initial possibilisc
expectations of the receiver and r, is the modified expectations subsequent to the

receipt of message M, then
ri(x) = min[rg(x). pas(x)]

for each x € X, where aindicates the degrec to which past messages are considered
relevant in the modification of expectations. Our procedure for signal detection
now consists of the following: a test of the consistency of M against the expec-
tations and a test of the message M for strength and clarity. If both of these values
are high, the signal attaining the maximum value in M can be comfortably assumed
to be the intended signal. If both tests yield low values, the expectations are
modified and a repetition is requested. If only one of these tests yields a sal_is-
factory value, then either a new signal is requested or a response is made despitc

the presence of doubt.
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Ntroducey w
!?s introduce distortion in the Message b:é::u:’e c? inconihat the eetver
e .
may :tauons Let ol Inconsistency wi, the
exP° s(M,

(6.1)
pond 0 the consistency of the rece:
€S

r elVEd me .
ort :ons. Then, let M’ denote the message whiz;aﬁ;:ewnh the possibilistic o
ectatt receiver actually hears
l\:'vht’-""
h x € X. The less consistent M j '
C
for €2

essage thought to have been re
messee™ |
l:ﬂcture is given by
) —_ 3 1—3
r(x) = min[r==(y), Rar(x)] (6.3)
for each X € B determination has b :
Finally, once a determination has been made of the si
) appropriate response must be chosen. Let Y be th
sent, ases and let R € ¥ X X be a fuzzy binary relation in wh
respon ee of appropriateness of response Y given signal x.
{hced*;gi an be generated by composing the appropriatenes
ﬁnzzy message M,

gnal x € X that was
€ universal set of all
ich Kr(Y, x) indicates
A fuzzy response set
s relation R with the

A‘_—'ROM
or

Ra(y) = ma;i[min(un(y, x), par()] (6.4)
Xx€

hy € Y. The membership grade of each possible mess
for:eac (};rresponds to the degree to which it is an appropriate response to the
A thus © M. A more interesting case occurs when the elements Yy € Y are not
Jeshecs ss-ageS but instead indicate characteristics or attributes 1h-at the appro-
aCFUal me sage should possess. This allows for creativity'in formulatl_ng the actual
pniate 1::: SThe following example illustrates the use of this model of interpersonal
response. 11D
comms:luﬂ;;ztslgntilat a young man has just proposed marriage to a young woman

d is now eagerly awaiting her response. Let us assume that her answer will be
:Eoslzn from the set X of the following responses:

age y in fuzzy set

x, = simple yes
x, = simple no

x3 = request for time to think it over
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Applicauons.
Chan
derisive laughter t
joyful tears

he young man has expectations of her respopg,
fepre
Senled

Assume also that the your
by the possibility distribution

Xs =

X6 =

ro = (.9, -1, 7, .3, .1, .6).

We can see from this distribution tpat the young man expects a pogj;;
ever, that the following message M, is received: Ive angy,
4

Supposc, how
= .1/x; + 8/x> + Alxs + 1l/xs.

M
This message, although relatively strong, ‘;‘ﬂambigUOUS. and clear, i
consistent with the young man's expectations. As measured by Eq I:lllqe, I
- (61),

consistency is
s(M1, ro) = max[.1, .1, .4, .1] = .4.

rary to the young man’s expectations, let u
' h

e message is cont _
rtion, as specified by Eq. (6.2), such that (e m&ssumt
ESSaEE

Because th \
me disto

that he introduces sO

he hears is
= _4/:[1 -+ .9/.1'2 + .7/x3 + .4[X5.

modifies his expectations according to Egq. (g 3
* W83 such

M
Based on this message, he

that _
ri(x) = min[re*(x), wari(x)]

for each x € X, or
r, = .4/.1'1 =+ .25/.1(2 + .7/‘1'3 i B .25/.1'5.

minished his expectation of a simple yes, son
what increased his expectation of a simple no and of derisive laughter, arldha;
given up all hope of the possibility of joyful tedrs. Suppose now that, in disbelief
he asks the young woman to repeat her answer and receives the following rnessagc;

The young man has thus greatly di

M, = 9/x; + 4/xs.

clearer, and less general than the first answer. Its con-

This message 1is stronger,
w expectations is

sistency with the young man’s ne
S(Mz, l'l) = 25.

n to the revised expectations of the youn

Thus, the message is highly contrary eve
he hears

man, so let us suppose that he distorts the message such that

M, = 97/x, + .B/xs.

of the message heard and has led him
s that the young woman has responde
e that the response which the your

His surprise has thus diminished the clarity
to exaggerate the degree to which he believe
with derisive laughter. Let us now suppos
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5ec- >
, makes will have characteristjcg chosen from the following set y
a : -
y, = happiness Y2 = pain ¥3 = surprise
y4 = anger ¥s = patience Ye¢ = impatience
y, = affection

ot the fuzzy relation R € ¥ x x represent the degree 10 which, the young man
’ s to respond to a given Slg_nal X Wl.lh a response having the attribute y. This

!?nu'oﬂ is given by the following marrix- ’
reld

X

_ X 2 X3 x4 Xs Xg

Y9 0 2 9 ¢ 7

y2 0 9 1 2 1 ¢

V3 d9 2 9 3

Ya 05 0 6 7 ¢

s | .1 0 9 o o s

Yo 0 3 2 3 4 o

yr L9 0 9 3 o
Using Eq. (6.4), we can now calculate the response which the young man will
make to the message M;:

A=R°M; = 9y, + Olys + Ty, + Alyg.

The young man’s response, therefore, will have the charact

eristics of a great deal
{ pain and surprise, a large degree of anger, and some impatience.
0



6.5 MANAGEMENT AND DECISION MAKING

The subject of the field of decision making is, as the name Suggests, 1ha
both of how decisions are actually made and how they can be mgq, belstudy
more successfully. Much of the focus in this field has been in the are, orlcr or
agement, in which the decision-making process is of kcy. Importance for func:‘]an.
such as inventory control, investments, personnel acuf)ps, NeW-prodyey de:lln.s
opment, allocation of resources, and many.others. Dec.nsmn making jtse|f hoef-
ever, is broadly defined to include any choice or selection of alternatives 'and"'_‘-
therefore of importance in many fields in both the **soft’" social sciences apg lhls
“hard'’ natural and engineering sciences. ¢

Applications of fuzzy sets within the field of decision making have, for (1,
most part, consisted of extensions or **fuzzifications’ of the classica] theories of
decision making. While decision making under conditions of risk and uncertainyy
have been modeled by probabilistic decision theories and by game theories, fuzzy
decision theories attempt to deal with the vagueness or fuzziness inherent iy
subjective or imprecise determinations of preferences, constraints, and goals. Ip
this section, we briefly introduce some of the simple applications of fuzzy sets
in some selected areas of decision making.

Classical decision making generally deals with a sct of alternatives cop.
prising the decision space, a set of states of nature comprising the state space, a
relation indicating the state or outcome to be expected from each alternative
action, and, finally, a utility or objective function, which orders these outcomes
according to their desirability. A decision is said to be made under conditions of
certainty when the outcome for each action can be determined and ordered pre-
cisely. In this case, the alternative that leads to the outcome yielding the highes!
utility is chosen. A decision is made under conditions of risk, on the other hand,
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5eC- 6 iy available knowledge conce
» 0N

. ed -rning the Outcome Slates is thejr prob-
he :ons. Again, this information

el ldi':lribul'o N

)

€an be used (g 4 timize the wijljg
, dis knowledge of the probabiliticg of the P ility
Jbilit) q. When

o0 Outcome stateg is unknown,
!ion. <t be made under conditions of Uncertaingy, |p this case, fuzzy de-
[une oS m_U-g may be used to accommodate thjg Vaguenesg.

dect® hcorlb;isl several major approaches Within the theor;
. c¢C . .

7 NSlance, be Considered
. . es. The decision
geci$ o multiple stag

maker may be g
: iIsion makers may
U U"lplc dcc
.‘.lﬂ&‘b . nOfm

, single person, or a
1 . be Involved. The decision may involve

s10E° timization of a utility function, ap Optimizatig

CO"L' le OP

. L n under constraints,
cl .-ation given multiple criteria The first of these th
(he * jmizall . .

n theory, the sec
ast to theories of

i €s of classijca] crisp
cis! Ther 1o occur in g single

ond to mathematjca]
multicriteria decision

cated as fuzzy sets charac-

and 897 membership functions
rized he: X — [0, 1)
and Re : X — [0, 1],

niversal set of alternative actions. The expected outcomes that

; u
X is the

where

. , In many cases, be assumed t
sult from .th?setiiéo?;sfﬁgting the introduction of fuzzi es A

re babl|‘§tlc‘ selves. This fuzziness allows the _decnsmn maker to rz:rr]i
d constraints th?:r-rf:lints in vague, linguistic terms, which may more fir‘;fl“;‘:;n)i

?l?c goals and Co]nstate of knowledge or preference concerning these. . eose as

reflect the actua osf the fuzzy goal in this case serves much }dhc; S?;n;rzfel;l;biliw-

pership funcll_ontive function that orders the outcomes accortrlaignts HoETe: I

autilit}’t(l)]l‘;o(g]:scsical theory of de(]::Sio:t anl}n;lgtcurﬁ:;l; gszid goal.:: are modeled

ike : ed on the s he
Elrllilch constra;:l:t;uilziii?}rom X to anotdhelr alslp?::: '”::; iﬁn;?f:gt:g ti\:zir;:tly
orman . : zy mode o .

;Zal?se If;tfnd constraln_lt;%n:]?)rdter;lzzfﬁzb: extended to allow goz;l(s indozgir:]g?:tti?):g

the same manner. lt universal sets, for inslance,.the set 1h§ ﬁl:zzy constraints

be defined on dlfferf:‘i'lbl‘3 effects or outcomes. In this Case,t ¥ anck thot

e SEtt'Y (c)lfc?;? ilsle set X and the fuzzy goals on the se

may be define

“C:X""*[Oi 1]

O remain deterministic

ness only to the goals
or pro

and G : Y — [0, 1].
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ADDIica[iOnS
Ch
ap ¢

defined as a mapping from the set of 2
cli(}ng
: Xl
01

A function f can then be
set of outcomes Y,
f:X—Y, by

such that a fuzzy goal G defined on set Y induces a correspondip
on set X. Thus, 8 fuzz,,
Bog) G

e (x) = La(f(x).

may then be defined as the choice that g,

A fuzzy decision D _
goals G and the constraints C. If we interpret this as a logica] Alisfieg boy,
model it with the ‘ntersection of the fuzzy sets G and C, and " we the

Can

D=GnNC,

which can easily be extended for any number of goals and ¢q
classical fuzzy set intersection is used, the fuzzy decision D is u:ls
e

the membership function
wp(x) = min[pg(x), pcx)],

traints, |y
N Specifiq b

where x € X. This definition of the intersection does not allow, h
interdependence, interaction, or trade-off between the goals anci Owever, for an
consideration. For many decision applications, this lack of coconSlraimS Ung
not _be appropriate; the full compensation or trade-off offered t;“pensalion May
er:::ttnon that corresponds to the logical “*or’’ (the max operator) Yy the Uniop op-
priate as well. Therefore, an alternative fuzzy set intersection May be inapp,
eration may be used to reflect a situation in which some dor aggregatiop op-
compensgtion exists among the goals and constraints. cgree of POSilive
This fuzzy model can be further extended to accommodat

porta.nce of the various goals and constraints by the use of wei ﬁ-the relative i,
In this case, the fuzzy decision D can be arrived at by a co e co‘_’fﬁcienls.
the n weighted goals and m weighted constraints such that Avex combination o

n m

pp(x) = X wing(x) + 2 vpcx)
i=1 j=1
where u; and v; are weights attached
L : to each fuzz (i
constraint C; (j € N,,), respectively, such that UEORLICEE M) andnch oy

i

PINTEIDIE TR

i=1 je=1

Once a fuzzy decision has been i i

the “*best’" si , _ Ell'l'l_VEd at, it may be necessa

i g Slraightfgfifaigsgl::::gna;we from_ this fuzzy set. This may be arc}::ct)zucaggr?:;

maximum membership gradre Y gloo§|ng th(_: alternative x € X that attains the

cerning any of the other alterm . S'“_Ce this method ignores information con-

Methods that calculate the 'n.a“ves' it may not be desirable in all situations

therefore be used instead Thme‘m or center of gravity of the fuzzy set D m
- I'nese concepts have been effectively utilized to extend
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¢ 1ming © methods of
0" | progrdn : s : UZzy mathe
“ical P (uzzY modecl of decision making Proposed b
" h;;luslfnlC‘d by a simple example } y BC"mdn

- Suppose
. - ) \
ble jobs @, b, ¢, and d, the salarje o

. et Ust choo ¢
N il pobbl €S OrWhICh are pj one of four
. . Bive
d‘ﬂsé;l (hat " by the function
f* f(a) = 30,000
f(b) = 25,000
f(e) = 20,000

f(d) = 15,000

is to choose the job that will give yg

. B a high sal.
our god s interesting and within close dri s =

given the constraints

ving dista i
the J - e nce. This fir :
it rerest vallf 12 rc?rflbt‘m?d by the fuzzy e C\ defined on our"j::iconmrmm
of “;[crnﬂ‘ive jobs as follows: versal sct
8
of Cy = .4la + .6/b + 8ic + ¢y
nd-constraint concerning the driving distance (o L
urfz*;‘;‘; set C2 such that cach job is defined by
c
) C2 = .Va+ .9b + e + 14
e fuzzy goal G of a.high salary is defined on the universal set X of salaries b
;l;u: membership function )
1 . for x > 40,000
X -
I.LG(-Y) = —.00125 (1000 - 40) + 1 for 13,000 < x < 40,000
0 for x < 13,000,

where x € X and the ?OrreSpondi“g goal G’ induced on the set of alternative jobs
by the function f is given by

G' = .875/a + 7/b + .Slc + .2/d.

Taking the standard fuzzy set intersection of these three fuzzy sets, we obtain
the fuzzy decision D, where

D=G NC,NCy; = .1a + .6/b + .5/c + .2/d.

Finally, we take the maximum of this set to obtain alternative b as the choice
that seems best to satisfy our goal and constraints. Note that no real distinction
exists here between a goal and a constraint; that is, the two concepts are
symmeltric.

When decisions which are made by more than one person are modeled, two
differences from the case of a single decision maker can be considered: first, the
goals of the individual decision makers may differ such that each places a different
ordering on the alternatives; second, the individual decision makers may have
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(4
Appﬁcanons q
rent information upon which to base their decisigp & hap :
me theories deal with both of these consideray * Theor;
raliong ten Cy knq
: Y
h

access to diffe
king deal only with the second, and N
g y group dcclsl(}n lhm lheg

as n-person ga

of decision ma
only with the first.

| of group decision was proposcd by Blin “974]

and p;.

A fuzzy mode
Whinston [1973]. Here, each mcmt;cr of a group of 2 individug| il i
is assumed to have a reflexive, antisymmetric, and transitive CCisign n ang
Preferenc, Mike,

\

P, k € Np, which totally or partially orders a set X of alternag; Org
choice'" function must then be found which, given the individualwes. A r:r.,,fg
derings., produces the most acceptable overall group PrCfcrcncal Prefer, S0y
cally, this model allows for the individual decision makers (o € orderjp,, © o
aims and values while still assuming that the overall purpose is (o POssegs i.f 2y,
acceptable decision. In order to deal with the multiplicity of Ol‘.ca.chacomercm
in the group, the social preference S may be defined as a fuzZp'"'Pn evj e""ln,
with membership grade function Y binary rel:f-td
i
ws: X X X— [0, 1], "

which assigns the membership grade ps(x;, x;) indicating the ¢
of alternative x, over alternative x,. The expression of :"::':rec of g,
riate means of aggregating the i“dividua;sp Toup pMP

erence requires some approp
One simple method computes the relative popularity of alternatjy Fence
dividing the number of persons prefering x, to x,, denoted by N(c X over , 1
n. This scheme corresponds to ";:1;: X)), b

preference

by
¥ the

total number of decision makers, _
jority vote. Thus, Simple My
N(x,;, x
ILS(II- xy) = ""';L) .
n
(6‘&}

Other methods of aggregating the individual preferences may be useq
E ID acCo
M-

modate different degrees of influence exercised by the individuals jp
M the gro
u

For instance, a dictatorial situation can be modeled by the group pref
eference o,
re.

lation S for which
_ A
1 if x;, > x, for some individual k

ps(xi, X)) = {0 otherwise,

k
where > represents the preference ordering of the one individual k who e
XCrCise

complete control over the group decision.
Once the fuzzy relationship S has been defined, the final nonfuzzy
group

preference can be determined by converting S into its resolution form
S = U aS,,

a

whic_h is the union of the crisp relations S, comprising the a-cuts of th

relation S, a € As (the level set of S), each scaled by a. Each valueo o fqu}-
represents the Igvel of agreement between the individuals conccrnin: fgzcn;;la!ly
ular crisp ordering Sa- One procedure that maximizes the final agrcerncn;l) Ie::i
consists of intersecting the classes of crisp total orderings that are compatibk
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irs in the a-cuts S, for in :
he pairs 11 "7 o e creasingly smajjer
: v : .
p total ordering is achieved. In this Process, any pairalucs of o until a sing)e
cn itivity are rempved. The largest value S (x/, x,) that lead to an

u .
inldf:;:.;g on X X X is found represents the for Which the
Or 0 . .

an , : th <
gr(}l‘llsslrated in the following example. € Broup decis;j

is Assume that each individual of »

. . gr()llp Of c' . .
ference ordering P, (i € Ng) on a set 1ght decisio
pre

of alternatives X = ‘n makers has a total

Vs X, y, 2z} as .
P[ - (“.‘. x‘ y' Z) . } fOHOWS.
P2 = P5 = (z' )l‘ -‘-' w)
P, = P, = (J.’. W, Yy, 2)
P4 = Pg =

(“]' <i X, y)
Pﬁ = (Zr W, .t, }')

Using the membership function given in E

q. (6.8) for the fi
g relation S (where n = 8), we ar e fuzz

Y Broup preference

ordeﬁ“rclation_ rive at the following fuzzy social pref-
erence )
W x y 2
wl 0 S5 75 625
g = * .5 0 75 375

y | .25 25 0 375
z 375 625 625 ¢

The a-cuts of this fuzzy relation S are:

s, =9

Sa7s  ={w, ), x, )}

Sezs = {0w, 2), (z, %), (z, y), (w, y), (x, )}

§s =10, w), v, ), 0w, 2), (2, %), (2, ), (w, y), (x, y))

S.ars = {(z, w), (x, 2), (y.2), (x, w), (w, x), (w, 2),
(2, x), (2, ¥), Ov, y), (x, )}

S2s  =A{(y, w), (), x), (z, w), (x, 2), (y, 2), (x, w), (w, X),
(w, 2), (2, x), (2, y), (w, ¥), (x, )}

We can now apply the procedure to arrive at the unique crisp ordering which
constitutes the group choice. All total orderings on X x X are, of course, com-

patible with the empty set of §,. The total orderings O ;s that are compatible with
the pairs in the crisp relation S ;s are

O7s = {(z, w, x, y), v, x, ¥, 2), (W, 2, x, ¥), (w, x, 2, y),

(z, x, w, y), (x, w, ¥, 2), (x, 2, w, ¥), (x, w, 2, ¥)}.
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The orderings compatibl

Thus,
o, N 095 = 0.7s.

e with S aas arc

06’.’5 = {(“'o <, X )')- (w, z, y. -rj}
and

O] N 0.75 n 0!!25 = {(“’v Z, X, .V)}-

Thus. the valuc .625 represents the group level of agreement concerning g, S
S, ociyy

choice denoted by the total ordering (w, z, X, ¥).

6.6 COMPUTER SCIENCE

Applications of the mathematics of unccrlair_:ty and i'nformation withi
en quite extensive, particularly in those

of computer scicncc have be ; : i
d manipulation of knowledge in a manner

concerned with the storage an .
with human thinking. This includes the construction of database and i"fofmau
On

storage and retricval systems as well as th_c design of computerized expert ¢
tems. In this section, we give a brief overview and example of the applicaticnyst-
0

fuzzy sct theory in these two arcas.

n the fielq
El‘ldcavol_s
€Ompayjpy,

Database

The motivation for the application of fuzzy set theory to the design of databy

and informalion storage and rclrievnl S}’S[cms lies in [hc neced 1o hand]c infses
mation that is less than ideal in the sensc of being incomplete, indclcrminist?:
contradictory, vaguec, imprecise, and so on. The database that can aCCOmmOElatc'
impreccisc information can storc and manipulate not only precise facts but alsg
subjective expert opinions, judgments, and values that can be specified in Jip,
guistic terms. This type of information can be quite useful when the databage is
to be used as a decision aid in areas such as medical diagnosis, employmen
investment, and geological exploration, where *‘soft,’” subjective, and imPrCCisc'
data arc not only common but quite valuable: In addition, it is also desirab]e to
relieve the user of the constraint of having to formulate queries to the database
in precisc terms. Vague queries such as, **Which employment candidates are
highly educated and moderately experiecnced?’” or ‘*What industries are fore.
casted to experience significant growth by a substantial number of experts?* often
capture the relevant concerns of databasc users more accuratcly and casily than
precise queries. It is important, however, that the database system incorporating
imprecision be able to propagatc appropriately the level of uncertainty associated
with the data to the level of uncertainty associated with answers or conclusions
based on the data. Precise answers should not be generated from imprecise data.
An overview of some of the problems and possibilitics in database technology
and a discussion of the uses of imprecision in database design can be found in a

paper by Gaines [1981].
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ckles and Petry [1982a, 19820,
.Bl | database that contains as
o ﬂl database. The model of a ¢

.

1933. 1984)
a special cage the

assical relay
. . 0nal d
p ns c atab .

_ ,dimf-‘“s’onal rc,l~allo' %ncepluahzggd as tables ey ADase consigyg of a serics
of 1 nd 1o ficlds or attri ulcs_and are usually calleg umns of thege tables
cofM" ed on an appropriate domain base (or Universal) ¢ e '
! relations they correspond to records or i SCL. TI

nEe A domains N
scienc tion of the original relation. The algebrajc operaﬁprand ADDRESS as
\\'Ould be

Projed(sTUDENT:NAME,ADDRESS) where

MAJOR = “‘computer science™

= glgebra also contains other relational operations such as com

oction, or join, which perform the corresponding task on t
interse s specified in order to produce the desired information
[jn:n'nﬂ_ll’_‘he fuzzy relational database proposed by Buckles and -Petry differs from

p model in two ways: _ﬁrsl._elements of the tuples contained in the relations
be subsets of the_ dom'am universal set and, second, a similarity relation is
may ed on each domain umvers:.al set. The first qualification allows the elements
defin les to consist either of singletons of the domain universal sets (as in the
Ogr::epntional relational database model) or of crisp subsets of the domain universal
c

2 in the relation MARKETS with the domains AREA, SIZE, and POTEN-
;_e[l;L repreSC“ted by the following table:

Plement, union,
he relation and

his cr1s

RELATION: MARKETS

L AREA SIZE POTENTIAL
East Large Good
Midwest {Large, Medium) {Moderate, Good)
South Small {Good, Excellent)

Domain values that are not singletons may indicate, for instance, the merging of
i ) ts.
inions or judgments of several exper : . .
e Ogllgfeoscconjd qualification is based on the assumption that in the classical
database model, a crisp equivalence relation is defined on_each domafm‘umv-crsa}l
set which groups together elements which are strictly equivalent. This identity is



utilized, for example, when redundant tuples are to be c“"‘inmcd hune
Most oflen, the cquivalence classes generated by this relation o 0( ig“ur
singletons of the universal set. I|n .lhr.:'fl.l?,zy ('jlllilbzl.‘ic model, lhi\c Stmpy, rd
relation 18 gcncruli?.cd 1o a fuzzy .\lmll(.ll'l-l_y n:l:'\llon. This inlroduclio‘ cqu; i e
provides an intercsting clement of flexibility, since the value or mennf‘ of fy, : Nee
of different individual database uscrs may be reflected by modimnmg Sty oy
<imilarity relations appropriately. The fuzzy relational algebra yseq F the g,
(uzzy databasc consists of the same four components as the COnvco Accegy N
| algebra and, in addition, allows for the specification of 4 y Moy |
defining the minimum acccptqble degree of similarity between elcm::%ho.ld EV:
specified domain. In the special case of the conventional database ’Tllls N S0
levels are implicitly assumed to be equal to I, thus requiring Sll‘ic‘td l 1}‘"@%0"j
for the merging or climination of tuples. In the fuzzy database, 1, ‘iqun.-mcﬂ‘:t
merged if they are considered sufficiently similar. Ples

As an cxample of the use of this fuzzy database model ang its
fuzzy relational algebra, supposc our database contains the opinions a?sociattd
of experts on three policy options X, Y, and Z. Two relations are contai0 a Brou,
the database: EXPERT, which has domains NAME and FIELD andncd.wi‘hln
sociates the name and ficld of each expert, and ASSESSMENT, wh; ‘r‘:hu:h i
mains OPTION, NAME, and OPINION and associates the name of e; has g,
with their expressed opinions on the policy options. These two relaliongch ex
ified in Table 6.2. In addition, the following similarity rclation is deﬁriczrc Spec.
domain OPINION on the domain universal set {highly favorable (HF) fi for th
(F), slightly favorable (SF), slightly negative (SN), negative (N), and }'"_;’:'orab;,

ative (HN)}: ly ne.

HF F SF SN N HN
g1 8 6 .2 0 0]
F |8 1 8 6 2 0
SF|l6 8 1 8 .6 .2
SN|2 6 8 1 .8 .6
N o 2 6 8 1 .8
HN[lO O 2 6 .8 1]

Crisp equivalence relations in which equivalence classes are singletons are a.
sumed to be defined on domains NAME, FIELD, and OPTION.

Suppose now that our query to this fuzzy database consists of the following
question:

Which sociologists are in considerable agreement with Kass concerning policy
option Y7

The first step is to retrieve the opinion of Kass concerning option Y. This is
accomplished with the relational algebraic operation

(Project(Select ASSESSMENT where NAME = Kass and
OPTION = Y) over OPINION) giving R.
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2. EXAMPLES OF RELATIONS IN RELATIONAL

DATABASE
1aBLE & S ———
/,/%’:::’;QERT Relation: ASSESSMENT
R:d E FIELD OPTION NAME OPINION
NA
Sociologist X Osborn Favorable
Cohen Economist X Fce Negative
Fadem Attorney X Fadem Slightly favorable
Fec Economist X Feldman Highly favorable
Feldman Physician Y Cohen Slightly negative
Kass . Sociologist 1): l(35bc:rn Slightly favarable
sbo ociologist ee Highly favorable
(S)Chreibcl' : ';0 ciologist Y Schreiber Favorable
spcclcrma Y Kass Favorable
V”"f Y Fadem Negative
Y Specterman Highly favorable
Y Feldman Slightly negative
Z Osborn Negative
Z Kass Slightly negative
Z Fee Slightly favorable
e

ulting temporary relation R, on domain OPINION is given by
The €S

RELATION: R,
OPINION

Favorable

t step involves the selection of all sociologists from the table of experts.
Xt s .
I—:L?SI;: accomplished by the operation

(Project(Select EXPERT where FIELD = Sociologist)

over NAME) giving R>.

is a temporary relation on domain NAME listing only sociologists. It is
Here Rz 1S '

equal to

RELATION: R;
NAME

Osborn
Schreiber
Cohen
Specterman

i nd OPIN-
Next, temporary relation R3 must be constructed on domains NAME a
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e sociologists in Rz about option y,

ION. which lists the opinions of 1h' _
IS IS

gebraic expression accomplishing th
(Project(Select(Join Rz and A
where OPTION = Y) over NAM

The relation R is given by this table:

he 4.

SSESSMENT over NAME)
E, OPINION) giving R,,

RELATION: R3
NAME OPINION
Osborn Slightly favorable
Schreiber Favorable
Cohen Stightly negative
Specterman Highly favorable

Finally, we perform a join of relations R, (giVil_lg the opinion of Kass) apqg
(giving the opinion of the sociologists) that specifies a threshold similarity ]eR3
of .75 on the domain OPINION, which is chosen for this example to rEpresvel
the condition of considerable agreement. The algebraic expression for thjg 1::12
is

(Join R, and R, over OPINION) with

THRES(OPINION) = .75, and THRES(NAME) = 0.

The specification of a zero similarity threshold level for NAME is necessary {
allow the merging of names into sets as shown in the results given by e

NAME OPINION
{Osborn, Schreiber, (Slightly favorable, favorable,
Specterman} highly favorable}

Note that the resulting response is less precise and contains less information than
a response of

NAME OPINION

Osborn Slightly favorable
Schreiber  Favorable
Specterman Highly favorable

In this way, the u.nc,ertainty contained in the specification of considerable agree-
ment and in the similarity defined over the possible opinions is propagated 1o the
response given. Buckles and Petry [1983] present an interesting investigation into
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f . Mmatiop Mmeas
the usC resentation and of responge Echerat Ao 0 determinc (pe Precision
of data rep 10N of thejr fuzzy database
gxpert SYStems

uterized expert Sy_s.tem, as the

comfpa human expert within a specif;
cess 0 erience, understanding,
[he-eﬁc to the nonexpert for Purposes of
av;}lla support, or research. Usually ap e
CiSIz?slicaled lookup table (which merely
sop :

. N operator.

Many expert systems are designed 1o

sialogue format; the user generally Provides the pParameters of the problem of
ern and the expert system PFOVlde§ relevant advice, judgments, or infor-

cOr:(i:on. Often the system can also provide (he user with an explanation of the

ma ning process employed to arrive at ¢ lons. Some specific domains

reaSOhiCh expert systems have been deg;j

for al diagnosis and treatment, chemistry, technic

";e;jl:ration’ quality control, damage assessment,

e .

h the user in a

systems consist of an inference engine she
ool an be added, thus allowing the creation of d
bases eans of knowledge acquisition must be inc
som® lg f eliciting human expert knowledge (which may be implicit even to the
mEthocs © ert) and translating it into a form suitable for use by a computerized
human exl:em is known as knowledge engineering; it constitutes one of the major
exp L aYS in the field of expert systems. Knowledge acquisition may also take
challen}.:;es h a learning capability; this highly desirable feature allows the expert
place 1 rougllect knowledge or modify rules based on feedback during operation—
sysleI}ll:g f(':zi:ts relations, judgments, opinions, and *‘rules of thumb‘.‘ conta_u}ed
within the expert knowledge base usually manifest varying de-greestofbimp:lfliliiz
and uncertainty. It is nevertheless c;leSI_rable for an expert SYSl.emetaeaﬁd v’ague
the human expert, to draw nontrivn?l 1nfer:311cc:s frrlotrlx:elrggsl'itzggssf e?(pert SVelE e
heuristics. Thus, the management of uncer amnvy inporocess. and
i i ance for the successful modelmg of the reasoning p ’
;?1: ﬁtl;:]?{y lcr)? ?L?;tzy set theory and lh?:l }hcci:ory of evidence for this purpose has been
and continues to be extensively studied. : e ents
The inference engine of an expert system operates qr;]a ;ﬁ;‘g;uzfn?:;,e?refn-
known as production rules, which connect aqtecedents wit fcommonly ek
ises with conclusions, or conditions with actions. They mos

Il to which

ifferent **experts.” In addition,
orporated into the system. The
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form IF A, THEN B. Thes¢ rules offer the advantage of a high degree of
y fied, or deleted from the rule base. There

larity: they arc casily added, modi ]
ularity: they ar y hesc production rules. The firstis data g

two major approaches 1o cvaluating t i
and corresponds to the logical inference method of modus ponens. In thjs Sk

the available data is supplicd to the expert system, w_h'Ch then uses it 1o evalyag,
the production rules and to draw all possnble conclusions. An alternative me[hoz
of evaluation is goal driven: it corresponds to the modus tqllcns form of logic
inference. Here, the expert system searches for the data specified in the 77 a‘:l&ma1
of rules that will lead to the objective; thesc data arc found either in the kﬂ0wiedes
base. in the THEN clauses of other production rules, or by querying the yq ge
Since the data driven method proceeds from IF clauses to THEN clauseg i:-r.
chain through the production rules, it is commonly called forward chaining. bea
causc the goal driven method proceeds from the THEN clauses (Objective;) i-
the IF clauses in its search for the required data, 1t 1s comm(?nly called b“Ck\varz
chaining. Backward chaining has the advantage of spee.rd. since only those ryle
lcading to the objective will be evaluated. Furthermore, if certain data are difﬁcmsl
to provide and only potentially necessary, then the backward chaining methoq i
clearly superior.

The rules employed by human experts are often of an imprecise or heuristjc
nature: the use of bivalent truth values or the requirement of exact satisfactigp
of IF clause conditions for rule evaluation often seems unnatural in the context
of human reasoning. Therefore, a great deal of research has taken place on the

applications of approximate reasoning and fuzzy logic in the inference process

Whalen and Schott [1985b] describe one use of fuz_zy production rules in an ip-
teractive expert system designed to aid in the selection of appropriate techniques

of forecasting sales of commercial products. This system, called fINDex, operates
in a goal-driven manner by asking the user an increasingly specific series of ques-
tions concerning constraints on the forecast technique to be used. These con-
straints consist of the type and quality of outputs required from the forecast tech-
nique and the resources such as data, time. and money that are available for
implementation of the forecast. The system does not perform the forecast itself
but employs the constraints input by the user to produce a small list of possible
forecast techniques. This list is a fuzzy set, where membership grades of the

bilities under the constraints as evaluated by the

techniques indicate their possi
fuzzy production rules. These fuzzy production rules have the form illustrated

by the following examples:

mog.
éxisl
Tlven

IF the long-term historical data available are at least fair, THEN regression

analysis is possible.
IF medium-term accuracy is required at a level of quality at most good to

very good, THEN regression analysis is possible.

The final possibility of any one technique is determined to be the minimum pos-
sibility specified by any of the production rules.

—F
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ry basic con i S wij
pout some Vvery Straints Such ag ¢ e 'th the Syste .
a ecast. The user may answer the questions Ime ; querymgt e user
ﬂ; na decline to answer at all; (hjs allows o, apr Cise] Vaava lable for the
of \ user's current knowledge concerning (1, CCurate | CIIOHgL;' ly as desireq
0

ay res”. ! .
m ibilities of the various technigues. In ro

0s3 d chainin
s forward chaining on the produciion
o determine the possibility of edch tech s based o
d end the session or request a fur niqu

of th€ es € co - .
quest that the system take the answer NStraings, 5 any p he precision

The fINDex system manipulates vague linguistic terms such ;

sible, strict, at least fair, and very good with the use of fuzzSuc o ’thly_;?os-
fuzzy sets defining linguistic terms days, weeks, months. and oies((:}lf' In addition,
six (figures) (for money) are defined. The use of these linguistic telg"re; o
compilation of fuzzy production rules to be made directly from l:rbn]s 210% (he
mentation concerning forecasting techniques. They also allow nI;turljl E:i .
responses to be made by the user at various levels of precision. The fi lrllguz‘.‘ge
illustrates a sample session with fINDex: ' oliowing

fINDex: Please give information, if possible, on the following condition. If
you cannot supply information on the condition, just press return,

Time available?
USER: (return) (no response; interpreted as unknown)

fINDex: Do you want to respond to more questions (type q) or do you want
to get a reaction to the information provided already (type r)?

USER: q S
fINDex: Please give information, if possible, on the following condition. If
you cannot supply information on the condition, just press return.

Knowledge of structural relations available?
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USER: Very good
fiINDex: Long term accuracy required?
USER: Poor
fINDex: More gucstions or a reaction?
USER: q
fiNDcx: Reccnt historical data availablc?
USER: Fair
fINDex: More questions or a [caction?
USER: 1
fINDex: Possibility Techniquce
1 Delphi method
1 Input-output analysis
1 Panel conscnsus
1 Visionary forccast
1 Historical analogy
1 Trend projection
1 Regression analysis
] Econometric analysis
e Life-cycle analysis
.26 Moving averages method
.26 Exponential smoothing method
.26 Box-Jenkins method
.26 X-11
.26 Intention-to-buy and surveys
.26 Economic input-output model
.26 Diffusion indexes
.26 Leading indicators
0 Market research

Do you want to stop now (type s) or continue (type ¢)?
USER: c

fINDEX: Delphi-coordinator available?
USER: (return) (no response)

fINDcx: More guestions or a reaction?
USER: q i
fINDex: Panel of experts available?
USER: (return) (no responsc)

fINDex: More questions or a rcaction?
USER: g

fINDex: Short-term accuracy required?
USER: Good to very good

fINDex: More questions or a reaction?
USER: 1



e :"-i
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Do you want 10 Stop now (type s) or contin

USER: c

Computer Science

bility Technique* 269

I Delphij method
Trend Projection
Regression analysijg
Econometric analysig
lnput-outpm analysijg

1
1
I
I

.26 Exponenlial s i

moot
.26 Box-Jenkins meth:o}:img g
.26 X-11
.26 Economic in

: Put-out ut

(())]1 i\/lovmg aVerages mgho?odel
. nlention-to-buy and
01 Diffusjon indexes =l
01 Leading indicators

ue (type c)?

{INDex: Turning point identification required?

USER: Very

good

fINDex: More questions or a reaction?

USER: T

fINDex: Possibility

Do you want to stop now (type s) or continue (type

USER: ¢

Technique
Regression analysis
Econometric analysis
X-11

1
1
.26

c)?

fINDex: Funds available?

USER: Lowe

r three (three indicates a three-figure amount)

fINDex: More questions or a reaction?

USER: r

fINDex: Possibility Technique

Regression analysis
X-11
Econometric analysis

1
26
18

Do you want to stop (type s) or continue (type c)?

USER: s

One of the m
retrieval systems an
perform quickly eno
Process feasible, de

ajor concerns in the design of both information storage and

d expert systems is efficiency; these systems must be able to
ugh to make interaction with human users or with a controlled
spite large amounts of stored data and large numbers of in-

* Only techniques with nonzero possibility are listed from this point on.
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ference rules. The implementation of fuzzy dalafbascs _and expert systems yjj; .
fuzzy logics may soon be made far more efficient with the introduction of Zin
lement fuzzy logic. Scattereg re;nl&
0

grated circuits designed specifically to imp
indicate that prototypes for these chips have already been produced apg o My
ed

A particular VLSI implementation of fuzzy logic is described in a paper by T
0gaj

and Watanabe [1986].



