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Objective type question



OBJECTIVE TYPE QUESTIONS

1. If a generalised co-ordinate has the dimen- o) Surr 04 mPR O =D
sions of momentum, the generalised velocity
will have the dimension of— (D) 0+ 89=0
(A) Velocity (B) Acceleration !
(C) Force (D) Torque 5. A hoop rolling down on an inclined pl,
without slipping, its velocity at the bottor, .-

2. The product of any generalised momentum

. ; " the inclined plane—
and the associated (or conjugate) co-ordinate 1
must have the dimensions of— 4gl sin $\2 2gl sin ¢

@ (%5 ®) =3

(A) Energy
(B) Angular momentum 20l sin % 4ol sin
(©) Linear momentum © (%500) @ e
(D) Force

6. For an electrical circuit comprising u
inductance L and capacitance C, charged 104
coulombs and the current flowing in ik
circuit is i amperes, Lagrangian can %
represented as—

3. Whatever dimension a generalised co-
ordinate has, the product of the generalised
force and generalised displacement (co-
ordinate) must have the dimension of—

(A) Force (B) Torque

. & 1,50 1
(C) Work (D) None of these (A) Lg* - C (B) 2 Lg" - 2 qC

4. Equation of motion for bead sliding on a 1xio 14* 1,45 1¢
uniformly rotating wire in a force free space ©) 2. Lg® - 2C (D) s) Lg* + 2 €
1s—

" 7. Lagrangian for a charged particle 11 ¥ |
A ¥ electromagnetic field is given as—

(B) e+’1‘5;—=0 (A) %mv2+q¢+'c v- A



9.

10.

12,

1 2 . ey
(B) im‘ - q¢ {“
5
C
. g
c

> |

> |

(€) ,—1, mv: —qd +

> |

(D) },_ mv? + qé -

Lagrangian for compound pendulum is—
(A) _I—, 162 - mgl cos ©

(B) %163 + mgl cos ©

-

©) ~m(P+ rzéz)+%léz—mgl cos 6

(D) ,l;m (P + 1202 +511f32 + mgl cos ©
The path followed by a particle in sliding

from one point to another in the absence of
friction in the shortest time is a—

(A) Sphere
(B) Sigmoid
(C) Cycloid
(D) Catenary of revolution

If a co-ordinate corresponding to a rotation is
cyclic, rotation of the system about given axis
remains invariant then the following quantity
1s conserved—

(A) Linear momentum
(B) Angular momentum
(C) Kinetic energy

(D) Potential energy

. A physical system is invariant under rotation

about a fixed axis. Then the following
quantity is conserved—

(A) Total linear momentum

(B) Linear momentum along the axis of
rotation

(C) Total angular momentum
(D) Angular momentum along the axis of
rotation

The period of oscillation for compound
pendulum is— :

(A g W AR S
) ax \/ gl (B) 2n I+ 12

(©) p~ | K2+ 12) [ mgl
b AR mgl (D) 2n \ (k% + 12)

13

14,

15,

16.

17.
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A point mass, m, under no external forces is
attached to a weightless cord fixed to a
cylinder of radius R. Initially the cord i1s
completely wound up so that mass touches
the cylinder. A radially directed impulse is
now given to the mass, which starts
unwinding, then the angular momentum of
the mass about the cylinder axis—

(A) mRV} 1 (B) mx(2Rvy'"?
(C) m@RVIDY (D) mx (2R v 1)

A solid homogeneous cylinder of radius, r,
rolls without slipping on the inside of a
stationary large cylinder of radius R the
period of small oscillations about the stable
equilibrium position is—

3&R—r)
(A) ZR\/( 22 )

(B) 2n\ }(%)
28
© 22\3®-n

o fs B
D) 2\ ® -7

Hamilton’s canonical equations of motion
are—

@ gi=3 andpi= 30
(B) éi=$andpi=—%
oH oH

© ,-=—and i=_
e T g,
oH

(D) qf=a“l.;landps=— -
op; 9g;

If a co-ordinate is cyclic, Hamiltonian would

reduce the number of variables in new

formulation by—

(A) One (B) Two

(C) Three (D) Four

For a charged particle in an electromagnetic
field, the canonical momenta are—

A) mv+9A R
C 2 C

©) mv-1A @ Lm2-9a
C 2 c
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23. The mechanical equivalent of ap LCk

: d particle in a electromagnetic e/ mec :
1o Sor Kehagelly circuit with a voltage source is g $erie,

ﬁe]d. thf: Hami“onian ﬁ- is l‘epl'escmed as— {A) Damped ham‘lonic OSCl"atO]'
1 (I_’ q = f (B) Forced harmonic oscillator
(A) s ™ \m * me A_ 99 (C) Free linear harmonic oscillator
| (D) Damped and forced harmonic 05Cil]
s Sy
(B) ,m \Pm + ’g(‘ AT -q6 24. The value of m and n for which tp, ,
/— - formations are fan
©) ],m P-qA] + qd Q=gq"cosnp ;P =q"sinpp i
- F" il represents a canonical transformations ,,,
l E " _g._ A e A = ] n= 2 B — ‘] -
(D}zm\m chT qd (A) m=1, (B) m gy n=2
I
19. The Jacobi's form of the least action (C) m=2,n =5 (D) m=2n=|
principle— .
3 25. Jacobi identity for Poisson bracket—
(A) & IN2IH=N(@l dp =1 (A) [X, [Y, HIl+ [Y, [H, XT)4[H, [X, Y])=, |
(B) AJV2[H+V(@ldp =0 (B) [X, [Y, HI1-[Y, [H, X]) + [H, [X, Y]]~ |
©) AJV2[L-V(@ldp =0 (©) [X, [Y, HI1+ [Y, [H, X1] - [H, [X, Y] =
D) AJV2IL+V(gldp =0 (D) X, [Y, H]]-[Y, [H, X]] - [H, [X, Y]|=0

o ) 26. The operator which represents the tw
20. An artificial satellite revolves about the earth variables should commute if the Poisson

at height H above the surface, the orbital bracket of two variables have value—
period so that a man in the satellite will be in

the state of weightlessness is— (A) 1 (B) 0
- (C) ik (D) -ih
'8 R
(A) 21\ /g (B) 2n \/; 27. An inverted pendulum consists of a particle of
= mass m supported by a rigid massless rod of
(©) 1 \/ A D) . \/E length I. The pivot 0 has a vertical motion
2n VR 2n N\ 8 given by z = A sin ¢, the Lagrangian of the
tem is—
21. If a body is thrown vertically upwards, it 5ys elln s ]
strikes the ground at— A 5 mP62 + mgl cos 8 —ml A @ sin ot cos
16 2h\ 2 _
(A) 73 "”’“’Sq’(g) H e west (B) 5 miP%? —mgl cos © ~ml A & sin 01 cos’
16 2m\'"” 1 ,
(B) 3" whcoso 2 to the east (©) EmFBZ —mgl cos 8 + ml A 0 sin @rcos®
2 2h\'"? | g o oed
(C) 3 wh cos ¢ 2 to the west (D) Emﬂﬁ + mgl cos 0 + ml A @ sin ! ¢S
2 2h\ ' ] 28. Lagrange’s equations of motion are second
(B) 3 wycnsy ( g ) W thesast order equations, the degrees of freedom Iof
2. Th i1 . ; q this are—
. e o-particle scattering cross-section an B
hence the number of o-particle scattered must (A) 2n (B): .2 i
be proportional to— ©) 2n+1 (D) 2n+2
(A) E (B) E*! 29. For the transformation Q = log (1 + ¢"* cos p)

(C) E2 (D) E-2 P=2¢"2 (1 + ¢ cos p). The generating



function 15—

(A) ~(2-1Ytanp
®B) (eQ-1)*cot p
(©) (eQ- 1)? tan p
D) - (- 1)?cot p

; : 1
30. For generating function F, o mwg? cot Q,

an expression for the displacement of linear
harmonic oscillator is given by—

(A) \/'__'m%oi sin (@ + )

(1 .

(B) \j =3 sin (@r - )
-

(©) \/% sin (of + 3)
—

(D) ‘\/% sin (o1 - B)

31. The force which is always directed away or
towards a fixed centre and magnitude of

which is a function only of the distance from
the fixed centre, known as—

(A) Coriolis force
(B) Centripetal force
(C) Centrifugal force
(D) Central force

32. Differential equation for planetary motion is
given as—

d’u_ —m (l)
a2 =4~ paf\,
d’v_ m (1
®) a2 =“*p,2 f(u)
d’u__m (1
de‘%"““‘ﬂuzf(u)

LCu__ om0
=) def‘“ﬁf(;)

For orbits under inverse square law of
force, the effective potential energy is given

(A)

(€

33.

by_._
k12 k P
(A =4 =te kK __ 7
: rt 2mr? B) r 2mr?
kP kP
IOy =g =% Kk
) pt 2mr2 (D) 2 2mr?
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34. Plot for unbounded motion at positive

energies for inverse square law of force—

(A)
g
T 112mr
v’
7
L
(B)
\r] ry L
t o\ 5
v’ : :
] l/ E
N
© \
iy Tl r—
v\
' E
(D) »
LN
[
/ 1 5.

Plot for the equivalent one-dimensional po-
tential for inverse square law of force,

illustrating bounding motion at negative
energies—

(A)
\. R
T "
v !
: ?
r \//
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36

Plot for the equivalent one dimensional
potential for inverse square law of force,
illustrating the condition for circular orbi‘s—

(A)|
___KI - __—E
T
v b
P W 4
| 7 }i/’
(B) |
\ ' —
R 'l d
T\ .'
Vil :

37. Plot for the equivalent one dimensional
potential for an attractive inverse fourth law
of force—

(A)

(B)

(&)

Vf
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plot for a linear restoring force (isotropic
harmonic oscillator) for any positive energy at
which motion is bounded—

(A) .
~
s P ".‘”:_ \ ?,1,:____h E
Vv’ : 3
A S rd
. "'_’.] ' ¥
(B)
T Lo
vil ¥ & = Ey

‘CJ:' i\..l
TL-_,I\\ paa E
\% N /;_’
b @t ]
I S N
_—’,1 5 r

39.

41.
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Plot 1or a linear restoring force (1sotropic

harmonic oscillator) for zero angular momen-
tum—

(A)
L N
T
v’ ‘\___\
L _-H s ;(f)
@) | \ =
.
| —
= E
(C) - —
T
|
X
Dy [—\\\_ .
T
"
/ .
4 ¥

For attractive inverse square forces. the shape
of orbit will be—

(A) Elliptic
(C) Hyperbolic

(B) Parabolic

(D) All of these

For repulsive inverse square forces, the shape
of orbit—

(A) Elliptic
(C) Hyperbolic

(B) Parabolic
(D) All of these

2. In the case of elliptic orbits, energy is propor-

tional to—
(A) a (B) a!
(C) a*? (D) o

where a is semi major axis of elliptic orbit.
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43

47.

48

A particle of mass. m. moves under the
action of a central force whose potential is
V() = kmr? (k> 0). then energy for which the
orbit will be a circle of radius a. about the

origin i1s—
3 1 3 7
(A) 3 mka (B) - mka‘
1 1 y
(C) 5 mka (D) 3 mka*

A particle of mass. m. mOVes under the action

of a central force whose potential is V(r) =
kmr® (k > 0), then the period of circular

motuon 1s—

2 Pk
(A) = m =
\ ka* N 3ka
2 2R
(C) . D) ——
\ mka N ka

A particle of mass, m. moves under the
action of a central force whose potential is
V(r) = kmr® (k > 0), then angular momentum
for which the orbit will be a circle of radius a,
about the origin is—

(B) ma®Vka

(C) ma* N 3ka (D) ma  ka

A particle of mass, m, moves under the action
of a central force whose potential is V(r) =
kmr® (k> 0), then the angular frequency is—

(A) ma\"3ka

(A) V3ka B) Vka
(C) V5ka (D) V15ka

The mutual potential energy V, of two
particles depends on their mutual distances, r,

as follows
V=£.,—Q;a>0.b>0
- r
if the particles are in static equilibrium, then
the separation iIS—

24 2b
a b
© , D) ,

A particle of mass m moves in a central force

field defined by E =" kr/P, if E is'the total

49.

50.

51.

52.

53.

54.

energy supplied to the particle. then its speg

is given by—
k 2E k 2E
(A) m,l+ m (B) mr’ m
; k 2E R
(©) mATm () \omR T m

A particle moving in a central force located y
; = 0 describes the spiral r = e %
magnitude of force is inversely proportiong
to—

(A) r (B) r?

(€) r' Dy

A particle describes a circular orbit under ihe
influence of an attractive central force
directed towards a point on the circle. The
force inversely proportional to—

(A) (B) r*

© (D)

For orbits, the conic depends on the value of
eccentricity given by—

-

me

-

mk?

| 2ER ‘
wA\[1-2F @ \[1+

© \/1-2gp JEP

The impact parameter, s, defind as the
perpendicular distance between the centre of |
force and the incident velocity this parameter

(D) \j 1+

proportional to— (E — Energy]
(A) E (B) E*
)y B! (D) E¥

The orbit is symmetric about the direction of
periapsis, the scattering angle is given by—
(A) ©=n-2¥ (B) O©=n+2Y

(C) ©=2rn-Y¥ (D) ©=2n+Y

The desired relationship between the
parameter and the scattering angle 15—
7'¢
(A) OE cosec
2z . ©
2k "2

ZZ7'¢? ©
-~ cot "

2E 2
77'e*\*
-(D) ( ZEe) --.:uauec"e..z9 R

impact

(B)

(€)




55.

56.

57.

59.

In the famous Rutherford scg

. 3 ttering cr.
section, differential Scattering ¢ g

TOSs section is

proportional to— le = Charge)
(A) € (B) e2
©) ¢ (D) et

In Rutherford sc.attering Cross section, the
differential scattering cross section is
proportional to—

(A) sin®
(C) sin® ©

inversely
(B) sin2 @
(D) sin?®

The angle of recoil of the target particle
relative to the incident direction of the
scattered particle is—

(A) % (n-©)

(C) n-06

®) , (n+6)

D) n+0

A body is freely falling on the earth’s surface,
the body deflects by—

(A) 3 cm towards west

(B) 3 cm towards east

(C) 3 cm towards south
(D) 3 cm towards north

A ball is released from rest from a great

height above the ground in Delhi. It will fall
on the ground—

(A) Exactly below the point of release
(B) Slightly east of the vertical

(C) Slightly west of the vertical

(D) Slightly north of the vertical

. The Lorentz transformation matrix, where the

relative velocity is along the Z-axis, given
by—

00 0 0
00 0 0

(A

}10 Y Py
01 —ify v
10 0 0

@ | 01 0 0
00 —v ify
00 By vy

61.

62.

63.

Physical Sciences | 155P

(I 0 0o o

©) 01 0 o
00 vy ipy

\0 0 -ify v

( 10 0 o0
(D) 01 ‘0 0
00 iy ¥y

k 00 -r ipy

The length contraction—

(A) Predicts that the length of an object
approaches zero as its speed approaches
the speed of light in vacuum

Predicts that there is no change in the
length of an object when its speed
approaches the speed of light in vacuum

Predicts that the length of an object
reduces to half when its speed
approaches the speed of light in vacuum

Predicts that the length of the object is
directly proportional to its velocity

An astronaut moves in a super spaceship

(B)

(©€)

(D)

.travelling at a speed of 0-8c. The astronaut

observes a photon approaching him from

space. The speed of photon with respect to the
astronaut is—

(A) 1-8¢ (B) ¢
(©) 02c (D) 09¢

A spaceship is travelling with a velocity 0-4c,
where c is the velocity of light. A person
performing an experiment in these spaceship
observes a particle moving with a velocity
0-4c in the same direction as that of the
motion of the spaceship. A stationary
observer on the earth would observe the

particle to have the velocity—
(A) 0-69c¢ (B) 0-50¢
(C) 0-80c (D) 0:73¢

Lorentz transformations assume—

(A) Space and time are both relative

(B) Space is relative, but time is absolute
(C) Space is absolute but time is relative
(D) Space and time are both absolute
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65.

67.

70.

The difference vector X, is space like if the
two world points are separated such that—

(A) Ir -1 B 231 -h)

B) Ir - P <A -h)

(©) Iry-raf > -0

@) Iry-rP <@ - 1)

The difference vector X,, is time like if the
two world points are separated such that—
(A) Iry =123 (1 -1)?

B) Iry-rP <3 -10)

(C) Iry-ral > -n)

(D) Iry-ralf <&t -1)

The Lorentz transformations are equivalent t0
rotation of axes in four dimensional space

through an imaginary angle—
. : i
(A) tan (iP) (B) sin
) tan B (-Lr_l_ﬁz)

(C) tan~! (iB) (D) cos! (—f\/_%;)

The proper length of a space vehicle is lp.
According to an observer on earth, the length
of the spaceship is 25% of its proper length.
The speed of the spaceship according to the

observer on earth is—
c\3 3

(A) 2 B) ¢ \[5

(C) 0968c (D) 0-87¢

On the annihilation of a particle and its anti-

particle, the energy released is E, mass of
each particle is—

(A) % (B) 5%

© & o £

A cube has side [, when at rest. If the cube
moves with velocity v parallel to its one edge
then its volume becomes—

®i(-3)
1

© I (l—g) D) 1 (1 _—g 3

A) f

i

72.

73.

74.

5.

76.

In the normal co-ordinates of the system
of the new co-ordinates involving
resonant frequencies.
(A) One

(C) Three

Normal frequencies for free vibration o
linear triatomic molecules §

each

(B) Two
(D) Four

m M m]

D)

Possible longitudinal normal modes of the
linear symmetric triatomic molecule is/are—
(A) One (B) Two

(C) Three (D) Four

Number of possible modes of vibration
perpendicular to the axis in linear symmetric
triatomic molecules—

(A) Two (B) Three

(C) Four (D) Five

Normal frequency for free vibrations of the
parallel pendula is given as—

2%k 2%
@ \5-= ® e
m

o \[5-% o[y

A massless spring of force constant k I =
masses m; and m, attached to its (WO €0
The system rests on a horizontal table. 10+~
angular vibrational frequency ® of this
system is—

(A) [K/(my —m;,)]'2

(B) [k/(ml + m:)] 12

(C) [k(my + my)lmymy]'2

o (G-I




1.

78.

9.

80.

81.

82,

83.

There are Six particles lying on a plane. The
degrees of freedom associated with them

©) 12 (D) None

A sphere rolling down from the 1o
sphere is an example of—

(A) Scleronomic, non holonomic and
conservative system

Only conservative system

(C) Only Scleronomic system

(D) Only non-holonomic system

A cylinder rolling without slipping down g
rough inclined plane of angle 0 is an example
of—
(A)
(B)

P of a fixed

(B)

Scleronomic, conservative System only

Scleronomic, holonomic, conservative
system

Only conservative system
Only Scleronomic system

(C)
(D)

A particle moving on a very long frictionless
wire which rotates with constant angular
velocity about a horizontal axis is an example

of—

(A) Rheonomic, holonomic, conservative
system

(B) Only conservative system

(C) Only holonomic and conservative
system

(D) Rheonomic, non-holonomic and non-
conservative

How many degree’s of freedom a rigid body
possess—

(A) 3

(B) 6
@€ 9

(D) Infinite

When a rigid body rotates about a given axis,
the degrees of freedom it will have, is—

(A) 1 (B) 2

€ 3 (D) 4

When a cylinder rolls without slipping on a
Plane, how many degrees of freedom it has ?
(A) 1 (B) 2

© 3 (D) 4

EWO Particles moving on a space curve and

ave fixed distance between them, have
€grees of freedom numbering—

(A) 1 (B) 2
© 3 (D) 4

85.

86.

87.

88.

89.

90.

91.

92.

93.
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Three particles moving in space so that the
distance between any two of them always

remain fixed have degrees of freedom equal
to—

(A) 1 (B) 3

(C) 6 (D) 9

The number of degrees of freedom for a
System of a rigid rod moving freely in space
and a particle js constraint to move on that
rod is equal to—

(A) 1 (B) 2

€ 3 (D) 4

Scleronomous constrai nts are—

(A) Independent of time

(B) Dependent on time

(C) Both (A) and (B)

(D) None of these

Constraint in the case of a rigid body is—
(A) Dynamic constraint

(B) Scleronomous constraint

(C) Rheonomous constraint

(D) Static constraint

An example of a rheonomous constraint is—
(A) Bead rotating on a wire loop

(B) Beadon a rotating wire loop

(©) A simple pendulum

(D) A torsional pendulum

Name the type of constraint that may be
expressed in the form of an equation relating
the co-ordinates of the system and time—

(A) Holonomic (B) Non-holonomic
(C) Scleronomous (D) All of these

A non-holonomic constraint may be ex-
pressed in the form of—

(A) Equality (B) Inequality

(C) Vector (D) None of these

The constraint on the motion of a particle in a
plane reduces the number of degrees of

freedom by—
(A) One (B) Three

(C) Four (D) None of these

A particle is constrained to move along the
inner surface of g hemisphere number of
degrees of freedom of the particle is—

(A) One (B) Two

(C) Three (D) Four
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94.

95.

97.

98.

The generalised co-ordinate 6 for the mot_ion
of a simple pendulum oscillating in a vertical
plane is—

x

(A) cos™! /

(B) sin™! ;

(C) (A)and (B) both
(D) None of these

The Lagrangian method of undetermined

multipliers can be used for the holonomic

constraints if—

(A) The forces of constraints are required

(B) It is inconvenient to reduce all the co-
ordinates of the system to independent
ones

(C) Both (A) and (B)

(D) None of these

Let two unequal masses m, and m, (m, < my)

be connected by a string of length I, passes

over a frictionless and massless pulley such

that the distance of m, from the pulley be x,

then the Lagrangian of the system is—

(A) %(ml —my) X2+ (my + my) X
1 .

(B) E(ml + my) x>+ (my—my) x
1 :

(C) ‘2‘(’"1 + my)x*—(my —my) x

1 .
(D) 2 (my —my)x* = (my —my) x

A particle of mass m moves along a straight
line and is attracted towards a point on this
line with a force proportional to the distance x
from that point. The Lagrangian of the system
1s—

1 1 1
(A) zmvz"'ikxz (B) Emvz—-%kﬂ
(C) %mvz-&- kx? (D) mv2+%kx2

A particle of mass m moves in a plane, its
motion defined by (r, 8) under the influence
of a force F = —kr directed towards the origin.
The Lagrangian of the system is given by—

' B
A) = L e 1
(A) 2mr2+2mr29 2kr2

1 ., 1
(B) 2mr2+2kr2

99.

IRTIE BETO I |
(C) Emrz +§mr"’92+2 kr?
(D) None of these

In Q. 98, the r-component of the moyjq, .
given by— I8

(A) mr +kr=0
(B) mr+mr® +kr=0

(C) mr—mmM? +kr=0
(D) None of these

100. The equation of motion for a small partig,

101.

102.

103.

of mass m at position x is mx+ Yx - mg=(
Assuming initial speed to be vy, the termipg

speed of particle will be—
(A) % B) Vvo+ 2gx
() vo+ gt @)
Lagrangian of the sun-earth system is—
(A) %m}‘z +%mr2€|2 - GMm
(B) %m'rz +Elmr292+GMm
(C) L (Mo

2 r
D) —;*m 2 4 GMm

where r is the sun and earth distance M and

m are mass of sun and earth respectively 818
the angular speed and G is gravitationd
constant.

The generalised velocity co-ordinate g of?
classical system with Lagrangian ‘L i said
to be cyclic if—

oL . oL d (oL
(A) 3~ =q, (B) 5~ ='["’J
agk aqk at aqt
(©) %:0 (D) L
9k 3¢
Gk

The Lagrangian of a particle moving ind
plane under the influence of a ceit

. . . e "y e
potential is given by L = }} m (= + 20°) ‘




104

105.

107,

y(r). The genera]i:?ed moments correspond-
ingto 7 and O are given by—

(o) mrandmr®  (B) mrand mrd

(C) mr* and mr® (D) mr and mr2

The Hamiltonian corresponding to the

Lagrangian L = ax + by? — kxy is—

2 p2 -
&;+p“’+h}’ (B) &*\»EL-:@

(A 2% 2 4a " ap

©) o

The Lagrangian of a particle of mass m

moving in a plane is given by L =% m (v +

»?) + a (xv, — yv,) where v, and v, are
velocity components and a is a constant. The
canonical momenta of the particle are given
by—

(A) p,=mv,and Py =mvy

(B) p.=mv, +ay and p, = mv, +ax
(C) py=mv,—ayand p, =mv, +ax

(D) py=mv,—ayand p, = mv,—ax

A system of two particles having masses m,
and m, are connected by an in extensible,
massless string of length / passing through a
small hole in horizontal table, the
Lagrangian of the system is—

Iﬂzréz
2

(A) (m; + m2)§+ —my g(r=1>

(B) (my + mz)g— +(my—my) g (r=10

i 02
€) (my + ml); +(my —ml)%

f:—Z-EE—ng(I‘—[)

Which of the following is incorrect for
conservative systems ?

4 indii
(B) 5L=df (P:&?J

D) (m, + m,_)'*;— + m

(A) BL:P;’ 59’;‘
(C) JT

o =4 (D) 8T +0V =0

108.

109.

110.

111.

112.

113.
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Initially two co-ordinate systems are
coincident. The primed system rotates with
an angular velocity ® with respect to the
other non-rotating frame. If ' is one of the
unit vectors in the rotating co-ordinate

system. Then i?t in non-rotating frame is
given be—
(A) ¥ B) ® x T
- = - -
© o. i (D) ®x(®xi)

In Q. 108, c;_i;_ in non-rotating frame—
(A) Zero (B) w?i'

C) o xi (D) @ X (0 x7)

In Q. 108 % in rotating co-ordinate system

is given by—
(A) Zero B) 7'
© o xT D) ®x@x7)

An xyz co-ordinate system, initially coin-
ciding with an inertial frame xyz, rotates

with an angular velocity ® = 21+ F} + (2t

A
+ 4) where t = time. The position vector of
a particle at time f in (xyz) system is given
by—

T =(R+1)i + 61 +45%
its apparent velocity at time f = 1 sec.
(A) v’=2?+6_?+4£
A A A
(B) vV=2i-6j + 12k
A A A
©C) v=2i+6j + 12k
A A A
(D) v=2i+6j —4k
In Q. 111, its true velocity at = | sec.
A A A A A A
(A) 2i +6j +12k  (B) 34i +2j +2k
(C) 347 -2j +2k (D) None of these

In Q. 111 its apparent acceleration at ¢ =1
sec.

A A A A A
(A) 2i +6j + 12k (B) 2i + 24k

A A h A A
(C) 2i - 24k (D) 2i -6 +24k
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i i t=1séc.
114. InQ. 1 ],«I its trhue ac(;elerall()ﬂ at \/ -, the radius of the planet j__
(A) 48i —24; + 20k
B) —147 + 212] + 40k (A R i
(B) —: I : ‘L+ (C) 2R (D) 4R
(C) 4i-4j -8k 121. The earth revolves round the sup iy, elli

orbit with sun at centre of the foc; i, rPl ca)

(D) 407 + 18] + 36k
The orbital speed of the earth ig max.

11S. The coriolis acceleration on it at 1 = | sec near the point—
(Q. 11— ()
A A A
(A) 487 —24) + 20k
(B) —487 +24] + 20k A
— 481 +24) + 20k
A A A < & '*_ == H
(C) 48i -24j + 20k
A A A
(D) 48i +24; - 20k “—MJL' tunh
116. The centripetal acceleration on the particle at (A) C (B) B
r=1sec.(Q.111)—
A A A (C) A (D) D
A) -14i 12 k
= ]A" v AJ s 4? 122. A linear transformation of a generalised .
(B) 107 +200; + 30k ordinates g and the corresponding momep.
A o ol tum p to Q and P given by—
1)
(C) 4’,\ J Al ) Q=qg+p;P=q+ap
(D) —-4i +412; + 70k is canonical if the value of the constant
I17. The magnitude of coriolis acceleration in Q. il
11— (A) -1 (B) 0
C) +1 D) +2
(A) 4N 205 (B) 8V410 &) )
123. A particle of mass m is constrained to move
(C) 10V 410 (D) 2V 205 on the plane curve xy = C (C > 0) under
_ ) gravity (y-axis vertical). The Lagrangian of
118. The magnitude of centripetal acceleration in the particle is given by—
Q. 111—
. c?y , mgC
(A) 10V410 (B) 8V410 ) 2"”‘2(1 *r‘) "
2
«C) 87205 (D) 27205 (B) ; i (1 + %) _mgC
X
119. Which one of the following particles
experiences a coriolis force ? (C) L m x? (l + %) + mgC
(A) A particle at rest w.r.t. earth at Bhopal
, . 1 . CY) _mgC
(B) A particle thrown vertically upward at (D) 5 mx {1+ 5)-",
Bhopal
(C) A particle thrown vertically upward at  124. A particle of mass m falls a given distanc
the north pole 2 Jled
n = 20 . istanc trave
(D) A particle moving horizontally along RN \/:_ and the distance
the north-south direction at the Bhopal in time ¢ is given by z = ar + br* wi;ﬂ:
120. If the escape velocity from the surface of a constant a and b are such that the ¢ "
spherical planet of mass M is given by always the same. The integral J o Lt

.



l"'i.

o

126.

127.

128,

129,

gm for real values of the coefficients

{D" azgandb?g

The Hamiltonian corresponding to La-

grangian

M 3 5 .
L=%r-—§(1)2x‘—[!x3+[3n’2
) pr 1
) H=3 14 2p9) 5 W% + 0u’

o 1 )
B) H_2(1+2ﬂx)+2c02x2+ax~
. _____&:___ 1 53
©) H'2(1+2Bx)2+2m2r+wrz

_ _ l 3
0 H=3 1 2802 2 % + 0
g, and g, are generalised co-ordinate and p,,
p, are the corresponding generalised
momentum. The Poisson bracket [X, Y] of
X=g¢2+¢g2and Y =2p, + py 15—

A) (g2+g?p B 3(@?+ad)

(©) 4g: + 29, (D) 0

The transformation ¢ = PQ?, p = é‘ is
canonical—

(A) True (B) False

Generating function for Q 127 is—

(A) F=gp (B) F= g

(C) F=Pq (D) F =pq

A particle moves in a circular orbit about the

0ﬁ§in under the action of a central force F=

=3 - If the potential energy is zero at

infinity, the total energy of the particle is—

k k
w5 (B) -2

(€) Zero (D) +f’z

130.

131;

132.

133.

134.

Physical Sciences | 161P

A particle is moving in —'l: potential. Which

of' the following statements is incorrect in
this case ?

(A) Angular momentum of the particle 1S
always conserved

Kinetic energy of the particle is always
conserved

The particle always follows a closed
path

Force on the particle is always radial

(B)
(©)
(D)

A planet is revolving around a star in an
elliptic orbit. The ratio of the farthest
distance to the closest distance of the planet
from the star is 4. The ratio of kinetic
energies of the planet at the farthest to the
closest position is—

(A) 1:16 (B) 16:1
C) 1:4 (D) 4:1
A particle moves in a central force field =

—Jcr";\-, where k is a constant, r the distance of
the particle from the origin and 7 is the unit
vector in the direction of position vector 7.
Closed stable orbits are possible for—

(A) n=1andn=2

(B) n=1andn=-1

(C) n=2andn=-2

(D) n=1andn=-2

The Lagrangian for the Kepler problem is
given by

L=;1.—,('r71+r’3€')2 +% (p>0)

where r, 8 denote the polar co-ordinates and
the mass of the particle is unity. Then—

(A) pg=2r%0

(B)
©)

Pr= 2r

The angular momentum of the particle
about the centre of attraction is a
constant

The total energy of the particle is time
dependent

The mean distance of Mars from the sun
being 1524 times that of the earth, the time
of revolution of Mars about sun—

(A) | year (B) 10-24 years

(C) 18814 years (D) 18-814 years

(D)
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135.

137.

138.

139.

140.

_ The speed v of a particl

A particle describes the curve 1S Juminscate
under a force P towards the pole. The law of

force— I
| _
1 |
(C) Pe= 5 (D) Pe= 4

e moving in an

elliptical path in an inverse square field is

given by—

A) -2—‘—'(3-]
D)V =m\r a
. kg2 1
(B) vv= (-i-—
m\r a
; EqE l)
(€) v _m(2+a

,_Ii 2 a
(D) ‘*_m(r+2)

For orbits under inverse square law of force
the effective potential energy is given by—

kP Kk P
(A) ¥ omr (B) 2 2mr?

k_ P k, E
(O) ™ Pl (D) i

The force which is always directed away or
towards a fixed centre and magnitude of
which is a function only of the distance from
the fixed centre is known as—

(A) Central force

(B) Coriolis force

(C) Centrifugal force

(D) Centripetal force

The motion in which the distance between
two bodies never exceeds a finite limit is—
(A) Unbound motion

(B) Bound motion

(C) Fixed motion

(D) Rotational metion

A particle of mass m is attached to a thin

uniform rod of length a and mass 4m. The
distance of the particle from the centre of

. a L.
mass of the rod ISZ . The moment of inertia

141

142.

143.

144,

of the combination about an ax,q
through O normal to the rod is—
O

:“Ring

S 9l
(A) 48 ma (B) 48 Ma

27 .3 31
(O) 48 ma (D) 48 ma?

Two solid spheres of radius R and mag;
each are connected by a thin rigid rod
negligible mass. The distance between i,
centres is 4R. The moment of inertia aboy
an axis passing through the centre o
symmetry and perpendicular to the |z
joining the spheres is—

(A) 5 MR? (B) 252 MR?
©) “i.—‘irvm2 (D) 8gﬁm2

A particle of mass m moves in a potential ¥
(x) = ; moix* + ;mpv2 where x is the

position co-ordinate, v 1s the speed. and ©
and p are constants. The canonice!
(conjugate) momentum of the particle is—

(A) p=m(1+pyv (B) p=mv
(C) p=mpvy (D) p:nl(l—plr
A circular hoop of mass M and radius d roll
without slipping with constant angular s

® along the horizontal x-axis in the x-¥
plane. When the centre of the hoop 13 atd

distance d = V2 a from the orgin, the
magnitude of the total angular momentum®
the hoop about the origin is—

(B) \EMa%o

(A) Ma’w
(D) 3IMa’w

(C) 2Ma*w
If a particle moves outward in a pl

a curved trajectory described by r=a%
¢, where a and @ are constants then 18~

(A) Kinetic energy is conserved

ane aloné




45

147.

148

149,

(B) Angular momentum 1s conserved
(C) Total momentum is conserved

(D) Radial momentum is conserved

For a particle moving in a central field—
(A) The kinetic energy is a constant of
motion

The potential energy 1s velocity depen-
dent

The motion is confined in a plane
The total energy is not conserved

(B)

(C)
(D)

A bead of mass m slides along a straight
frictionless rigid wire rotating in a horizontal
plane with a constant angular speed ®. The
axis of rotation is perpendicular to the wire
and passes through one end of the wire. If r
is the distance of the mass from the axis of
rotation and v 1s its speed then the
magnitude of the coriolis force is—

rﬂ'z (B) 2mv?
r r
(C) mvw (D) 2mvo

A particle of charge g, mass m and linear
momentum p enters an electromagnetic field

of vector potential A and scalar potential ¢.
The Hamiltonian of the particle is—

2 8
P> A%
2m+q¢+2m

1 (- g-\2
2}n(p "%A) +29

1 (2 g\ - -2
m p~—‘%A)+p.A

(A)
(B)

(C)

2

- - -
@) >g0-p. A

A particle is moving in an inverse square
force field. If the total energy of the particle
IS positive, the trajectory of the particle is—

(A) Circular (B) Elliptical
(C) Parabolic (D) Hyperbolic

A particle of mass 2 kg is moving such that
illme 1, its position, in metre, is given by

A A
" (t) = 5i - 2¢2j. The angular momentum

150.

151,

152.

153.
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of the particle at t = 25 about the origin in
kg m2s! js—

(A) -40k
(C) 80k

A
(B) -8Ok
(D) 40k

A system of four particles in x — y plane. Of
these, two particles each of mass m are
located at (-1, 1) and (1, —=1). The remaining
two particles each of mass 2m are located at
(1, 1) and (-1, —1). The xy-component of the
moment of inertia tensor of this system of
particles is—

(A) 10 m
C) 2m

(B) =10 m

(D) 2m

For the given transformations (i) Q = p. P =
—-q and (ii)) Q = p. P = g, where p and g are

canonically conjugate variables, which of
the following statements is true ?

(A) Both (1) and (ii) are canonical
(B) Only (i) is canonical

(C) Only (i1) is canonical

(D) Neither (i) nor (ii) is canonical

V3’
where mg is its rest mass. The linear
momentum of the particle is—

The mass m of a moving particle is

2mgc

(A) 2mgye (B) —|—
o V3

(C) mye (D) Mot

V3

A particle of mass m is constrained to move
in a vertical plane along a trajectory given
by x = A cos 8,y = A sin 0, where A is
a constant. The Lagrangian of the particle
is—

(A) ; mA26? — mgA cos 0

(B) é mA202 — mgA sin 0
(C) ; mA?2 02

(D) é mA26% + mgA cos 0
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154. In Q. 153 the equation of motion of the

156.

157.

158.

particle is—

(A) é~icose=0 (B) '9+isin9=0

(€) 6=0 (D) é—isin9=0

. A rigid frictionless rod rotates anticlockwise

in a vertical plane with angular velocity ®
A bead of mass m move outward along the

" L ;
rod with constant velocity uy. The bead will
experience a coriolis force—

(B) —Zmuoma
(D) —muou)g

(A) 2mupd
(C) «4!1»:143(1)?3I
The Hamiltonian corresponding to the
Lagrangian L = } (417 + 4142 + 027) - V(@)
is—

(A) @12 —pip2 + P2*) + V(q)

2
) 3 (P12 =p1p2 + P2?) + V(q)

2
©) 3@ -pipr+ p) + V(@)
(D) None of these

The value of the Poisson bracket [E)

= 2 —
¢ B p] where @ and b are constant

VeCtOI'S lS—
(A) ?"’ B) 2-F
C) Z+75 D 7.5

A mass m is connected on either side with a
spring each of spring constants k; and k.
The free ends of springs are tied to rigid
supports. The displacement of the mass is x
from equilibrium position which one of the
following is TRUE ?

50000 m |HT0s00

(A) The force acting on the mass is
'“‘(klkzjuzx.

(B) The angular momentum of the mass is
zero about the equilibrium point and its

Lagrangian is , ] (k, + ky) x2

2 "™

159.

160.

161.

162.

163.

164.

165.

7

(C) The total energy of the syster, ig |

(D) The angular momentum of tpe n
asg
Yig

mxx and the Lagrangian of the sy
Stem
x2 +35 (k| + k) x?

The distance between the twq bo
infinite initially and finally in—

(A) Unbounded motion
(B) Rotational motion
(C) Bounded motion

(D) Translational motion

If the total energy of a particle in 5 Conser. |
vative force field is zero, then the velociy |
obtained in such case is—

(A) Zero

(B) Escape velocity

(C) Recoil velocity

(D) None of these

The force exerted by one particle on t:

other varies inversely as the square of i
distance between them by—

(A) F(n=- (B) F(n=-

L1705

© F(n=

|
LIS BIF

D) F()=7

What is the nature of the orbit if energ) ©
less than zero ?

(A) Ellipse (B) Circle

(C) Hyperbola (D) Parabola
What is the nature of the orbit if the value®
eccentricity is equal to one ?

(A) Hyperbola (B) Ellipse

(C) Parabola (D) Circle

.. : e orhi
The value of eccentricity for an ellipti¢ .
is—

(A) € >1 (B) € = |
€ =0 (D) 0<e <!
The polar equation of the parabola is—
a i} (_1 = 5
(A) f=]_sin9 (B) r=1~c059
“these
©) r= con 3__ 1 (D) None ol thes

o .....n.uA
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j00-

168.

169.

170,

15—

du
0 - 90 == - —
) [2pE  2uk
N2 * 2 " w
. - du
) 6= e
B % |20E | 2pk .
\ T uU—-u
\'\ B E
" du
(C" = ———
CuE
\‘\\ E
du
{_D‘! 0 - 90 = [
f 2uk
™% +

V2 |2

. The conservation of angular momentum is

the central force-field motion leads us to—
(A) Kepler’s Ist law

(B) Kepler’s 2nd law

(C) Kepler's 3rd law

(D) None of these

A particle moving in a central force located
at r = 0 describes the spiral r = -9, the
magnitude of force is inversely proportional
to—

(A) r?

(C) r2

(B) r
D) ~#
In Rutherford Scattering, an o-particle of
energy E is scattered through an angle 9, the

differential scattering cross-section is
proportional to—

(B) E2? sin“g

-4
(C) E? (sin g)_‘1 (D) E? (sin g)

According to special theory of relativity a

particle cannot travel with the speed of light
because jts—

0
(A) E =
) cot2

(A) Velocity will soon be infinite
(B) Mass will be infinite

(C) Mass will reduce to zero

(D) None of these

172.

173.

174.

175.

176.

177.
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If the Galilean transformation were correct

Lhen the aberration angle would be given
Y—__

(A) tan 0 = (B) sin =E

v
c
\4
C

(C) cosp=" (D) None of these

Photographs of rapidly moving distant
objects will—

(A) Not show Lorentz contraction

(B) Show Lorentz contraction

(C) Not show any change

(D) None of these

A small sphere of radius R in its proper
frame is moving with half the velocity of

light, when viewed by an observer in a
laboratory frame it looks like—

(A) A sphere (B) An ellipsoid

(C) A paraboloid (D) A hyperboloid
In Q. 173 instead of being viewed it is
photographed then the space would be—
(A) Spherical (B) Ellipsoidal

(C) Paraboloidal (D) Hyperboloidal

The perpendicular component of accelera-

tion as compared to the parallel component
15—

(A) Less
(B) More

(C) Lessthanbya factori

(D) More than by a factor E

The total kinetic energy of a system of
particles about an arbitrary origin 1s equal to
the kinetic energy of its centre of mass plus
the Kinetic energy of—

(A) Nothing extra

(B) Any particle system in an inertial frame
of reference

(C) The system w.r.t. its centre of mass

(D) The inertial frame of reference

A passenger in a supersonic jet liner tosses a

coin vertically upwards the coin will fall—

(A) Behind him

(B) Infront of him
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178.

179.

180.

181.

182.

183.

(C) Right in his hand
(D) He is unable to toss the coin

If the speed of light were 3 of its present

value the energy released in a given atomic
explosion will be decreased to a factor—
4

(B) 9
5
©) (D) %
A body of mass mg 1s placed in a rocket. The
rocket is moving with a velocity v = 0-6¢

Then the mass of the rocket as observed by a
person sitting in the rocket is—

(A)

o L W

5
(A) my (B) 4 Mo
(©) gmo (D) 2my

A body with a charge g starts from rest and
acquire a velocity v = 0-5c. Then the new

charge on it is—
(A) ¢ (B) g V1-(0-57
DU

(C) gV1-05
V1-(05)?

A slowly moving electron collides with a
position at rest and annihilates it producing
two photons. If the rest mass of the electron
and position be my. then the frequency of

each photon 1s—

(D)

(A) 2myc? (B) myc?
moc? 2myc?
© = D) =

A gamma ray of energy 2:2 MeV produces
an electron positron pair. Then the energy
imparted to each of the charge particles is
nearly—

(A) 1-1 MeV (B) 0-51 MeV

(C) 0-59 MeV (D) 1-18 MeV

An observer ‘X' sees two rockets A and B
approaching him from opposite directions,
each with a velocity 0-8 c, then the speed of
the observer ‘X’ w.r.t. rocket B, as observed

by an observer in B 1s—

Batad

(A) 0-64 ¢ (B) 08¢
(C) 0975¢ (D) 1-60 ¢

184.

185.

186.

187.

188.

189.

190.

In Q. 183 the speed of the rocket A i
rocket B as observed by an obsewer"‘f-}z.t, by

(A) 064c (B) 08¢ [N
(C) 0975¢ (D) 160

In Q. 183 the speed of the fockey
observed by an observer on B jg &
(A) 0-64c (B) 08¢

(C) 0975¢ (D) 160

The postulate of co-variance of Physgy

states that—
(A) The physical laws should pgy,
same meaning in all inertial frame, b

(B) Physical laws should have e
meaning in only linearly p
frames

(C) Physical laws should have the sam
meaning in rotating frames i

(D) None of these

An inertial frame is one 1n which—

(A) Newton’s 2nd law of motion is valid
(B) Newton’s 1st law of motion is valid
(C) Newton'’s 3rd law of motion is valid
(D) None of these

Same
Ovin,

7

A particle with a mean proper life time of | |
usec. moves through the laboratory ata |

velocity of 2-7 x 10'° cm/sec. What is its life
time, as measured by an observer in
laboratory ?

(A) More than one microsecond

(B) Same as above

(C) Less than one microsecond

(D) Data appears to insufficient

When an observer moves so fast lhalaﬂ:t?
lengths that he measures are reduced to ha!
his time interval measurements—

(A) Be invariant

(C) Becomes twice (D) Reduced w;th

: ; i ield
Different physical theories must gg:mf
convergent description of the b

a

phenomenon in their overlapping €
validity this is known as—

(A) Principle of invariance of LorentZ
(B) Principle of correspondence of B‘fhf
(C) Principle of gencra] rule of Einstel®
(D) None of these

(B) Reducedlofllﬂlf :

S —
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o rest MAass of an electron is m, when 1t

¥ moves with a velocity v = 0-6 ¢, then jtg rest along the x-direction, the particle 1s moving

nass 15— . with the velocity : w.r.t S; and S, is moving
(B) : L
(A) ™Mo 4 Mo with Velocny; w.r.t. S, The velocity of the
© .: "o (D) 2"'0 paﬂiclﬂe Wt S, is—
‘ (A) {5¢ (B)
»7 The mass of an electron 15 double its rest 2
192. mass then the velocity of the electron is— (©) Zero (D) c
4
c
" (B) 2¢
(A) 5 198. K. E: of a relativistic particle of rest mass 15
= moving with speed v is—
© 5 € 2 € (A) , mV? By ——
VZ
j03. Rest mass energy of an electron is 0-51 \ = ct
MeV. A moving electron has a kinetic mc? 1
energy of 9-69 MeV. The ratio of the mass (C) . mec? (D) 5 m(? - )
of the moving electron to its rest mass is— A, / f=
(A) 19:1 (B) 20:1 199, T @
[-19 1:20 A € momentum of an tj:lectron (mass m)
©) (D) which has the same kinetic energy as its rest
194. Rest mass of an electron is 9-1 x 10-3! kg. mass energy is—
The mass equivalent energy of its electr
adeamn & =& (A) V3 me B) V2 me
(A) 0-511 ergs (B) 0-5111] (C) me D) =
(C) 0:511eV (D) 0-511 MeV V2
. : . 200. Two events are separated by a distance of 6
195.
iwoc}?rli;?sl ;;2?5:;?:;"3 :;;é)ghffs_t_)etween % 10° km and the first event occurs 1s before
the second event. The interval between the
(A) Q is rotating with uniform angular two events—

velocity relative to P (A) Is time like

(B) Is light like (null)
(C) Is space like

(D) Cannot be determined trom the infor-
mation given

(B) Q is moving with uniform acceleration
relative to P

(C) Q is moving with uniform velocity
relative to P

(D) Q goes round P at a constant distance

: 201. Which of the following equation is relatively
with a constant speed

invariant (o, B, Y and & are constant of

9. Out of the following quantities, pick out one suitable dimension) ?
that is invariant under a Galilean transfor- A 30 (x, 1) aﬂ il
v A) 75 = Gae
(A) Displacement %0 , %0

= = X0

(B) Velocuy (B) arz (xv t) B axg (
(€) Force 0 %
(D) Momentum ©) 5o D=7, (=0

197w ,
- With respect to the reference frame S, a
Particle and a reference frame S, are moving

0 bk
(D) a? =9 ax? (x, 1)
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202.

203

204.

205.

M - f
Although mass-energy equwal.em.e foa
special relativity allows conversion 0 .
photon to an electron-positron pair suc

a process cannot occur in free space
because—

(A) The mass is not conserved

(B) The energy is not conserved

(C) The momentum is not conserved
(D) The charge is not conserved

In an electromagnetic field which one of the
following remains invariant under Lorentz
transformation ?
(A) ExB (B) E?-(C2B?
(C) B2 (D) E?
An electron gains energy so that its mass
because 2my. Its speed is—

V3 3
(A) —Z-C (B) ZC

3 3
© 2 C (D) ’ c
The Lagrangian for a three particle system is
given by

1 . ; .
L=2 M2 +M? +M3%) - @ ;2 + my2 + 12
= TiMs)
where a is real, then one of the normal co-
ordinates has frequency o—

2

(A) @2 = a2 (B) (o2=%
(C) w? =242 D) o?=V2 a2

Identify the points of unstable equilibrium
for the potential shown in the figure—

vix)

(A) pands (B) gand1
(C) rand u (D) rands



Classical dynamuics

Objective type question

Answer key



ANSWERS WITH HINTS

1. (C) 2.(B) )
4. (A) Constraints is time dependent ip this
and given by Case
9 =
® = Angular velocity of rotatjo
Transformation equations
x = rcos®
y = rsin® where § =
Therefore, the kinetic energy 1s

T = ~m@2+y)

m (2 + (18)’]

K= -

= im[}z+ rrm?] 1)

Equation of motion is given by

aT ) dT _
(Bq) 9, %

Therefore, we have

d (aT) _dT _
dt [ar}— or Q

- d (@LT 1
dl BB

; i’ . # rce
Since wire is rotating uniformly 1n 2 fo
free space,

_ d(aT) 3T _
dr or dr

From equation (1) we gel

|

= Qs

EJN

0

d : 32
dr(mr)rmre

m; - mr 92 =0 ]
|y = ro)
b . )_UILI
5. (A) Equation of constraints On the ¢!
nates x and 0 1s
or fdo _d" - U
Compare it with
Lu:k d(ﬂ -y dl e 0
We get ag = ' |

and o, *



According to Question.

Kinetic energy.  (T)

Lagmngian. L = T—V
=_1,M1'r3+iMr292—Mg(l—x)sin¢

Using equation of motion
dfa) a _ |
dt a ax -

X
d_(arL] L _ oy
dt 3% 00

Gives Mx —Mgsin ¢ + A
1

o

and 2Mr9 = A
respectively
From equation (1),
rd0 = dx
we get M = x

Substituting it in equation (5). we get

- 1 i
= 2

2Mr2 * g Mr29
potential energy. (V) = Mg (I - x) sin ¢

-(2)
++(3)

(4
«xl( D)

-.(6)

l .s
A= 2Mx
Using this value of A in equation (4), we get
= 2g sin ¢
;IS —
3
Hence, g = 2&smno
3r
= , _Mx _ Mgsing
- 3
=, 9 _ 2gsin0
dx 3
! I 2g sin ¢
ju vdv = Ju 3 dx
Giveg v:i  2glsind
2 3
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a {f;i(_“"?""’);

- (©) For such circuit,

Magnetic energy,
I

Ty = iLf2 = 2Lé)2

__gq_-]
[because:_':ﬂr =q

2
Electrical energy. Vg ; %
Lg = Ty- Ve
Ty —Magnetic energy of the electrical circuit

(analogous to the kinetic energy of the mecha-
nical system)

~. Lagrangian,

Vg — Electrical energy of the electrical

circuit (analogous to the potential energy of
the mechanical system)

) _1,., 14*| L — Inductance
| Le=,14"=5 ¢ | € - Capacitance
. (C) Maxwell’s equations in Gaussian units are
VxE+1 8 2 o
c ot
V-D = 4rp (D)
Vxa_ 19D _ 4nf
c ot c
V-B =0

The complete force is
F =gq {E+i($ xﬁ)} (2)
Also B can be written as

B = curl A
-9 .
A = Magnetic vector potential

Curl E equation becomes

Suimal @ (o) o — 1 9A
VxE+C a,(VXA) = VX[E-{-(_ 3, ]
0

I

We can set

— 1 0A
B c o ¢
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1 0A
'V‘p_c o1

So, F:q{ V¢_-‘3A ({[1 x(VxA)]}

Now we have.

[v x(V xA)] (—-_) A, a;:
S0.F, =g {*a‘;(¢—' . A)
T dt (av

(3)

or E =

A. ?)) }

Which 1s equivalent to,

. aU d U

® T dr 9U,
with U = q¢-fA.v )
Now Lagrangian

L = T—-U
With T = ;mv2

ﬁ 1 gz ==
So, L = ) —q¢+cA.v

|
L

. (B) Let M — Mass of pendulum.

I — Moment of inertia about axis of
rotation.

\

‘ =~~~

; K] \‘O\\EH .

| ' ‘I \ ’

PHALE

\(.‘ i ol

J | '
nmg i

‘ \‘-... __,'__:_-"“/'

A ngid body capable of oscillating in a
vertical plane above a fixed horizontal axis is

called a compound pendulum.

So, kinetic energy. T = ; 162
Potential energy, V = - mgl cos 0
Lagrangian, L=T-V

— ]_
E_”__z__

162 + mgl cos 6

13.

(©) 10. (B) 11. (D)
(A) For compound pendulum

2n 1
T= =% \/r:g!
e
|
If k — Radius of gyration, then
1 = mk? + ml?

where w =

mk2+m[2
= T = 211:\/ ' mgl

K+ 12
or T= 2n : gl

(B) As there is no force there is no potental
energy

-
\ ,‘f;
\h_ P
1
= K.E = 5 MV’
l .lz "\
or L = ZmF R2 5
: 1
as ¢ = R
Equation of motion is
d (aL _oL _
Using equation (1), we get
LI+012 =0
d »
o =
r P (n =0

By integrating, we have
1 d

2 di (2) = Constant = ¢+°



[nitial conditions are

= 0 att = (O
V= po
r d(?) = 2cdt
’ 12 = 2rts cy
by applying Initial conditions we get
c = 0
pifferentiating w.r.t. 7, we get
3 = Je
Fl]ﬂhcf ‘:0 P f¢ =l' [
R
= c = RVO
Angular momentum about the cylinder axis
= mvl
= mv N 2Ryt

= myy szVO t

m X (2Rvy?1)12

Angular momentum =

V.=V
[as there is no external force]

14. (A) Since the cylinder rolls without slipping.
equation of constraints

M= R-nNob
or M=R-Nno ..»1
[From figure]

KE

n

Due to translation motion
+ Due to rotational motion

m (R = NJ + 5 1

I

W b=

: 1
= 4mR- r? ¢? [since Iy =5 mrz]
[Using equation (1)]

15.
17.

18.

Physical Sciences | 171P
Potential energy.
V= —mgR-rcos ¢
and V= Ofor¢ = 90°
Lagrangian,
L = T-V
= 3 m(R — 72 42
4 N ¢ +mg(R~-rcosd ...(2)

Equation of motion,

d (dL) dL
dt 9¢ dd

Using equation (2), we get

Il
o

SR-Nb+g0 = 0

[for small oscillations sin ¢ = ¢]

i 2 ~
or ¢+___g—3(R—r)¢ =0 -(3)
Compare with equation
0+w¥ = 0
So w, the frequency of small oscillations
W = 28
\j 3R-1)
The period of oscillation
2n 3(R=-1) |
— i B |
.T s 2n \ 2% |
(B) 16.(B)

(A) We have, Lagrangian for a charged
particle in an e.m. field
L = | S v. A
= 5 mv -q0+q o

The canonical momenta are
. ﬁﬂ
{p T ™A

(C) Lagrangian for a charged particle in an
e.m. field

L=,

V.
mv?—qo+q

_ - g
3, = mv. & A
|

(
—JA]
m [P C

= K.E. + PE

P

or Vo=
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o ] .
Now. H = 2nn'~'+q¢:

1 o 2 .
or H = >m [p —EA(r,ﬂ] +q0(r,n
or H= ;n[g—ﬁrﬂur_. r)jl +q¢(r‘.rli

19. (A)

20. (B) If orbit is circular then
Attractive force = Centrifugal force

GMm  gR?m_
(R+H)? ~ (R+H)?
??‘Hr’i
= R+H
v, — Orbital velocity
R — Radius of earth
R T —

) = ———n\ L |
= Vo = moqg VIR+H) gl ...(1)
IfH<<R

Vo = N Rg

Also orbital speed

2n (R + H)
Vg = e
T
2 (R + H)
or T = B

From equation (1),

_2R(R+H) R+H
T = "R \} 2
=

By

=
2‘\\/—
"Neg

21. (B) The eastward derivation of the falling

ifH<< Rthen 1 =

bodies is

5 1
¥ 23 wgr® cos ¢

Time taken by the body in going up to the
o . 2h\ 2
point it will come at rest is (8_) :

Similar time will be taken by this body in
coming down to the surface of the earth.

Total time of flight = 2(2"’)”2
b4

i 1 17273
Lo [22) ] o ()"

/ ] i
Y o= fwhcustb(zgh)”z:

h -
Il

22. (D) 23. (A)
24. (B) Condition for canonical lransformatmn
[Q.P] = 1 55 W il
where [Q,P] = 32 9. 9p, 3g -0
Q = ¢q"cosnp,
P = ¢"sinnp
9Q

- mqm | cos ﬂp . aP —- mqm o Sinn ‘
9q; dq, P

g—grq’“.n sin np ; §£= ng" cos np J

3
Using equation (3) in (1) and (2) |
m. g™~ cos np. ng™ cos np + q™. n sin np,
mq™-1sinnp = |
=  mng*" -1 (cos? np + sin? np) = |

mng*m -1 = |
Thereby giving
mn = 1
and 2m-1 =0
gives m = %, n = 2\
25. (A) 26.(B)
27. (C) Kinetic energy = %Im2
= ;mlzéz
v fIM
I
. //':/ 4
'. 7
, 8 //é/ f
:_T 575
B S

. . o ion due
Now acceleration in vertical z-direction ¢
the motion of pivot

Z = Am? sin o
Net acceleration

(t:g—-g = g—-AU)?' sin o/
Then potential energy
V. = mal cos 0 0

(N
= m(g— Aw’ sin i) 1



L = T-
e L1267 - mg{'coSG+mlA0)2 sin f cos @
2 ~
0
’z EM Q = log (1+¢'"cos p)
- Wwe get.
eQ = 1+g'?cosp
5 g = (eQ-1)?sec? p
Now. we know.
F
%.;‘ = —g=—(eQ-1)%sec? p
Fy = J-(eQ-1)2sec? pdp

Choosing constant of integration as zero

=—(eQ-1)%tanp |

30. (C) Given generating function

F(.Q) = %mm.r;f2 cot Q ik}
Canonical transformation are
=%‘F=mch0tQ ...(a)
p=- g(l): ;mmq cosec2 Q ...(b) @
From equation (2b).
\/ =X Gin Q .3
From equation (2) and (3)
= V2moP cos Q ...(4)

'1’(] — Force constant of linear harmonic osci-
dlor potentia] energy

V= - [ Fa

q 1
_ J'{J (— kq) dq:i kq ...(5)

2

s++(0)

(0)2 = -k—)
m

31.
32.

33,

38.
42.
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NOW. H (p Q) = H (P, Q)
Substituting p and ¢ from (3) and (4) in (6)
H = wPcos?Q+ wPsin? Q=wP ...(7)
or P = H B l:: yo (8)
o o

where H (P, Q) = E = Constant.
Other’s equation of motion

Q = %%: ® [From equation (7)]
or Q= wr+p

.. Displacement of linear harmonic oscillator is

\ /’% sin (o + B)

.-

(D)
(C) Equation of motion of particle is
mr = mrd? - j_V +_f(r)
Introduce new variables
1 1
=" o,r=:
r u
- \du _ 1 du
r=-r% =" mm
. (since 0= l—,)
mre
T T m? ae?
Substitute in equation (1), we get
(- Pu?) d?u 12
Tz gg2 = M zat I
=3 dzu _-_ _m f(_l)_
de? =" Pur " \uJ
(A) 34.(A) 35.(B) 36.(C) 37.(D
(C) 39.(C) 40.(D) 41.©O

(B) In case of elliptic orbits, semi major axis
1S

a = P >
l-€-
. I?
S b =
ubstitute, p ik
P 2
 omk (1l -€?)
= (l-e? = L sl )

mka
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43.

44.

Now. we have

A, Bk
E = T
E — Constant so
r=0
ok
= B 0 i P
Wehave rp, = be
= Foun =k (14 €)
So equation (2) gives
mk?
From equation (3) and (1), we get
o _mke P
T 2 mka
k
B = " 2a
or | E c-cl
a
(A) If the orbit is circular then,
Attractive force = Centrifugal force
vy _ mv? i3
=5 f-(dr)_ . [V =kmr’]
d my?
= dr (kmr?) = r
w2 = ¥
5
or v = rN3kr
at r=a
v'r:a =d 3kﬂ
Kinetic energy = %mv2
_ 2
E = M. a . 3ka
| 3.
8 = 3
=o e
(B) From previous question
v, ., = a =VN3ka
Angular velocity with r = a
B = ;\fym

45

46.

47.

Time peniod of revolution 1s

T =

0
|
= T = ER |
\ 3ka

(C) Angular momentum
| = mva

= m. aVN3ka a
[Ul, wg = m]
ma* N 3ka |

(D) For angular frequency, we have 1o fing
out equation of motion.

We use Taylor’s series expansion
V(a+x) = V@@+Vi(ax

I

'

1
+5 V7 (a) s

2
V(a) = kma3
V() = kmr?
= V(a+x) = kma®+ 3. kma* x
+é-6kma.,tl+,

So, equation of motion

mx + [?La(‘g)+\’”(a)]x = 0

5 2
= mx + [3'3];'“ +6kma]x =0
= X+ 15kax = 0
Compare with x+ax =0

o = Vil

We get angular frequency L:? =

(A) In static equilibrium ‘5:_1 =0
a b
V=:7,
re
- d (a by _
dr\r* r
=4 8.8 50
g
| 2(:‘
Separation r=p




50

kil k
| 45 (©Cven BE SR
7 - -— - " - k
- Vir) = JFdf_—zrz
L o2, B
Nowenergy. B = o mrfe s 4V ()
Loy (mr? 92 g
= o 7‘2 - —
27 Y o —3,3
1 ; k
~ E = :—!m(rz+r‘292)—2ré
= lmvz—i
i - 2r2
_ L [E & |
= o= \\ m mrz'
(C) r = (.’_e
1 o du_
= SR "der =€
Equation of orbit
o)
= Pu?’ \u
6,0 _ _m (1
Ere = Fuzf(u)
2
= f l) — “2.68. P_H
U m
2
f(]—) s B
u m
or f(r) o —l-
M
(D) For attractive central force
ro= '1-=2ac059
u
50 — SC_C_B
U = 2 (1)
= Pu sec? 9 + sec O tan? 0 2)
de? = 2a

NUW‘_substiluw equation (1) and (2) in
“quation of ophyt

f(l) N L
uJ = T om \ge2 ¥
5.5
= - éal:n [sec? 6 + sec? 9]
_ _Feec? ,
- = BED,
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and from equation (1),

sec O = 2au
|
= (1) - Pewa
u am
8a’l2
= - W
m
e u5
| 1|
or f(r) e 5|
r.

1 - 2
51. (B)W E = —mriy —
(B) We have. E 2mr +2mr2+V(r)

for inverse square law

Vi) = 5
¢
) F k
B 2mr2+2mr2_r
Since E is constant and at turning point for r,,,
r=20
Pk
= E = 0+2m"2mm_":mn (hH

For conic section

\ d :
]
,/ |

P

MRy R 'T
Focus ' :
g3
’ :
From fig. ; = Constant = €
€ — Eccentricity
Now, P=d+rcos®
= Lg% rcos 0
€
p = €P
Pty rcos®
€ €
or ro= S —
|l +€ cos®
; I*
or Foam = l_f_E with p::mk
I2 ;
Foun = (2)

mk (1 +€)
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63.

68.
70.

. Using equation (2) in (1). we get

mk?

E = 2 (€2-1)
[2Er _
=5 € = \/ ) + 1
(O 53.(A) 54.(D) 55.(D)
. (D) 57.(A) 58.(B) 59 (B)
(C) 61.(A)
. (B) Speed of photon = ¢

The speed of astronaut = 0-8¢

Let the photon and astronauts super space-
ship moving along positive and negative
directions of x-axis respectively.

Let the electron moving with velocity — 0-8¢
So u - 4tv _ c+08c
; = uv 0-8¢ ()
1+ 1+ 5
c? c
_ 18c
=78 =
=
(A) Speed of spaceship u = 04 ¢
Speed of particle v =04c
Speed of particle observing by observer
i MR
uy
1+ C_2
it Dde+Dide
B 0-4¢ x 0-4¢
] + ___._.2_._
c
_ 08¢
; 0-16¢2
it e
(.
, _ 08c
or “F 116
(A) 65 (A) 66. (D) 67.(C)
(C) 69.(B)

(D) Let two system s and s’

s” moving with velocity v relative to s along
+ve direction of x-axis.

Volume of the cube in system s = G

One edge of the cube = [,

Along x-axis as observed by the Ob"efveri
e n t

- o1-5

. Volume of the cube as observed from ¢

4 v
lo \ ]*;i,‘ X(!Q)x“n]
A
lf;\/l -2
Volume = Ig \ /1 —g

L

Il

71. (A)

72. (C) m M m
*—TIT—@— THITE—g
q, q, q,

All three atoms are on one straight line.
Two masses m are symmetrically located n
each side of an atom of mass M.

There exists an elastic bond between centrd
atom and the end atoms. of force constants i
Kinetic energy

T =

1 : - 1
Smd+q3)+ Mg
So, that the T matrix is diagonal :

m 0 0
0 MO0 <A
0 0 m

T =

Potential energy

\Y

il

1 , 1 2
0 k(Q2 —ql)" +2 k(‘h ‘42}

)
= él-k(q% +2¢2+ ¢ - 29142 -24e8

Hence, the V matrix has the form

k -k 0 .
V=| -k 2k -k
0 -k k

i

. seey

Combining these two matrices, the*

equation appears as

k-wm -k 0 {0
“k 2%k-oM

|V - w?T]| =
o ke




13.
T

pirect evaluation of the determinant leads to
(he cubic equation in ?

o (k - @*m) k(M +2m) - ?Mm) =0 (3
with solution

(1)|=0 _

k
oL

o
Wy = \;/;(I+2h—;"—

®, = 0 = Refers no oscillation.
@, — Shows S.HM.
—» so normal freq. for triatomic is

®) 74.(A)

(B) In case of parallel pendula

The kinetic energy,

T = Lon(848)
So that the T matrix is diagonal,

ml 0

T = 0 mP?

(D

Potential energy.
V = mgl[(1 —cos 8,) + (] —cos 6,)]

+ % kP2 (sin B, — sin ;)

2
mg[li[l—l+2}2)+ (l -1 +22J]

+ % kﬂ (92—9|)2

= %mg1(9§+9§)+ékﬂ(9}+e§)
- kI? 0,0,

” ; [(mgl + ki) (67 + 62) — 2KkI%8,6,]

Hence, the V matrix has the form
kP

v _ [ mgl+ kP
mgl + kI?

" 2
kP

76.
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Combining these two matrices. the secular
equation appears as

|V - w1

_ | mgl +kP~ «mP - kI

N ~ ki mgl +kl>— «w’ml?

The development of which gives
(mgl+ kP — w?mP)y? = k2

|=0

mgl + kP2 — o?ml? = % kI?
gives W, = \/%;
o -2
So. [m = Jf?i'—k_ |

(C) According to question,

m m,
o— T ———=9
q,~ 49,
The kinetic energy,
| . 1 :
T = i"ﬁqf‘i'iﬂbzqg
So that the T matrix is diagonal
my Oj
= AD
0 m
The potential energy
1
V = 2"‘(‘?2-4?1)2

1
= z;k(q%wf—ZQa q)
Hence. the V matrix has the form

k -k
V = ( ik (2)
Combining these two matrices, the secular
equation appears as |
k-@m, -k
|V—(02T| = By k—(ﬂzm:l=0

With solution,
= (k - @*m,) (k - @*my) —k* = 0
k2 - @2k — Pmok + @*mymy - k* = 0
mk + myk - 0’mymy = 0
k (m + m-)
mmy

-
or W =

o-

k (fﬂl +_ ”’l“iL )
or mym;
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|

N3
84

87,

92

93.

() 78 (A) 19 (B)  B0.(A)

A3 A nped body s aosystem of particles in
which the distance between any two particles
remain fixed throughout the motion. Let us
consider three non-collinear particles P,. P,
Py of arigid body as shown n fig

‘ ™
.‘ )
¢ v \
#- JI’ " | 1
; f -‘
. 'd
'@ ——@Pr s
\|.\|..'|]_|'{.‘\.\\.:1
' .p-‘
UV Ve 29)

Ax cach particle has 3 degrees of freedom and
there are three constraints of the form

X =X+ (=P e (g -2 = "lz'z

. 2D N 9 2
(X2 = X3)* + (V= W) + (2 -z3)t = ra
() )0+ (v = )P 4+ (2)-53)¢ = rlz_*

Hence, the degrees of freedom for these
paruclesare 3 x3 - 3=6

(A) A ngid body rotating about a fixed axis,
has one degrees of freedom, because relative
10 the ongin, say on the fixed axis. taken as z-
axis. = = constant and x? + y? = )ﬁ for a
particle. where r; 1s the radius of the circle
about the fixed axis.

(B)

(A) Two particle moving on a space curve
have 2 x 1 = 2 degrees of freedom. Since they
tined distance between them so a constraint is
imposed so total degrees of freedom is 2 — |
=1.
()

(D) The number of degrees of freedom for a
system of a ngid rod moving freely in space
and u particle is constraint 10 move on that
rod 1s 3 + | = 4 because 3 degrees of freedom
for rigid rod and one for that particle which
1s constraint 10 move on rod

(A) B8 (B)  89.(B) 90, (A)
(A)

(B) Foi a particle which s constraint 1o move
along the mner surface of a hemisphere there
are two variables to describe their motion (0
and ¢). So. the degree of freedom jg 2

91.(B)

94,

95.
98.

99.

(C) For the motion of a simple

. . . pcnduh”[_
oscillating 1n a vertical plane we have ‘
x = [8in@
=5 0 = sin ';
y = lcos®
=y 0 = cos ,}v
(C) 96.(B) 97.(B)
(A) Kinetic Energy for the system
T = ;m('r2 + r2
For potential energy
Y = Fdr.
Now F = =kr
Y = —I~krdr
_ kr?
-2
Lagrangian
L=T V¥

L 1 ey kP
5 M +2mr26—2

Al

(C) For r-component of motion. Lagrangiz:

eqn. is
(B_L}_%_L =0 (n
ar) 7

from eqn. (1)

d
dt

dL
= mr
or
Ea)_l: = mr92 kr

Substitute 1n egn. (11), we gel
d .
= 2 _ =
dr(mr) [mr9? —kr) = 0

= mr —mr9? + kr = 0

100 (A) For terminal speed

x =0 il
eqn is
M+ ¥ -mg = 0
Substitute eqgn. (i) in (i1), we get
Ww-mg = 0
mg
Y

or



1. (B)For sun-earth system
1 ., 1 :
T = ’ mr? 4+ 2 mr2Q2
and potential energy

v _ GMm
r
So. Lagrangian
L=T-V
L = l_m’.2+_l_mr362+GMm
2 2 r
102. (C) 103.(A)
104 (O)Here L = ax?+ by? — kxy
oL :
Now  py = — = 2ax (i)
ox?
dL
Py = ‘._= Zby (ll)
dy
= H = zlglql _l-‘
= pX +pyy— (@ + by? - kxy)
= 2432+ 2by? — ax? - by? + kxy
= ax’ + by’ + kxy
x = g—; from (1)
y = 2 from Gii)
: 2b
2
P. Py
0 H=a,z+2 45+ ko
Pi P
“4at

105. (C) L = % m(v? + v§) +a (xvy - yv,)
So

oL _a_
P, = . = aV_,\ = my, —ay
ox
Py = aL = g—{; = mv, +ax
oy v
%. D) 107.(A)  108.(B) 109.(B)
110, (D)

. (C) Let S’ be the co-ordinate system, rotates

With an angular velocity @ about a point
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fixed in Newtonian frame. the apparemt
velocity is

- dr d A A A
Ve oy . &‘[(rz+l):+bq+4r3]k

21 + 6] + 1274
A A A
2i +6j + 12k

v |
alf = | gec

]

112. (B)InQ. 111.

v er 5;4-(3)(

- T, = - r
dt = ot

Vo=V 4+ Oxr

So true velocity

V = vV=-Xr
r
A

= V+rxo
A A
- - U R
= rX® = 240 60 4p
2 1?2 2%t+4

=i[6t(2+4)-45]+) [8F - (21 +4)

B+ D]+ R [P+ 1)P =12
FXx® | = 32i-4) - 10k
att=1 sec

A A A
= v = (2i +6j + 12k)
+(32i 4] - 10k)
A A A
34i +25 + 2k
113. (B) Apparent acceleration at 1 = | sec

dv'

= 21 +24&

_) <2 | = 2?1-242
Tl wimkaee

114. (D) For true acceleration

oy 8—"’4- WXy
dr dt

Since for rotating frame

jr_g;uix
- _dv_ 3|8 o -
dt az(&“‘”']
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—
8r Bx_+2(;)><§—r
= o5+ Xr
ot Ot o1
e I
+ O X(@ Xr)
. -, -
a = a'+a,+aq
-, -3 - -
=% a = a-a-a4a,;
where
a —S—E)xr_-+25xiF-
Y or

a. = ® X ( ® X F)
Using these relations true acceleration
_ 407 + 184) + 36k
115. (A) 116.(B) 117.(A) 118.(A)
119. (B)

120. (D) Escape velocity = \,’2(:M

Given escape velocity for spherical planet of

mass M
_ . /oM
- 2R
Compare these two

f'zc;M_\/@l_
\f T 2R

- 2 _ 1
r 2R

or r=4R

121 (C) Gravitational force is a central force.
Angular momentum is conserved

- =
my X r = constant

]

P oc =

r

§ o i
AtA,B,C,D v andr are at 90°
where r is mininuin, v 1s max mum

122. (D) For linear transformation

[Q,P] = 1
o o
dg dp dp dq
Now Q= gqg+p
P=g+o0

0Q _ . R _,. P _, o

dg ' op "dg  ogp =0

Substitute all these values in (i)
lL.o=-1.1 =1

‘0!=|+1=2|

123. (B) The Lagrangian of the particle i givey

by
L=T-vV
—lm12+lm'2
=2 g "
Also Xy = ¢
C
Y-
C -
Y=—§X
. ct.
y2=;x2
1., 1 ¢,
T-zmx +2m.x4x
V = mgy

mgJ|r
. é)_fﬂsﬁ
Hence L = me (1+r‘ .

124. (A)

125. B) L = % ;rz_%(,)zxz,muﬁni
5y = L o 3 B
ox
. i
U PET:

The Hamiltonian
H=px-L

; i 1. 1 o 1-.;
= 2 2 2 2y
= x4+ 2B —5 X +,0

|'1 !

Il

[ i s 1 odiin 5
.3 e 4 -\ + (L
H X H B x +, 0
2(1+2Bx) |
2 T2

126. (C) X = ¢i +q;

= 2py+ 2

3
— o2 + O
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131, .
X 3Y _ Y X . X Y 3X ax E‘eA) Angular momentum is conserved during
30,94, P 39:3p.~ 5 ____] volution of planet, because gravitational
q19P1 ) ; P2 dq,dp, force is a central force.
KE. = ~ m?
- 4q1 + 2q2 2 e
7. (A) Check the condition or _ mivip?
[q‘ p] = 1 2mp?
- dq dp dp dq . L
o 1 Or since L is constant hence
o= P
aQ X KE = &
« . . 99
aQ = PQ: =@ B, 4 _1
g _ 1 op E, ~ 727 16
Q- Q@ =0 1: 16
Substitute in condition 132. (D) Since V, = V(r)
_ 1
lg. 1 = 2PQ.O- ("Q_z) Q? = —kr'r + br?
[q,p]=1_§ = —nkr' =1y —2br3 = 0 sueli)
A
128. (A) Since P = b% =5 ke ~lr = —2br3
[ TN
Functions of g, Q? of T bl
P - oF Further diff. eqn. (i)
aQaF —n(n—1) k=27 + 6br* > 0
or (§§=—aT) or 2(n=1rtb+6brt* > 0
" . q ' or 2n-4) > 0
- Q or n> 2
F = gp Further an orbit is said to be closed if the
129. (C) si ; : bl bi particle eventually retraces its path. The
there fncc particle moves in a circular orbit, stable and closed orbits (circular and non-
ore : circular) for n = 1 and n = -2 have the force
mv: _ k law as follows :
r Forn=1. f(r) = —kr Hook's law
1 k
or E = imvz::z_fi Forn=-2, f(r) = ‘f_z Inverse square law
= | ') 1 i i
P.E = ~k J r—3dr 133. (C) Pe = oL = ¢ [,‘, (r + r-9~)+1'l]
. _ . L2 r
k 00  J0
= 2 -
k  k _ oL "
K. E.+ PE. = Er_z_Zrz =0 and pr = N = 2r - rj
130, Jx

B)K. E icle i d
: -E. o cle is not conserve L . . N
Infact toga] efng;e pz?lthe particle is always and total energy 1s not time dependent hence
Conseryed 4 only option is (C).
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134. (C) For Kepler’s third law 141 (C) Total moment of inertia
2 n 4R
Tye< a)¥? . Ty < a; AH--—mp
N (o) O—m—0
1% = 1+,
T, = T, (1:524)"
o 02 piisz
= 1-8814 T, = [5 MR +M(2Rjz]
= 1-8814 years 2
135 (B) For luminscate curve (# = a" cos n 6) + [5 MR? + M » fzﬂ_.,-_]
the law of force 5 "
1 = == 2 2
P o 55 [5 MR] "[g‘Mp}
¥ —_— 2
Here curve 2 = a? cos 20 - 4—4MR2
n=2 5
Padt ToalM.L | = 2 Mg
r R=a 3
136 (A) K.E.:%mvz = BV 142. @) L =T-V
k Kk = —mv2 m(nzx p 1 myy
= 2a7r 2
k(2 | Conjugate momentum
or R = £ —_-) L AL
m\r a P = = é;
3;
137. (D) 138.(A)  139.(B) %
140 (B) Moment of inertia = my—mpv
(3—") +mL o p=m(l-pv
3 143. (C)
| t ¥
afy
!3{;;4
a;4 J' [
P |—t— )&
g \45 P
L it v 1
For the ccn;rc of r(;d , T - T CM + M 7, x ok
ma mpa ma
2t 4)7 3 = 10+ Mryyy sin 45
|
o B = Ma?w+MV2 .oa {74
2 V2
Total Il = (30) 4’1@" = 2Mda*w
= —+ A - -
16 3 146 (D}Cono]nslorce 200w X v
@7+, Ymey ~in 0 e
- 48 L Since the axis 0 @ w4 1 ’TPL"d”‘u
_ 91 the w
= 48 6 = 90°



_ Coriolis force = 2may
gince sin 90° = 1

41 (B 148. (D)

0. (B) Angular momentum
=TrXp
= rxmy

A A
(51 =20%) X m (~ 4t )

m (200 [F X 14 22 x 4" 5!
20 mtk o
1=2sand m = 2kg
Angular momentum

= 20X2% 2% (kgm? 5 1)

- 80k

150 (D) The xy component of the moment of
inertia tensor

I_I)-' = —z nlxy = 1:”

Two particles of mass m located at (-1, 1)

and (1, 1) other two particles of mass 2m
are located at (1, 1) and (-1, -1)

Ly = —[mxy; + myxyy; + maxays

+ MyXxsy4)
-mx-1x1+mx1x-1

+2mx1x1+2mx1x-1]
= —[-m-m+2m+2m]
= -[2m]
51.B)G) Q = p. P=—gq
Condition for canonically conjugate pair
[QP] =1
~ 9QoP dPdQ _
dg dp dgq op
= 1
Hence this is canonically conjugate
(11) Q = p, P = 4
Since condition is not satisfied it is not
Canonically conjugate
152, (B)
153, (B)

0-1x-1

= Acos©
Asin©

e =
il
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|
(K-E)T - 2 m(x2+y2)

|
= 5m (A2 cos? 992

+ A? sin’ 902)
|
= = mAlQ2

) mA%Q

Vo= mgy
= mgA sin 0
The Lagrangian
1 ;

L=T-V=5mA292 - mgA sin 8

154 (A) Equation of motion

(B}
d g f =
t 3% 29

mA202 — mgA cos ® = 0
.-_& _
0 Acose =0
155. (B) 156. (B)
dQdP JPIQ
157. (A) [QP] = ( oP_oP
( Q. P] = X 2050 g0
Here Q= ?_r)
P=5b.0
- (L dp ardp
[a r.b pl= a‘ar'bap_aap I
= (@x1.bx1-ax0.bx0)
= ab
158. (B)
k| kz
WEo L] OO0
L=T-V
where T = %mz
1 2 l 2
V = 2}([]‘ +2k2x

1 o
i(kl + kz)x"

;ﬂ‘l:"z"lz'(kl + kz).r’z
159. (A) 160.(B) 161. (D) 162.(A) 163.(C)
164, (D) 165.(B) 166. (A) 167.(B) 168.(A)

169. (C) 170.(B) 171. (A) 172.(A) 173.(B)

L =
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174. (A) 175.(B) 176.(C) 177.(O) 9. B) m = -’—'3‘-!——-‘;-2-_- m
178. (B) E = mc?’ »\/I -3 1 03¢
E oc ('-2 ( )
Decreased to factor4 o i 00
9 qao.m 08
179. (A) 180. (A) 181.(C) 5
182. (C) 1.02 MeV is used in pair production. So = 4
total energy imparted my
= 2.2-1.02 192. (C) 2my = ::—.w2
- 118059 Mev \/l‘cz
183. (B) o ¥ ]
or -
184. (C) The speed of rocket A 2 2
_ 08c+08c¢ V_2= 1_!_=3
| 0-64 2 c? 4 4
+
< or L \—G
_ Lbc _ 4975 c” 2
1-64 3
185. (D) Speed of rocket A as observed by an or v= ¢
observer on B is
= 08c+08¢ 193. (B) E = mc? - myc?
= 1-60c _ mo(,-? ,
186. (A) 187.(B) 188.(A) = = ~Moc*
| -2
189. (C) Fo o [T :
c 051
1 9-69 = — -0-51
Now | = —[0 _V-
2 l 2
1 [ ¥ __ 031
2’0 - I(l 1_(,_‘2— = |02 = W
L_ ¥ -
4" " A osi
or l=-73 = 7= = 005
= v, 1.3 @ = 102
c? 474 o omy
Now time period - \/—vz
% -
i [ W2 = m o, L. 10
N l--(_2 my ~ 005 5
m 20
or = =
— “——10‘—:__ mD l |
\ﬁ_é 194. (D) 195.(C) 196.(C) 197-A)
4 198. (C)
;= 199. (A) E? = p2c?+ m**
\ﬁ @mc?)? = pie? + mic?
4 4m2C.'4 — mzc*“ = 1)2(-‘2
= 27 or Imich = pl2
190. (B) 9 me pic

\!_5 mda



200

201.

202.

203.
205.

ro_ 6x105km/s

(C) ¢ 3x108m/s
_ 6 x 108 m/s
T 3x108m
= 28
eventi -ty =18
r
> 1

¢
Hence it 1s a space like
(B)
(B) For conservation

h = 2mc?
But here

v < 2mc?
s0, energy is not conserved
(B) 204.(A)
(C L=T-V

b 237 on . i
=5(1ﬁ+n§+n§)

- (aeageid-am) -0
The normal frequencies are determined by

[V - @?Tl
Here
Ty Tiz Tis
VT = | Ty To T3
Ts1 T2 T3

1 4 . . . X
i [Tlin%‘ Tiponn, + Tnn% + T3311§ +]

Comparing the T’s from eqn. (i)
Th=1=Ty=Ty
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Vii Viz Vi
Vy Vi Vs
Vi Vi Vs

=

e

=
1]

Q\-_;_../

]

™~
Q

[¥]

<
i
[ 5]
[
T
%)
0
SN
1}
I
)

<
w
Fs )
||
_\
=L
wl<
\-._/
]
[
1~
L]

2
w
I

2V
ansdn,
2> 0 -a?
022 0
-a? 0 22

= —a?

v

Condition
2a% - w? 0 —a?

IV -?Tl = 0 2a% - 0 0

-a? 0 2a2-0?
- w?) [(2a% - 0?) (2a* - ©?)] + 0 (0)

+ a? (a* 2a* - w?)] =

24 - 0?) [(2a2 - ©?) (2a* - ©*) + a*] =0
One co-ordinate will be

(2a%

22 -w? = 0
or ®® = 2a
Other co-ordinates are
2a% - 0?) 2a* - 0?) +a* =0

206. (C)
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Classical dynamics

Descriptive type question



DESCRIPTIVE QUESTIONS

Q. 1. Two equal masses m are connected by Sol. x, and x, — Displacements of two

springs having equal spring constant ¢, so that masses from equilibrium positions C and D.
the masses are free to slide on a frictionless

table. The ends of the springs are attached with S | s T T,
the fixed walls. Using Lagrangian equation, set = gWats ey
up the differential equation of vibrating masses.

Kinetic energy :

The stretches of springs AP, PQ and QB are
X = | numerically equal to x;, x, — x; and x,.
1 2 .

e = Potential energy :

~vo QQ%HWQ—(:\—WM 1 ., 1 2.1~ 2
A C P D Q B Vo= g vy Cla=nr g O
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1 5, 1 -2

So. L = T_V=:,2rm|+2m12
1

2

The Lagrangian equation of motion are

d(dL) oL _
dt a‘] a."|

d(aL) L _
dr a 8.1‘1

5 | | 2
C-l'{mz('l.xz—.n)z - 2(:;:_ A

X2
Using equation (1)
g} (mr,) - [— CI’; +C (xs —Xl)] =0

Xy -C(Iz-—le) = 0
_

or me, =Cp-2x)  -(A)

d

a{mx;_)—[—C(XQ-xl)—szl =0

mx, — [-2Cx, + Cx;] = 0
m.;2+C(2.I2—I1)
mx, - [Cx, =2Cx;) = 0

or fxz = C(x;-2r) ..(B)

(A) and (B) are desired equation of motion.

Q. 2. A particle of mass m moves under the
influence of gravity on the inner surface of the
paraboloid of revolution x? + y? = az. Obtain
the equations of motion.

Sol. The Lagrangian in cylindrical co-ordi-
nates

< } f

\ ]
m—0
/ =Y
,tz
L = i r92 4 72
= omrP+r ) -mgz  ..(I)

Since x? + y? = r?, the given constraints are
rt-az = 0,

So that 2rdr —adz = 0

If q1=r g = Bandg, -,

then 2q,dg, —adqy = 0 |

Compare with equation of constraints
E‘“*d‘f**“rd’ =0

We gel, =2rand a; = 0, a3 = _,

Only one constraints is given
[agrangian equation then can be written 4

i, .
& 'a_L —%_ = llaj(’:]9213} )
f dg; 9
We have,
\ -
ﬂ' 'a_]:" —%L = 2?&.|F’
di|or) °
d%\@_o
dt|n | 20
a0 )
4
v AV
0z )
Using equation (2) and (1) we get
m(r-re?) = 2\r
d :
or a5 =0
™ gy 9 } e
and my; = -mg—Ala

With constraints condition

2rr—az = 0 -4
and equation (3). (4) we can find the four u™
knowns r. 8, zand A.

Q. 3. A sphere of radius a and mass m rests
on the top of a fixed rough sphere of radius b
The first sphere is slightly displaced so that !
rolls without slipping down the second spher

Sol. Sphere of radius CP = a, rolls withou!
slipping on the sphere of radius OP = b, we haV®

B - \
/o , RI
P 0 \ |[

O A
(I

/




o _ dy
bar = @ dt
or b¢ — aw

gand y — Generalised co-ordinate.
If ¢ = 0. where y = 0
then bo = ay
Compare equation (1) with

Eﬂu- iq, - aydr = 0

We have. a = b.
a = —a
The kinetic energy of rolling sphere
T = ;m{a+b)2¢2+élm2
Now | = i ma?

A1)

~(la)

(2)

Since moment of 1nertia of a sphere about a

horizontal axis through the centre.

T= ; m (a + b)%?
B (2 2)(¢+ 3
3 X5 v
and V = mg(a+b)cosd (4
Hence L = T-V
= Lmias bR @2+ g ma? G+ P
—mg(a+b)cosd .(5)
Equation of motion
R
H .3¢ o
and ‘—f—(alf)- gl‘ - —Na
i | 54 | 99
using equation (5)
m(a+ b)? ¢ +§ma2(dj+i|}1—mg (a+b)
sm¢=l|b
and gmaz(d:ﬁi}}): - Ma
Now from equation (1a) we further get
b
y =,
m(“+b)2ﬂ5+§ma2 ($+36)‘m8
(a+b)sing = Mb ...(6)

Physical Sciences
_ 2 b\ -
and 5 ma? (1 + a)¢ M

he A o= -gma(1+i)¢

Substituting this value of A, in (6. we vet

INTP

l;_" * T g

Required equation of motion,

Q. 4. A cylinder rolling down an inclined

plane, calculate its velocity at the bottom of the
inclined plane.

Sol. Hoop 15 roiling down on inclined plane

without xl]pping

*
)

- '@

Equaiion of constraints

rd0 = dx
rdd —dx = () A1
Compare with
kzau g, +aydt = 0
!l =1,2,..m
We get ag = r anda, = — |
Now K.E. = Translation + Roational

]

l . ! a2
’ Mx? + 2 18
L . l N2 [ _ | ,]
=2Mx2+4MrZB [-2Mr-

Potenual energy 1§

V = Mgh =Mg (/-x)sin¢
Lagrangian

L = T-—V:;sz+‘:M,192

-Mg(-x)sin¢ ...(2)

Lagrange’s equation of motion

d. BL)_ aL = ﬂ.;&
dt a].' ox

o My -Mgsing+A = 0

d (L) oL A
nd ~ - dg
a dt (ae) 20

D)

"
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,‘;Mr‘zé-wl

= {
!,Mré = A (4)
Further from equation (1)
rd9 = dx
or M = x
M= x
From equation (4)
ME = A .5)

and from equation (3) using equation (5)

I\‘L?—Mg sin¢+;lM.'r' =0

3. _
z—Mx-Mgsmq)

= 0
= ¥ 2g ;mgp
Hence 0 = Zg%q
The frictional force of constraints. A, is given
by
Mx Mg sin ¢
)L — =
2 3
: - dv__ sing
Now using. =T 2g 3
; ! 2gsin ¢
or ju vdv:IO 3 dx
v2  2glsing
2 3

[, '__(43_@. g) i)
N3 7|
Velocity at the bottom of inclined plane.

Q. 5. Show that for a particle moving on a

sphere, cos~! % is the angle at which the particle
flies off the surface ?

Sol. Lagrangian for this system
L = %m('r2 +r02) —mgrcos © ...(1)

Particle moves on the surface of sphere, the
constraints condition is.

r = |, radius of the sphere

dr = 0

Coefficient of constraints are
a, = l,ag=0

Also r = 0, so that o
L = l

) mri2 — mgr cos §

The equation of motion in 6 wil] b

d (0L) JL
dt % ' agh M4

;% (mr®0) —mgrsin® = (

1}

or mr*® —mgrsin® = (
The equation of motion in r will be

afa)a
dt o ar d

A (6)

Consider, the undetermind multiplier, }, ;
dependent on 6,

So, —mr®? + mg cos O = A@®)
Differentiating with respect to 7, we get

I

- mr®? + mg cos ©

Il

—2mrBé—mg sin®o = %@
_ dhdb
T dfdi
d\ ;
= i 0
" _ dh
= -2mr —mgsin@ = 29
Putting 6 from equation (5)
gsin 0 .o _ dA
—2mr( f )—mg sin@ = 0
Lo dh
= -3mgsin® = 9
Integrating M
A®©) = 3mgcosO+C
At the top of sphere,
8 = 0 and A=mg
So, mg = 3mgcos0+C
C=-2mg
From equation (7)
A©) = 3 mgcosB- 28



For the particle t0 move on the surface. the
of constraints should remain positive.
force

A@) 20

. 3mgcos® 2mg > 0

cos 0, =

0 (2
o e = coS 3

where 8, = Angle at which the particle flies off
(he surface.
Q. 6. A particle of mass m falls a given

_ 22\ 12
distance Zp in time fp = (?) and the

distance travelled in time ¢ is given by 7 = qr +
p* where constants @ and b are such that the
time fp is always the same. Show that the
I
0 P
integral -fo Ldt is extremum for real values of

the coefficients only whena =0 and b = %

Sol. Lagrangian for this system
L = T—V=%méz+mgz
Hamilton’s principle

o'{(;m},3+mgz dt =0 (1,

[_ff (z 2 1) dt is extremum
i 1
Flo,a8)= 5 mz? + mg:]

For path to be extremum, function f(z, z. 1)
I

=5mz + mgz must satisfy the Euler-Lagrange's

-

Equation.
d (@z B
& B (mz) - (mg) = 0
dt Z) g) =
But z = at+ b  (given)
2
and 20 = ‘%ﬂ— (given)
: 2 = 2b .(3)
Compare €quation (2) and (3)
&
b = L

Now, when

So that

Putting

and

We get

=

1]
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b

gty
2

a

I

dly +

gty?
2

g
2

= af(] +

=0

lps 2 = Zy

bty

glo*
2

o Ldt is extremum whena =0 and b = 3

2

. The path will be extremum or the integral

Q. 7. A particle of mass M moves on a
— A
plane in field of force given byF = - rkr cos 0,
A
where k is constant and r is the radial unit

vector.

(a) Will the angular momentum of the
particle about the origin be conserved ? Justify

Your statement.

(b) Obtain the differential equation of the

orbit of the particle.

Sol. Kinetic energy of the particle will be

(a) Lagrange’s equation 1n term of 6
dT

d

From equation (1)

1
dt

|

(Mr®) ©

dT

30

]

Since force is only radial

or

about the origin.
. Conserved,

Qe =

d iy =
dt(MrZB) -

Mr2

Mr’ — Angular momentum of the particle

Il

9

Q.

0

0

Constant

(b) Lagrange’s equation in terms of r

d
dt

|

JaT
or

|

_dT
or ~

r

(1)

sl Z)
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From equation (1)

d ; Y =
dr(Mr)-—MrG = Q,
Q =F, = —krcos®
Mr —-Mr92 = —krcos®

Mr - Mm©2 4+ krcos8 = 0

Differential equation of the orbit of the
particle.

Q. 8. A particle of mass m is projected with
initial velocity u at an angle o with the hori-

zontal. Use Lagrange’s equations to describe
the motion of the projectile. The resistance of

the air may be neglected ?
Sol. P (x, y) — Position of particle in (x. y)
plane at time 1. X-axis horizontal.

Y

Px. v)
| a8

[
1
fo
o
X

O

oNE

Kinetic energy.

T = %m (2 +y?)
Potential energy.

V = mgy
Lagrangian,

L = %m(jtz-l-)'ﬂ)-mgy

Lagrangian's equation of motions are

dfaL) o _
dt ox T ox
= mx =0
or x =0 .1
dfaL)_ oL _
dt y dy
my +mg = 0
or y+g =0 ..(2)

Integrating equation (1) and (2) twice, we get
x = At+B ...(3)

|
--zgr +Cr+D

y =
(4

In equation (3) and (4) A. B, C apg
constant of integration. are
Now we applying boundary conditiong at

=0,

x =0 ol
5 o dx
’ dt Y =usip i
= V=ucos o
Now at x = 0,
=5 B =20
at t =0
and X = ucoso
A = ucoso
Equation (3) becomes
v = ucosot (s

Similarly by applying boundary cond:tmn:
equation (4) becomes

. -
v = usinor—, gl . (f

Eliminating ¢ from equation (6) with the help
of equation (5), we get
N 12

Equation of the path followed by the projec-
tile and is parabola.

Q. 9. A massless rod of length / is hinged a!
the extremity of a vertical spring that is fixed ©
the ground. A mass point, m, rests on the rod.
Assuming harmonic motion of the spring, find
the equation of motion of the system.

Sol. Let harmonic motion of the spring ¥

described by
h(t) = hgcos ot

Pix. v
] »
6
0 /
/I
HINGE
hit)

r.nnlnn N l’

h (1) — Height of hinge at time /.
h, — Heightat + = 0



_, Mass at the point P(x,y)
" ;
£~0_0rd1natc 'Of mass pOlnl P be (x‘ _\’) 50,
{ = OPsin© = Isin©

v _p(n+1cos® = hocosr+1cos® (1)

chli(‘ energy
1

m (x2 + v?)

I

J ==

T

. m (0] cos 0)2+ @/sin B

r

+ Oh sin wr)?|
o m (8212 + @%hy? sin? o + 20 hyd

sin O sin x|
Potential energy
V = mgy
= mg (hy cos o + [ cos 6)
Lagrangian of the system 1s
L=T-V

= i m (612 + w?hy* sin” @t + 2wh Pl

sin 6 sin 1] —mg (hg cos ot + [ cos 0)  (2)

The Lagrangian equation of motion

d(dL) dL _
di ae 20

Using equation (2) and (3), we get

0 .. (3)

8+ @y | sin 0 cos f + whg [ O cos O sin wr
- Why [0 cos B sin w7 — gl sin@ =0

1+ 6’hy [ sin 8 cos ax — gl sin § =0
In case the hinge is fixed.

hy = 0
10-g6 = 0

which 1s equation of motion of simple
pendulum executing small oscillations.

So that,

Q. 10. Show that the transformation,

Q = \(5 e’ cosp
| P = \(—2; e “sinp
'S 4 canonicg) transformation.

Sol. We can find
dQ = Qq] 112 pa cos p dq - (2(”!!284: sin p dp
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So that.
pdQ - pdq = sinp \(ic;e a[(2q) '"* e con

pdq — (29)'2 e sin pdp] — pdq
= sinp [cos pdg - 2qsin pdp] - pdq
- (sinpcosp - p) dg - 2q sin? pdp

= (; sin 2p p) dq - 2q s’ pdp

Jd [ 7
= g (2 G sin 2p — pq) dy + W

(; g sin 2p pq) dp.

3 dg + 3 dp
= dF

= Exact differential

1
(2 qsin 2p —pq)

Hence the transformation 1s canonica
Q. 11. Show that the transformation

Q = log(l+\/;cosp)
P = Z\G(l+\/;cosp)sinp

is canonical. Find the generating function

F(p,Q)
Sol. We can find

dQ = cos pdq — 2q sin pdp
" 29" (1 + g2 cos p)
Here,

pdg - PdQ = pdg - 2¢'"? (l + \G cos p)

| €08 pdq — 24q sin pdp
2¢'2 (1 + ¢! cos p)

whereF -

sin p

pdq —sinpcos pdqg + 2¢ 112 pdy

(p - % sin Zp) dq+2q sin? ndp

(p—%stp) dg + q

(1 - cos 2p) dp

¢ {a(p-an3p) }

= An exact differential
Hence given transformation is canonical.

Now we have F (p, Q) = Fy (p. Q) which
satisfies the canonical equation.

li
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oF; . 9F; P = ¢%sin fip
op = -q. 30 =-p represents a canonical transformation ? Ob.
Also from the generating function. lj
0 = log (‘ . ‘/?? Bk p). we get Sol. Transformation is clza(l)no;ical if
g = (eQ-1)2sec?p _ ' ',I_ I
aF or ()Q 8[_)___89 I)E — |
Hence E_): = -g=—(eQ-1)2sec? p dqg dp dp dq (]
: £ From given equations
Integrating 9Q
Fy = - (eQ — 1)? sec? pdp g = agq® ' cos Bp;
Choosing constant of integration to be zero 9Q .
for a particular choice of reference frame ‘a‘p = — Pg®sin Bp
= - ((’Q - 1)2 tan P ap
Hence, the generating function for the trans- p - Bq® cos fp ;
formation 1s 9P
== T = = og*'sin B
ng Q)— (eQ-1)* tan g P
Q. 12. Show that the transformation Substituting in equation (1)
& = 1 0.q% ! cos Bp. Pg® cos Bp — ag® !sin Bp,
: . 4 - Bg®sinBp = 1
is canonical e or of ¢2*-!(cos? Bp + sin? Bp) = 1
Sol. (Usin bilin_ s 4 or SR =]
A g . sorm which gives
dQ = = ()d +aq(p)dq oaf = 1
and 200-1 =0
- —dp+0 Hence 05=%
1
and oQ = ( ) (~) Sq and B=2
ap aq 1 Thus, we have
=—?5p+0 Q = g2cos2p;
. P = ¢'2sin2p
Similarly,dP = p%dq + 2qpdp
or qg = Qrsec?2p;
6P = p?8q + 2qp Op P - 20 sin 2
So that = Qsec2psinip
1 = Qtan2p
8PdQ - 8QdP = (p* &g + 2qp &p) (— ) dP) If F; (p. Q) generating function for ¢
transformation
( : Bp) (p?dq + 2qpdp) oF; oF;
T3 _ g 2 =-
- -Bqdp + dpdq ;g aQ
= (8pdq — bqdp) ie., 3—1 = —Q2sec?2p
This 1s bilinear form and hence transfor- P
mation is canonical. Integrating with respect to p, we get
Q. 13. For what values of o and  do the Fy, = - JQ2 sec? 2p dp
transformation equations |
Q = ¢q%cosfip = -, Qan2



dF3
Thisyield 3q = -Qtan2p
Hence generating function of the given

qnonical transformation. |
: 1.

Q. 14. Use Hamilton’s equations to find the
tial equation for planetary motion and

ifferen ek
2::; that the areal velocity is constant. Assume
force i) == 2
Sol. The I_,agr.mgian
L=T-V
I I (V=-k)
2 r r
N dL -
Giving p, = —_ =mr,
or
Pe = a_L = mr8
a0

The Hamiltonian

H=Xpgi-L=p,r+pg6-L

i

Pr pe 1 (p? pé k

=P P Gt opn) -,
_ 1_( 2 P& _k
= om \Pr +r2 r
So that,
. _OoH _p
ap, m
- _ 9H _  pd k
P T Tt AR
6 _OH _ Po
0 = —
dpg ~ mr? 1
_OH
pe=—%=0

; These_are Hamilton’s equation of motion
‘om equation (1), we find that

m;:;.)r
- Pet k
mr = p T ...(2)

. In motion under central force, angular
Oentum is conserved.
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<. We can put mr2 = I = py
. From equation (2), we get

,_ /2
2 - ...(3)
mr s T f(r)
Now let r = I :
u
. Pu? d*u
ryr = -— mz d92 (4}

Substitute in equation (3)

By g 1)
m dot - m TI\u

d*u 1
gt = —!—%f(u) wan()

Equation (5) is the differential equation for

planetary motion.

Further from equation (1), we have

. oH
pﬂ = - % =0
= pe = Constant
or mri@ = pe = Constant

or %rgﬂ = Constant

which shows that the areal velocity is con-

stant.

Q. 15. Show that the velocity of a planet at

any point of its orbit is the same as it would
have been if it had fallen that point from rest at
a distance from the sun equal to the length of
the major axis. .

Sol. The path of the planet being an ellipse,

its velocity at any time ¢ is given by

2= k(2 1) (D)

m\r a
a — Semi major axis of elliptic path.

Equation of motion of particle falling to the

sun from a distance 2a to the distance r from the
sun is

d*x _ k1
= m x?
Integrating and multiply both sides by 2 3’: :
We have,
(&) - k[ &
) ~ m?2a x?
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ot [-2),
T R P

kK
m m
T or a
. k(2 1 )
or V& = = (‘-')
m\r a

where V is the velocity at x = r, and from (1) and
(2) it 1s obvious that
\'r: = \':
ie.. \-" = l“
Q. 16. A particle describes the curve 7" = a”
cos n6 under a force P towards the pole. Find
the law of force.

Sol. r (1)

a" cos n@
I
"
Equation (1), gives
1 = a" u" cos n®

Differentiating with respect to 8
0=a" {nu” -1 cos nf j—g— nu”" sin n@}

I

Substitute r

du

or = utan nb
dae
Again differentiating it
dv  du
== = —tannb sec?
402 40 + nu sec* no
or = utan? nO + nu sec nb
d*u
gttt = u tan? n® + nu sec’ n + u

= u (1 + tan? nB) + nu sec? nO
= (1 +n) usec? n@

~a’(0)

2
;ugf(;}) = (1 +n)usec?nd

1) -

From equation (1)

Equation of motion

d92+u =

Uy ") Pu? sec? nb...(2)

1
W= s nt

gl ne = a?u u2u

Equation (2), gives

() -
or '[(u) oc U’

or | f(7) o<

|l +n
( )F IZH HZ,J_H

rZ n+ 3

i.e.. the law of force is inverse (2n + 3y,
power of this distance.

Q. 17. If a planet were suddenly stoppeq j,
its orbit, supposed circular, show that it woyj4

: N ich is V2 ¢
fall into the sun in a time which is 8 times of

its period.
Sol. The period of revolution is

m
T = 2n\/; a’? Al

a — Radius of circular orbit. in this case.

V = 0, because the planet is stopped in its
orbit.

Therefore, the planet will begin to move
towards the centre of sun in the straight line under
a law of inverse square law.

Therefore equation of motion becomes

&dx _ k1
ez~ m x?
Also from the conservation of energy
] k k
Loz b, -
2mv = E-V=- 2{1 ,
since V = —k
r
oo k(1]
m\x a
2
o L _1__1_)
dt m\x a

i ) "
\{ m
12 2k
J.(af dx = \f = [ar

Substitute = asin* 0
dx = 2asin @ cos®
asin 6 | lk;
a2 cos 8 2asin@cos 0d0 = "\ m



j'lfp_ ‘-'D’z
" :f‘r - ZaWJ. sin? 0 d9
0

|
5
rJ
-
P
(1
e}
g
o
>
B
=
I==)

1
T
=
rJ

or r="\/2k 2

!f:'_g"T
(R A S

using equation (1)

Q. 18. A mass m, moves in a circular orbit
of radius ro under the influence of a central

e son
force whose potential is — o Show that the
drcular orbit is stable under small oscillation if
n< 2.
Sol. Under central force, effective potential is
2
r = V s
v i 2mr?
A circular orbit is possible at the value of r
for which
dvf

dr 0
and 1s stable if
v’ = 4ve
dar?
: E._P~
Here N* = vr"+2mr2
av’ _ kn —E——[}
dr ~— rmtl omP
kn 2
= el = o3 (1)
and d__lz_v_, = _l_'c_n__ [.n.+ l)+ 3_12
arr ~ ri+? mr?
__ P @sD 32
T omr r mr
[using eqgn. (1)]
__@ebe 3e
- mr* mr*

Which is positive onlyif(n+1)<3orn<2.

BiveQ' 19. A particle describes a circular orbit
altrn b.y r = 2a cos 6 under the influence of an
active central force directed towards a
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Point on the circle. Show that the force varies
as the inverse fifth power of the distance.

Sol. We have r = 24 cos
]

Putti = -
ngr=
sec O
U = " (1)
du  secOtan@
do 2a '’
d*u _ sec©. sec? 0 + sec O tan § tan O
de* ~ 2a
3 2
_ sec 9+;c09tan 0 2
a

Differential equation of orbit

(1) - - (2
uJ T m d92+u)

2yt | sec’ 0+ secBtan’8 sec 9]
—_— +
m 2a 2a

_gz_uz[seé 8+ sec® (tan2 0 + 1)
m 2a

_ P [2 sec3 9]
T om 2a

From equation (1), we have
sec® = 2au

= —l—:f[s& 3]
() - -0
f(r) = —3%2’2'%
. [o-d

Q. 20. A charged particle is moving under

the influence of point nucleus. Find the orbit of
the particle and the periodic time in the case of
an elliptical orbit.

Sol. Let z — Atomic number of the nucleus.
¢ — Charge on the electron
Central force between the nucleus and any

electron in orbit is

2
Fo) = -5k = 222
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Now we have eccentricity

2ER [ 2ER
e = \JI+ =\/1+ 5
\/ mk? \ mz2e?
k ze”
Buu E = -, =-3
2a 2a
' -
- Pl - l:
-, = ~
-
Ay
€ = 1+ z
\ mz? e?

12
- \ ! Fm:;:c:
or e < 1
-, The path of an electron moving under the
influence of point nucleus 1s an ellipse.
Now. the period T

k
k = ze?
m
T2 = 4n%* —
ze”
n ma-
T= <= %%
€ N /<

Q. 21. Find the horizontal component of
the Coriolis force actin: on a body of mass
1-5 kg. moving northward with a horizontal
velocity of 100 m/sec, at 30° N latitude on earth.

Sol. v = 100 x 100 cm/sec. j’

= 10% j' ecm/sec

The angular velocity vector in terms of

latitude A is

Ef = wcosAj+@sinAk (A =309
N3 ;.1
= w5 +2c0k
The Coriolis force is given by
F, = —2m(®xVv’)

= - Zm[("'_‘_ﬁ% U)j' + %(ijj )(104}’}

= mex%xm“:”

(=729 x 10-5]
= 1094 dynes /’

= 2><]-5><]O3><7-29><10'5x;x10“f"

The horizontal component of Coriolis fq,
1094 dynes acting along the cast. Gt i

Q. 22. In a certain process, a partje
mass m, changes into two particles of Mag
my and m¢. 1f my = 2341 m,, my = 273.2 5, ‘:“
me=1839m, , where m, is the rest masg l;f l]}:d
electron, calculate the amount of energy whi ¢
is generated in the above process. h

(m, =911 x 103 kg and ¢ = 3 X 108

Sol. The loss of mass when a particle ,,
breaks into two particles mg and mc is given by \
Am = my— (mg+ mc)
= 2341 m,-2732m, - 1839 m,
= 2288 m,
28.8%x9:11x10 !
2.08 x 10 # kg
Energy equivalent to this mass
AE = Am-C2 =208 %10 28 x(3.0x |(#
= 1-872x 10" ! joule
Q. 23. A hundred p mesons, each of rest
mass 206 electrons and energy 475 BeV are
produced at an altitude of 30 km. If the mean
life of p-mesons at rest is 2:2 x 10 6 second,
calculate their number expected to reach the
sea level 1) allowing for time dilation and (b)
neglecting time dilation. Take the electrons to
travel vertically downwards without loss of
energy. Given the electron rest mass = 05
MeV. What conclusion can you draw from
your result ?
Sol. The rest mass of a p-meson 1
moc? = 206 x 0-5MeV = 103 MeV
= 0-103 BeV
The kinetic energy of a p-meson is
T = (m-my) c2=475BeV

le of

]

\J' L = L..?.
L | x0-103Bev = 475 BeV

% 0-103 BeV

¥
= (475 + 0-103) pe
= 4853



4-853
| _ 483 _
2= 0103 =412
\_;l"'(_j
. ‘h L
17 7 4712
\ f _I \ 2
¢ \"'IIL(HI_Z) .
N ¢

(a) Allowing time dilation, the average life of
qoving prmesons is

\a
47-12 x 2-2 x 10-6
104 x 104
[fN = Number of y-mesons reaching the sea
level undecayed.

! We have
N = Noe—[f'l:
” g 30x10°m
e = 3% 108 m/s

t = 10-%g.
N = 100 x e 10'10ax10 ¢
= 100e- /104 =38

(b) Neglecting time dilation, the mean life of
- moving p-mesons is to be taken as 2-2 x 10 ©
; second.

- Thus the number of p-mesons reaching the
[ sea-level undecayed is

N = Nue 4!
= 100e- 10022x10 ©

1.7x10-18

Conclusion
Availability of cosmic rays p-mesons at sea

level can pe explained only on the basis of
elativistic time dilation.

Q. 24. Discuss the harmonic scillator
Problem using Hamilton Jacobi method.

i Sol. Let ys consider one dimensional har-
10nic oscillator.

Hamiltonian g given by

H = P‘
om*t 2q

%

2

or H

where

Takjng p

obtained as

k =

or “1
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2k
= %n+ é qz
= 0)2
S _ .
= dq ° the new Hamiltonian and
d .
H+ a_S" (i)
85) _k_q_ dS .
g 8.' =0 ..(11)

Its solutlon can be written as

(aT _q_ s

Integratc

so, S

S(q,Bt) T(g,0)-06r ...(iii)

[from eqn. (i1)]

SN

\/_ICJ\ k q)a'q—er

oS m dq
0= = = \/: s —1
36 k 20

or ¢+t

ie. gq =

NG
== \/;fcos (\/i 0+ r)]

4=

|
ﬂf‘f“.’fﬂl

Constants : Suppose at = 0.

Particle is

stationary and it is displaced from

the equilibrium position by the amount g, then

a0),

[ kg
= P0=0= va/\\j’ (B—"z_o]

9+{“I—§ = g
2 2
So that, |rq 40 co;f;ia; ¢)|
But at g = qatt =0=0¢=0
Hence ;- Go cos f
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Q. 25. A particle of mass m moves m a
plane in the field of force given bv T = —e, kr

cos 6, where k is a constant and e, is the radial
unit vector.

(i) Will the angular momentum of the
particle about the origin be conserved ? Justify
your statement.

(ii) Obtain the differential equation of the
orbit of the particle.

Sol. Since radial velocity

1]
-~

transverse velocity = 90
velocity at any time = \/ 72 + r262
and T = 2mv2
1 : o
= ,m (r* + re?)

(i) Since Lagrangian equation (in 0)
d (0T dT
=L g QO
dr| .. | 90
’[ae)
g_( r8) - 0 =0
or df m =

or mr2® = Constant

which implies that the angular momentum

about the origin is conserved.

(i) For differential
Lagrange’s r equation

d (aT\ oT _
dr[ .J_ar =Q
or

equation

= £ (mr) —mr®? = —krcos 0

dt

— |
or }%—r(‘)?:—(i) r cos 0

Required differential equation of the orbit of

the particle.

Q. 26. Prove that if a rectangular
parallelopiped (edges 2a and 2b) rotates about
its centre of gravity, its angular velocity about
one principal axis is constant and about the
other principal axis is periodic, the period
being to the period about the first mentioned

principal axis as (b% + a?) : (b2 - a?).

consider

Sol. We have
A = ’f;_'(az_,,bz)=3
2 )
C = 3 ma

Enter dynamical equations are

@y = 0 = o =constant = x g,
i

@+ b, - (P -a*>) myn = 0
= (a*+ bY@, = (b*-a?) wy i
and (a® + b)), — (a? - b?) no, = ()
= @+ = -(B*-a)noe,
From equation (ii) [Differentiating|
(@ + b0, = (b*-a*)ayn
or W, = ( ;;.32; a_l?;n ®

Now substitute this value of ,in equaliop

(ii1) we get,

(@ + b*) ..

(bz — aZ)n 1 = - (b2 — aZ) nay
.. b2 — g2)? n?
oGy (.r12+bi)_2mml =0
o _ 2m(a*+ b
Periodic time T, = n (B2 —a?)
But T, = 2
n

L a* + b?
b2 —a?

Q. 27. An artificial satellite revolves
around the earth in a circular orbit at a height
H above earth’s surface. Calculate the period
of revolution of the satellite, so that tht

astronaut in it may be in a state of weight
lessness.

Sol. The state of weightlessness will resi!
when the centrifugal force just balance the eard®
pull. Let the radius of the earth be R and let v ¢
the speed of satellite for weightlessness; then

Centrifugal force = Earth's pull

i.e mvo - OMmn
o R+H — (R + H) "
where m, M are respectively mass of the part”

and that of earth.




- GM = ¢R?
Then “R+H) T R4+p
_ GM
gince °T R
o 5 &Rj 1/2
B R+H
period of revalution for this orbit is given by
T, = R+ H)
Vo
_ 2t /R4y
=R \ g

o8
prDP“

28.In an orbit described under a force

tre the velocity at any point is inversely
rtional to the distance of the point from

ihe centre of force. Show that the path is an
equiangﬂlﬂ' spiral.
Sol. Let v be the velocity of the particle at any

it

at a distance r from the centre of force, then

we ha\"e

v = (L::) iy
h

Since vV = ...(11)

where

p
pis the length of the perpendicular from

pole (o the tangent at any point of the path.
(i) and (ii) gives

p_h
r p
RS0
T
or p=ar
where a = h
H

| Spiral

80 p = ar is the pedal equation of equiangular

Q.29. If the Hamiltonian H is independent
of L explicitly prove that it is (a) a constant and
)is equal to the total energy of the system.

Sol. (a) %

=

n i},{ . n _a_li .
B Z apupu+a§1 a‘quu

a=1

n n . .
= Z qapu-l' Z (_pa) QC(

a=1 a=1

[\. dH . OoH ; ]
3111(16 e = 5 - = -pﬂ'-
e~ 1 9,

H = Constant = E, say (1)
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(b) B '
functions, Zvcliil:; $ theorem on homogeneous
n . aT
q);.q““'. = 2T ... (ii)
) a%
Bl.ll Po = a—L = alr_,i)
aé“ a‘r;fa
_JdT 9V _ 9T
a(}ﬂ. ai][r_ a(}u
Since 2V . ,
INC€ — = 0 as V is independent of g,
99

equation (ii) gives

= E Iéupa =2T
Hence

n
H = Z pa‘-:fu_l-
=1
= 2T=-L=2T-(T-V)

= T+V=E

Q. 30. Derive an expression for the
relativistic Hamiltonian for an electron of mass

m, momentum ? moving in an external
electromagnetic field (K’, 0).

Sol. In the absence of the electromagnetic
field, the relativistic invariance relation is
Pﬁ = —m2c2

In the presence of an external electromagnetic
field,

€

Py — pn_E.Au

€ 2.2
-=A)? = -m’c
@y o W

Now Ay =9, E=cp
E_e¢)2 = (mzcz—g_) ’
c C ¢

By identifying E with the Hamiltonian H, we
have o

R =S

h of diameter 2a
Q. 31. Four spheres each bl 24

d mass m are placed with !helr centre
?‘:ur corners of a square of side b. Calculate the

moment of inertia of the system about any side
of the square.
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Sol. The four spheres of same mass m and
radius are placed at the corners of the square

PQRS.
PQ} s saemcmeseaifly I}
.T_-_ -
| \ h 1
K A
S kL*l—‘ —OR
MI of P and Q spheres about axis PQ
- 2mit S b
=5 S
4
-5
= For R and S sphere about axis RS
= L ma?

Since the axis PQ is parallel to SR are at a
distance b, therefore M.L. of S and R spheres about
the axis PQ

g ma? + 2mb?

Therefore total M.1. of the system about the
axis PQ 1s

4 4
S, L 2
Sma +5ma + 2mb

% ma? + 2mb?

Q. 32. Calculate the inertia tensor for a
rigid body consists of three particles of masses
2, 1, 4 gram located at (1, -1, 1), (2, 0, 2), (-1, 1,
0) cm respectively.

2
Sol. L, = zlm,-()%+z::.)
= 2[=1)2+ (1)?] + 1 [0? + 22]
+4[12+0?)
= 4+4+4=12gm-cm?
Similarly
L, = ;mi(ﬁ"'z%)
= 2 {12+ 12]+1[22 +22]
+4[(-1)2+0?%)
=4+8+4
= 16 gm-cm?

and

Also

Similarly
L

-
“

Hence the inertia tensor | is

¥ om (e +yh
212+ (=D + 1 122+ 02
4+4+8 Ll
16 gm-cm?
3
= z m, x!'ylzlu
i=l
~2xIx-141x2x(
+4 - |/]'_
~[-2+0-4] =6 gm—<my?
3
- X mxz,
[2><lx1+]><2><2
+4 x- ],
= —[2+4]=-6 gm—<cm?
Ly=-Xmy;z
—2X-1X14+1x0x2
+4x|xgg
2 gm—cm?
(g Ly I )
Ly Ly ly
\IU IZ\‘ IZZ)
(12 6 —6)
6 16 2
\ 6 2 16/

Q. 33. Find the canonical transformatior
defined by the generating function

1
Fi (g, Q) = ¢Q -, mog* |
what happens to the Hamiltonian of ¢

- Q*/4mw

simple harmonic oscillator when transforn
from p, ¢ co-ordinate to P, Q co-ordinates.

Sol. For F transformation equation are

and

or

_ 9oF,
= 5
_ _9F,
P = _B'Q 1
9 1 ¢
P = é& [QQ*'iquz"dmw]

Q-mg
(Q=p+mog

|
|
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0 [ 1 2
N - 2 Q%
NOW P aQ 9Q 2. e 4mu)] = P = Q [~ (e2 - 1)*tan p]
2Q
= g+ = 2(eQ-1)tanp
1 and - _ﬁ— —(e2-1)?
= M[P“‘mmq] q ap [(e? - 1)* tan p]
]
gl = (eQ- l)2 = 7%
=47 2mm+§ ! o8 p
T or V?cos;; = (eQ-1)?
= 2mo or eQ = l+\5cosp
To find H' or [Q In(1+ \/_cosp)|
Now find the tragsft_)m;ef :1:;“0:1 i P = 2(eQ- 1) tan p
2moP = p —moyg = 2 (\G cos P} p
Adding e
Q+2mwP = 2p LIM
o g, = Q + 2mwP Now find out the inverse transformation in ¢
2 and p and substitute in Simple harmonic oscillator
; .- Q - 2mwP Hamiltonian.
an —
2mw

Hamiltonian for simple harmonic oscillator

H = ;m [p? + m2o?q]

|___1__ 2 2
H = 5P + mo?q?)

1 [(Q+2mwP)? , (Q-2maP)?

2m 4
1 [2Q52 +8 mzo)sz]

2 2 2
- @+ AP
| 4m

We find
{ [2eQ (eQ - l)] }
4 ] + m(o2 [(eQ— 12+ 4]:2Q

Q. 35. Find out the Lagrangian for two
equal masses connected by springs having each
force constant C (fig.) The masses are free to
slide on a frictionless table AB. The walls are at
A and B to which the ends of the springs are

Q. 34. Find the canonical transformations fixed. Find the normal frequencies of the

defined by the generating functions
F3(Q,p)=-(e?-1)*tanp

system.

A ) )y T

What happens to the Hamiltonian of a Sol.

Simple harmonic oscillator when transformed

1 . 1.
from p, ¢ co-ordinates to P, Q co-ordinates for T = 2 mx ] + Eﬂu’g

of these transformations.

Sol. Transformation equation for F3

oF,
P= -3
and q = _%

dp

vV = lef+2Cx2+ C (x; - x)?

[a*]
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Now for normal frequencies, we use

for x 1

IV-wTl = 0 d (dL _QLzo
where p dt i, ox,
V = Vi Vi 4+ Fi z
= \ Vi Vo d’f I:2 2mr|] = [— mmg, x; + mmﬁ mz] <
and T = T T or mx;+ m(qfx] —m(x)f] W, = 0
\ Ta1 T
i 2 2
: : x|+ 0y X =
Compare T - ;mxf-i-;rm% or ‘ i+ Gy 1 = O eg
: : Similarly for x
With T = [T+ T ] viorn N
Ty =m x2+uﬁx2=(q§px]‘
T;; =m - _
Now vV, = 3;}’ _ 2C For Normal Modes of System
1 We use condition
2V IV-?Tl = 0
Va = [Er,}—) = P where ,
2V V = Vi Vi
Viz = Vo = axlaxz) ==& \ V21 V2
Condition becomes g~ T = ( Ty Ti
[2C -C —0)2 m 0] = B kTZI Tzz
C 2C 0md ~
2C - ma? -C where Vi = 5z |
or | = 0 | 9%1
-C 2C - mw?
2
or 2C-m?P-C%2 = 0 V,, = aa ;f -V,
or C2-2mw*C+m2w?-C2= 0 o S B
mw? (-C+mw?) = 0 Ve _ 2V
= O = 0’ 0 21 = ax%
Either O = i\[g In the given equation
il 1
s T=-mG%*+ %2
Q. 36. Lagrangian of two coupled oscilla- 2 i +x37)
tors of mass m each is and
| I _ 1 )
L=5m&%+r§}-%muﬁ(xf+x§) V= 2m035(1|2+x§)—m(0§u1|-‘.
+ moj px;x, L Vi = mog
Find out the equations of motions and the Viz = —-mwg =V,
normal modes of the system.

. . V = m 2
Sol. The equation of motion is 2 o

4_(6& L,
dt 8(} dg

and for T}, T,, etc., we compare our T wil

1 . ; o - 1)
Tzi(Tllx? + Typx} + T Xy + Ty R M



I ge! .
“C”TI =m;, Tnp=m
!
T, = 0=Ta
Henc® 2
/ omog —MOyH sf m O
2 | -0 =0
moip Moy 0 m
-mwy
7 2
mo - mow? ~mm;
2 =0
or _mwg pomwg - mw?
m (0 - ©?) ~mwy p 0
or m@ip m (U% -0?)|

By solving we get
m? (0f - %) = m2ay) @2 = 0
2 4
or wp - 205 @ + o' —wg p? = 0
o' - 205 - - 1) of = 0

Quadratic in w?

203 +\ 408 +4 (2 - 1) o
2

Hence ®?

or (.02=(ﬂf,+ llz(lf)

® = ©f (1+p)

= mg(l+p);m{2} (1 + )

tog V(1 +p): + 0pN1-p

or m =

Q. 37. (a) A Particle slides on the inside of
4smooth vertical paraboloid of revolution r? =
@ Show that the constraint force has a

. 2\ -3/2
lagnitude = constant . (l + :: . What is
its direction ?

b) A particle of mass m is acted on by a
¢ whose potential is V(r).

(1) Set u
“P_htrical co-

fore

P the Lagrangian function in a
ordinate system which is rotating
angular velocity o about the z-axis.

mm?') Show that your Lagrangian has the
T s in a fixed co-ordinate system with
of a velocity dependent potential

?l]{ll addition
o Dich gives the centrifugal and coriolis

Physical Sciences | 203P

(3) Calculate 1 th
centrifugal and ¢ rom U the components of the

3 oriolis forces in the radial (r)
and azimuthal (¢) directions.
Sol. (a) Use

as shown in figur

cylindrical co-ordinates (r, b, 2)
c.

In cartesian co-ordinates the particle, mass m,
has co-ordinate (r cos ®, r sin ¢, 2)

velocity (r cos ¢ — ré sin ¢,  sin ¢ + ré cos ¢, )
and hence Lagrangian

L=T-V =%m(i'2 + r’d?+z2) —mgz

The constraint equation is

firyd,2) = —rr+az=0
or —2rdr + adz = 0
Lagrange’s equations
d oL JL

Lo g
dt a‘q, aqj

Where Q; are the generalised forces of

constraint, then give, making use of Lagrange’s
undetermined multiplier A.

mr —mrd? = —2r

(1)
mz +mg = al k)
mr’dy = Constant=J,say ...(3)
The equation of constraint z = g gives
2rr 2rr 212
2=l = - (4)

Using equation (3) and (4), we rewrite the
total energy

E = ;m(}z+r2¢2+},2) + mgz
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which is conserved. as

o= (ZE r .:'!"]'-:)(]+4r.2)| (5)
mo mr  a a? T

and equation (2) as
B2+ 27+ mg = a\
a
Making use of equations (1) & (3), this
becomes

452 2m 2)2
ah{l1+ < )="+mg+ .
a- a mars

Expression (5) then reduces it to

A = (4—I§+ &J-}+m)(]+4—?) -
a ma* a a

4r2\ -2
= constant. { 1 + 3

The force of constraint is thus
f = =2r ke, + akc.
of magnitude

|

k|

|
T

J a

472\ -312
conslanL(l + ;?)

This force i1s in the rz-plane and is perpen-
dicular to the inside surface of the paraboloid.

(It makes an angle arc tan (g) with the r-axis

while the slope of the parabola is 2a_r]-

(b) Now spherical co-ordinates (r, 6, ¢), an
infinitesimal displacement of the particle can be
resolved as

or = (br, rd8, rd¢ sin ) and its velocity
as r = (r.r8, rd sin 8)
4 or
f
‘ —» rsin 060
*ro0
r ,
P | "
-0 Ly + 5 68

(i) Suppose the co-ordinate frame
with angular velocity ® about the z-axis. The,
velocity of the particle with respect to ; ,,
frame is

Vo= r+mxr

So, the kinetic energy of the particle 5

r=2

Referring to the rotating frame and .,
spherical co-ordinates we have '

mr+2roxr+(g,,

r = (r,0,0)
® = (wcos B, -msin 6, )
oxr = (0.0, orsin 0)
2r. o xr = 20r2¢sin? 0
(@xr)? = 02 sin2 0
P2 = P2+ 202+ 2 0%+ sinl 6
Hence L =T-V

1 . : SO

= 5 m(r? + r26* + r*¢* sin- ¢
+ 20r2 ¢ sin? 0 + @ 2 sin’ 8
_\'L;,..

Note that this is the Lagrangian of t
particle with respect to a fixed frame, which s ¢
be used in Lagrange’s equations, using <"
ordinates referring to the rotating frame.

(2) The Lagrangian can be written as
L = ; m(r® + 22+ ,.2(92 sin? @)-U-V

with U

- % m(2er ¢ sin? 8 + @ r* sin* ¥
Thus L has the form of the Lagrangia? e
particle would have if the co-ordinate ™/
referred to were fixed and the particle were “'.‘“lt
a potential U + V i.e. with an additional veloc
dependent potential U.

mne

(3) With the Lagrangian as

L=T-U-V=L"-U
where T" = ) m(r? + 292 + r29* sin” 0)

L =T -V | “tm“
are the kinetic and Lagrangian the partit :" ot
have if the co-ordinate frame relerret

fixed. Lagrange’s equations



d [Eﬂa} gL = 0
d-’ dq[ q

can be written as

4 (oL _DL’ _ d(oU- _aU'_Q,
d’(i}é‘, 9, di\5q | oq, =
Q, are the generalized forces that have to be

roduced because of _the fact that the frame
lr]elferred 10 is rotating. Differentiating U we find

Q, = 2mwr¢sin® 6 + mw?r sin20

Q = 2mor> ¢ sin 0 cos 8 + mw2risin O
g"OSB

Qy = —2m@r rsin?® —2mwr?d sin O cos O

The generalised components Q;” of a force F~
qre defined by

For = ?;Q;'&?j
re.F, 8r+ Fg rdg + Fyrsin 0 8¢
= Q, 5."-1- Qg 89 + Q¢5¢i

Hence
F, = Q, =2mor ¢ sin? 0 + mw?r sin20
Fg = Q}_e = merd] sin O cos ©
+ mw?r sin 6 cos 0
F, = r—gi—e = -2mer sin 8-2mwr6 cos O

are the components of the centrifugual and
coriolis forces in the directions of e,, e, 4. Note
that the velocity dependent terms are due to the

coriolis force while the remaining terms are due
0 the centrifugal force.

Q. 38. Consider the Lagrangian
L = ; m(x? — 2x?) e

for the motion of a particle of mass m in

Un¢ dimension (x). The constant m,y and ®
are real and positive,

@) Find the equation of motion.

" (b) Interpret the equation of motion by
Jaling the Kinds of force to which the particle
5 Subject.

(¢

b ) Find the canonical momentum and
Om

this construct the Hamiltonian function.

Physical Sciences | 205P

. (d) Is the Hamiltoniar. a constant of mo-
tion ? 1Is the energy conserved ? Explain.

(¢) For the initial conditions x(0) = 0 and x
(0) = vy. What is x(f) asymptotically as t — oo.

Sol. (a) Lagrange's equation

d(oL) oL _
dt a) ox

gives the equation of motion
X+ = —yx
_(b) The particle moves as a damped harmonic
oscillator. It is subject to an restoring force —mw?*x

and a damping force —-mYy x * proportional to its
speed.

(c) The canonical momentum is
L
p = =me™
ox
and the Hamiltonian is

H = px -L

= meY? — % me x2 + % meY! oy%x?
20~M
=2, L m w?x? eV
2m 2
(d) Since H depends explicitly on time, it is
not a constant of motion. It follows that energy is
not conserved also. Physically, in the course of

the motion, the damping force continually does
negative fork causing dissipation of energy.

(e) Try a solution of type x = ¥ substitution
in the equation of motion gives

Q- Q- =0
Which has solutions

Q = (v VP -40?)
Hence x = Aexp [—é(“f-ﬂ- \)72—4(1)2):]

+ Bexp [—:IE(YA;‘YZ —4(02)f]

The initial conditions x = 0.x = vy at t = 0

Yo

A=

give B = -A, -

¥V - 4m?
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fy<2w, let% \f72—4u)2=i0)1, then

V — . :
X = - __Q_ e 2 (e — ei®1")
2[0)1

Vo .
— e Y'2gin ;¢
)

Sothat x =50 ast — .

If y> 2w, both y + \fyz — 4w? are real and
positive .

So that there will be no oscillation and x will
decrease monotonically to zero as ¢ — oo.
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